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Abstract

The method of independent bounded differences (McDiarmid, 1989) gives large-
deviation concentration bounds for multivariate functions in terms of the maximum
effect that changing one coordinate of the input can have on the output. This method
has been widely used in combinatorial applications, and in learning theory. In some
recent applications to the theory of algorithmic stability (Kutin and Niyogi, 2002), we
need to consider the case where changing one coordinate of the input usually leads to
a small change in the output, but not always.

We prove two extensions to McDiarmid’s inequality. The first applies when, for
most inputs, any small change leads to a small change in the output. The second
applies when, for a randomly selected input and a random one-coordinate change, the
change in the output is usually small.

1 Introduction

How can we bound the concentration of a random variable about its mean? The classic
large-deviation concentration inequality is due to Chernoff [6]:

Theorem 1.1 (Chernoff [6]) Let&,. .., &y be random variables with & < 1 and E(&) =
0 for all k. Let X = =5 &. Then, for any T > 0,

Tm

Pr(X >7) <exp (—%)

There have been a number of generalizations of Chernoft’s inequality, such as the Hoeffding-
Azuma inequality [9, 1, 7] for martingale difference sequences. In this paper, we discuss one
corollary of Hoeffding-Azuma, McDiarmid’s method of independent bounded differences [18].
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Definition 1.2 Let €, ...,Q,, be probability spaces. Let Q = [}, Q, and let X be a

random variable on 2. We say that X is uniformly difference-bounded by c if the following
holds: for any k, if w,w’ € € differ only in the kth coordinate, then

[X(w) = X(W) <e (1)

Theorem 1.3 (McDiarmid [18]) Let Q,...,Q,, be probability spaces. Let Q =[], O,
and let X be a random wvariable on €2 which is uniformly difference-bounded by % Let
uw=E(X). Then, for any 7 > 0,

27%m
Pr(X—,uEﬂﬁexp(— 2 )
Our main results are two extensions to McDiarmid’s Theorem, which apply when In-
equality (1) holds with high probability.

Note 1.4 We assume throughout that the probability measure on €2 is the product of the
measures on each §2,. So choosing a point in ) corresponds to choosing each coordinate
independently.

We use the notation

YVweQ,  oWw)

to mean “®(w) holds for all but a ¢ fraction of Q7 or, equivalently, Pr,cq(®(w)) > 1 — 4.
We consistently use X, Y, Z for real-valued random variables on  (i.e., measurable
functions from © to R). We use £ to denote the random variable which corresponds to
choosing an element of  (so £ is the identity function on ).
We use w, x for elements of 2, and v, x,y for elements of some €2;. For the most part,
other letters represent real numbers.

Remark 1.5 McDiarmid’s Theorem 1.3 implies Chernoft’s Theorem 1.1. We take € =
[—1,1] and A\ = 2.

McDiarmid credits Maurey’s work [14] on functions on permutation spaces as the first
example of a result on independent bounded differences. McDiarmid gives a proof [18] of
Theorem 1.3 without explicit reference to martingales, and also a proof [19] of Theorem 1.3
and other more general results based on martingale difference sequences. We use some of
McDiarmid’s general results, and we further generalize another.

McDiarmid [19] catalogs a number of applications of the method of independent bounded
differences, including Bollobés’s concentration bounds for the chromatic number of a random
graph [3]. More recently, Theorem 1.3 has been used by learning theorists: for example,
Bousquet and Elisseeff [5] use McDiarmid’s theorem to prove that algorithmic stability gives
good concentration bounds on generalization error, Freund, et al. [8] use the theorem to prove
that the average of a collection of classifiers has good generalization error, and McAllester and
Schapire [16, 17] use the theorem to prove concentration bounds for the accuracy of Good-
Turing estimators. Theorem 1.3 has also been used [12] to prove concentration bounds for
the training error rate of weak learning algorithms.



However, the condition of McDiarmid’s Theorem, that Inequality (1) hold for every pair
of points w,w’ differing in only one coordinate, is too restrictive for some applications. In
particular, the notion of algorithmic stability used by Bousquet and Elisseeff requires that
any small change in the training set yields a small change in the final hypothesis of the
learning algorithm. Their definition of stability is too rigid to be widely applicable.

We prove two extensions of McDiarmid’s Theorem, when Inequality (1) holds most of
the time. In both cases, we also require that the function be uniformly distance-bounded by
some b, but b can be significantly larger than c. Our extensions allow for a relaxed definition
of stability [12, 13], which permits the analysis of a broader collection of learning algorithms
within the framework of stability.

Our first extension allows for the possibility of a “bad” set B of inputs for which Inequal-
ity (1) does not hold:

Definition 1.6 Let Qy,...,,, be probability spaces. Let Q@ = [[;",Q, and let X be
a random variable on 2. We say that X is strongly difference-bounded by (b, c,d) if the
following holds: there is a “bad” subset B C Q, where § = Pr(w € B). If w,w’ € Q differ
only in the kth coordinate, and w ¢ B, then

| X (w) — X ()| < e

Furthermore, for any w and ' differing only in the kth coordinate,
| X (w) — X ()| <b.
Our second extension has an even weaker hypothesis:

Definition 1.7 Let y,...,Q,, be probability spaces. Let Q = [],—, Q, and let X be a
random variable on Q. We say that X is weakly difference-bounded by (b, c,0) if the following
holds: for any k,

Vo (w,v) € Q x O, | X (w) — X ()| < e,

where w;, = v and w, = w; for i # k. In words, if we choose w € Q, and v € €, and we
construct w’ by replacing the kth entry of w with v, then Inequality (1) holds for all but a &
fraction of the choices. Furthermore, for any w and «’ differing only in the kth coordinate,

[ X (w) = X ()] <b.
Note 1.8 The condition of being strongly difference-bounded by (b, ¢, §) can be phrased as:
VweQ, VEk, Yue, | X (w) — X ()| < e,

where w’ is w with the kth coordinate replaced by v. Therefore, strong difference-boundedness
is strictly stronger than weak difference-boundedness.

Our main result is that either of these notions of difference-boundedness implies a McDiarmid-
like concentration bound.



Theorem 1.9 Let y,...,Q,, be probability spaces. Let Q@ = [, Q, and let X be a
random variable on 0 which is strongly difference-bounded by (b, %,exp(—Km)). Let =
E(X). If0<7 <Ti(\K), and m > M;(b,\, K), then,

Tm

2
Pr(|X —ul > 7) <dexp (_W> :

Theorem 1.10 Let ,...,Q, be probability spaces. Let Q = [[;—, Q, and let X be a
random variable on € which is weakly difference-bounded by (b, %,exp(—Km)). Let p =
E(X). If0 <7 <T3(b,\,K), and m > Ms(b, \, K, T), then

2m
Pr(|X —ul > 7) < 4dexp (—m> :

Note 1.11 The values of the bounds T4, My, T, M, for which we prove Theorems 1.9 and 1.10
are as follows:

Ti(\ K) = 22VEK
My(b,\, K) = max{%,?) (% + 3) In (% + 3>}

15\ N K
To(b,\, K) = min{%,zl)\\/f7 T}

b 24 24 1
Msy(b, N\, K, T) = max{x,)\m,?) (? +3> In (f —I—S) ,;}

Remark 1.12 The limitation on m in Theorems 1.9 and 1.10 is straightforward: the results
hold for sufficiently large m.
In Theorem 1.10, the lower bound on m depends upon 7 as well. If we had m < 1/,

then we would have
4 °m -4 1
e — e — .
P\ 70 P\ T 20mA?

For constant A, this expression approaches 1 as m — oo. Our interest is in concentration
bounds which get tighter, or remain constant, as m — oo. We would only want to apply
the conclusion of Theorem 1.10 when 7 = Q(1/4/m). Hence, requiring m > 1/7 is not a
limitation.

Remark 1.13 The upper bound on 7 in Theorems 1.9 and 1.10 requires some discussion.
In our applications, the uniform difference bound b generally comes from a statement of the
form

Yw, x € Q | X (w) — X(x)| <.

So, | X — u| can never be more than b, and there is no reason to consider 7 > b. In practice,
the upper bounds 77 (A, K) and T5(b, A, K) of Note 1.11 are larger than b. So these bounds
do not limit the application of our results.



Remark 1.14 In practice, in our applications, the standard deviation of X is roughly
C'/\/m. So our results give Chernoff-like bounds when phrased in terms of standard de-
viation.

Recently, several probabilistic notions of stability have been defined.

Strong hypothesis stability [12, 13] allows for some unlikely training sets to be bad, but
requires that, for any good training set, changing any single point leads to a small change
in the final hypothesis. Theorem 3.6, a general version of Theorem 1.9, can be used to
prove that strong hypothesis stability gives good bounds on generalization error [12, 13].
Theorem 3.6 also implies concentration bounds for the accuracy of Good-Turing estimators
[11].

Weak hypothesis stability [13] states that, if we randomly select a training set and then
change a single point, this change usually leads to a small change in the final hypothesis.
Training stability [13] is an even weaker notion of stability. Theorem 4.8, a general version of
Theorem 1.10, can be used to prove that weak hypothesis stability, or even training stability,
is also sufficient to give good bounds on generalization error [13].

In Section 2, we define more general notions of difference-boundedness. We also discuss
the martingale terminology we need to prove our main results, as well as some lemmas we
will use to manipulate the moment generating function eX. As an example of these lemmas,
we prove an extended version of Bernstein’s Theorem in Section 2.4.

We prove Theorem 1.9 in Section 3; our proof closely follows a proof of Theorem 3.2 by
MecDiarmid [19], and uses McDiarmid’s Theorem 3.1. We prove Theorem 1.10 in Section 4.
In both cases, we state and prove more general versions of the results.

Theorems 1.9 and 1.10 work well in applications to algorithmic stability, but do not apply
in some other cases; in particular, when A = 0, Theorems 1.9 and 1.10 are vacuous. We give
straightforward naive concentration bounds for the case A = 0 in Section 5.

We conclude with some open questions in Section 6.

2 Preliminaries

2.1 Notions of difference-boundedness

In Section 1, we gave several definitions of difference-boundedness. We now extend those
definitions, allowing the parameters to vary with k. This will enable us to state and prove
our extensions to McDiarmid’s inequality in full generality.

Definition 2.1 Let €, ..., €, be probability spaces. Let Q = [}, Q, and let X be a
random variable on 2. We say that X is uniformly difference-bounded by {c;} if the following
holds: for any k, if w,w" € Q differ only in the kth coordinate, then

|1 X (w) = X ()| < e

Definition 2.2 Let €, ...,Q,, be probability spaces. Let Q = [];", %, and let X be a
random variable on Q. We say that X is strongly difference-bounded by ({by}, {ck},d) if the



following holds: there is a “bad” subset B C €, where 6 = Pr(w € B). If w,w’ € Q differ
only in the kth coordinate, and w ¢ B, then

| X (w) — X ()| < e

Furthermore, for any w and w’ differing only in the kth coordinate,
X(w) = X ()] < by,

Definition 2.3 Let €, ...,Q,, be probability spaces. Let Q = [}, Q, and let X be a
random variable on 2. We say that X is weakly difference-bounded by ({bx}, {cx},{dx}) if
the following holds: for any k,

Vo (w,v) € Q x Q, | X (w) — X ()| < e,

where w;, = v and w, = w; for i # k. In words, if we choose w € Q, and v € €, and we
construct w’ by replacing the kth entry of w with v, then the inequality holds for all but a ¢§
fraction of the choices. Furthermore, for any w and ' differing only in the kth coordinate,

X (w) = X ()] < by

2.2 Martingales

We begin with some general definitions for probability spaces; we follow the notation of
McDiarmid [19].

Let 2 be a probability space. A o-field on €2 is a collection F of subsets of €2 which
contains () and which is closed under complementation and countable union (and, hence,
countable intersection). Given any such JF, we can partition 2 into disjoint blocks, such that
F is the collection of unions of blocks.

An F-measurable function on € is one which is constant on each block of F. Given a
random variable X on €2, we can construct several natural F-measurable functions:

e E(X | F): the value on each block is the average of X

e sup(X | F): the value on each block is the supremum of X.
o ran(X | F) =sup(X | F) +sup(—X | F), the range of X.
Var(X | F) = E(X? | F) —E(X | 7).

A filter is a nested sequence of o-fields (0,Q) = Fo C F; C ---. We will be interested
in finite filters, with some maximal F,,. A martingale is a sequence of random variables
Xo, ..., Xy for which Xy, = E(Xyyq | Fi) for every k. Note that X} is Fi-measurable. The
martingale difference sequence Yy, ...,Y,, is given by Yy = X}, — X _1; then E(Y, | Fr—1) =0
for all k.

Note 2.4 Given any F,,-measurable random variable X, the sequence X = E(X | F) is
a martingale; X,, = X, and X, = E(X). We have Y, = E(X | ) — E(X | Fir_1).



Note 2.5 Unless otherwise stated, we assume that ) = HT,:”:l Q. We let F;. be the o-field
whose blocks are of the form

{wi} x {wa} x oo X {wp} X Qg X -+ X Qe

A block in F, is determined by the first k coordinates, and a function on €2 is Fj-measurable
if and only if it depends only on the first k coordinates. The filter corresponds to revealing
the coordinates one at a time.

Given a finite filter (0,Q) = Fo € F, C --- C F,,, and an F,,-measurable random
variable X, define the martingale {X;} and the martingale difference sequence {Y};} as in
Note 2.4. We now define the following F}_i-measurable functions:

rang = ran(Yy | Fr_1) = ran(Xy | Fi_1)
Vary = Var(Y} | Fr_1) = Var(Xy | Fr_1)
devi =sup(Yy | Fr_1)

Pra = Pr(Yy > d| Fr1)

Note that pj 4 depends on an additional parameter d.
We now let maxdev’ denote the maximum of sup(dev;) over all k. We also define the
following random variables:

e The sum of squared conditional ranges R* =% ;" | rang.

e The sum of conditional variances V = _,. | Vary.
© Py=3 41 DPra

Note 2.6 Suppose we are in the setting of Note 2.5: Our probability space is a product
Q = [Ii, O, and we are given a random variable X on Q. We define {X;} to be the
martingale which corresponds to revealing one coordinate at a time. The definitions above
can now be phrased as follows: fix some k, and any wy,...,wr_1 with w; € ;. Let & be
the random variable corresponding to choosing from €;, and write £ = (&1,...,&y). Let T
denote the event that & = w; for 1 <7 < k — 1. We define ¢: 2, — R by

¢(z) = E(X(&) | I, & = x) —EX() | T).

We can now define ran;, = ran(¢), Vary = Var(¢), dev) = sup(¢), and prq = Pr(¢ > d).
We define maxdev', R?, V, and P, as above. In this case, we call R? the sum of squared
ranges, and V' the sum of variances.

2.3 The moment generating function

We now state some lemmas we will need to manipulate the moment generating function e*
of a random variable X.

The first lemma is due to Steiger [20], though our notation follows that of McDiarmid
[19, Lemma 2.8].



Lemma 2.7 (Steiger [20]) Let

()—1+Z+22+
A I TRARY
ee—-1—-z
=— if z# 0.

Then the function g is increasing. If X is a random variable satisfying E(X) =0 and X < d,
then
E(e*) < exp(g(d) Var(X)).

We will need a slight generalization of this result:

Lemma 2.8 Let g(z) be the function of Lemma 2.7.
1. The function g is increasing.
2. Let X be a random variable satisfying E(X) = 0 and X < D. For any d < D, if

d = Pr(X > d), then
E(e®) < exp(g(d) Var(X) + 6e>).

Proof: For completeness, we begin with a proof of Part 1.
Proof of Part 1: For z # 0, we have
z—2)e +2+2
PR CE) |

23
To prove g(z) is increasing, it suffices to prove that ¢'(z) > 0 for all z # 0. Let f(z) =
22¢'(2) = (z —2)e* + 2+ 2; we will show that f(z) > 0 when z > 0 and f(z) < 0 when z < 0.
First, we note that f(0) = 0. Next, we observe that, for any z,
ff)=@-1e+1>(z-1D(z+1)+1=2*>0,

with equality only if z = 0. We conclude that f(z) is increasing, so f(z) > 0 for z > 0 and
f(2) <0 for z < 0. By the above reasoning, g(z) is increasing. O
Proof of Part 2: For any z, ¢ =1+ z + 2%g(2). So,
E(e*) = 1+ E(X) + E(X?g(d)) + E(X*(g(X) — g(d)))
=1+ g(d) Var(X) + E(X*(¢(X) — g(d))).
Let Y = X?%(g(X) —g(d)). By Lemma 2.7, g(X) is increasing, so, when X < d, Y < 0. Also,
since g(d) > 0, we always have

Y < D*(g(D) — g(d)) < D?g(D) < ¢”.

So, E(Y) < deP. Hence,
E(e*) < 1+ g(d) Var(X) + ée” < exp(g(d) Var(X) + deP).
O
This concludes the lemma. [ |
As an example of our technique, we will use Lemma 2.8 to prove an extended version of

Bernstein’s Theorem in Section 2.4.
The next lemma, due to McDiarmid [19], is based on Lemma 3.4 of Kahn [10].

8



Lemma 2.9 (McDiarmid [19, Lemma 3.16]) Let Fy C F, C --- C F,,, be a filter, and
let Y1,...,Y,, be a corresponding martingale difference sequence, where each Y} is bounded
above. Let the random variable Z be the indicator of some event. Then, for any h,

E (Ze"2% | Fy) < sup (H E(e" | Fia) | fo) -
k

Finally, we use a technical lemma of McDiarmid [19]:

Lemma 2.10 (McDiarmid [19, Lemma 2.4]) For all z > 0,

32
(1+2)In(l+2)—2z> 6;22‘

2.4 Bernstein’s Theorem

Bernstein’s Theorem is a Chernoft-like large-deviation concentration inequality. McDiarmid
[19] gives a proof of Bernstein’s Theorem using Lemma 2.7.

In this section, we state and prove Theorem 2.12, an extension to Bernstein’s Theo-
rem. We use the same approach McDiarmid uses to prove Bernstein’s Theorem, but we use
Lemma 2.8 in place of Lemma 2.7.

The proof of Theorem 2.12 illustrates the power of Lemma 2.8. It also illustrates the
primary technique of Section 4: our proof of Theorem 1.10 follows the same lines as McDi-
armid’s proof of Theorem 1.3, except that we use Lemma 2.8 in place of Lemma 2.7.

We begin with a statement of Bernstein’s Theorem (see, for example, Bennett [2]):

Theorem 2.11 (Bernstein) Let &,...,&, be independent random variables, with &, —
E(&) <d for all k. Let X =Y 7" | &, and let V = Var(X) = Y-, Var(&,).
Let p=E(X). For any 7 > 0,

Pr(X —p>r71) <exp (—%((1 +ée)ln(l+¢€) — e)) (2)

“ e <2v(‘17+)> | 3)

where € = dt/V.

In many applications, the error term e in Inequalities (2) and (3) is negligible. For
example, if each §; is chosen uniformly from {—1,1}, then d = 1 and V' = m, so for 7 = o(m)
we get

Pr(X = 2 ) < e (51 +ol1)).

which is log-asymptotic to the bound obtained from Chernoft’s Theorem 1.1.



However, suppose we are instead given that & — E(&;) < d with high probability, and
& — E(&) < D always. A bound of the form

_ 2

Pr(X =02 ) < exp ( (1 +o(1))

would still be useful (for example, if |{;| < 1 with high probability, V' will still be roughly
m). However, the error term D7/V may no longer be negligible. We would like to prove a
version of Theorem 2.11 which applies in this context and where we still have € = d7/V.

McDiarmid [19] gives a proof of Bernstein’s Theorem using Lemmas 2.7 and 2.10. We
use this same argument, but we use Lemma 2.8 in place of Lemma 2.7.

Theorem 2.12 Let &,...,&, be independent random wvariables. Suppose that, for all k,
Pr(&, — E(&) > d) < and & — E(&) < D. Let X = > " &, and let V = Var(X) =

> e, Var(&g).
Let n = E(X). For any 7 > 0,

Pr(X —pu>7) <exp (—%((1 +e)In(l+¢€) —e) +md(1+ E)D/d) (4)
< exp <ﬁ +md(1+ e)D/d> : (5)

where € = dt V.
Proof: For any h > 0, by Lemma 2.8,

WX =) HE (eh6—B(E))

< Hexp (hd) Var(h&) + 6e™P)
= exp (g(hd)h*V + mde"?) .
So, for any 7 > 0, by Markov’s inequality,

Pr(X —p>7)="Pr (eh(X’“) > ')
< e (hXm)
< exp (—h7 + g(hd)R*V + mée"?) .
The expression —h7 + g(hd)h?V is minimized at h =

value of h gives us Inequality (4).
Inequality (5) now follows from Lemma 2.10. [

In(1 + €), where € = dr/V. This

10



3 Strongly difference-bounded functions

In this section, we prove Theorem 1.9. We follow the same general argument McDiarmid
uses to prove Theorem 1.3. Both his proof and ours use the following result about sums of
squared ranges [19, Theorem 3.7]:

Theorem 3.1 (McDiarmid) Let ..., be probability spaces. Let Q = [}, Q, and
let X be a random variable on Q. Let #* denote the mazimum sum of squared ranges sup(R?).
Let u=E(X). Then, for any T > 0,

Pr(X — pu > 7) < exp(—27%/7?%).
More generally, let B be a “bad” subset of Q such that R*(w) < r? for each w ¢ B. Then
Pr(X — u>7) < exp(—27%/r?) + Pr(w € B).

MecDiarmid [19] uses Theorem 3.1 to prove the following theorem, of which Theorem 1.3
is a special case:

Theorem 3.2 (McDiarmid [18]) Let Q,...,Q,, be probability spaces. Let Q =[], Q,
and let X be a random variable on Q which is uniformly difference-bounded by {cx}. Let
w=E(X). Then, for any 7 > 0,

We now prove our most general form of Theorem 1.9.

Theorem 3.3 Let §y,...,Q, be probability spaces. Let Q@ = [, Q, and let X be a
random variable on ) which is strongly difference-bounded by ({bx},{ck},9). Let p = E(X).
Then, for any T > 0, and any aq, ..., q, > 0,

Pr(|X — 4| 2 7) < 2 (exp (QZk(c;bkak ;) + 52%) (6)

Proof: We let & be the random variable corresponding to choosing from (2;, and we
write £ = (&1,...,&n). Fix some k and w_ = (wy,...,wp_1) € Hi.:ll ;, and let I' be the
event that & =w; for 1 <7 <k —1.

We are interested in bounding ran(wy,...,wr_1). Choose some x € . For any w, €

[T Qs if (wo,z,wy) € B, then, for every y € (U,

I X (w_,z,wy) — X(w_,y,wi)| < k.
Otherwise, if (w_,z,w) € B, we still have
|X<W_,ZL’,(,U+) - X(w—a y7w+)’ < bk

for every y € ().

11



So, if p="Pr(¢ € B|T,& = z), then, for any y € (U,
Ew+(‘X(w*ax>w+) - X(w,,y,er)]) S (1 _p)ck +pbk S Ck +pbk
Hence, for any y,vy" € Q,

Ew+(|X(w—ay>w+) - X(w_,y',w+|) < 2<Ck’ +pbk)7

which implies that
ran(wy, . ..,wr_1) < 2(cx + pby,).

By total probability, there is some way to choose x such that
p=Pr(eB|I{=2)<Pr(eB|I),
and therefore
ran(wy, ..., wi-1) < 2(¢, + b Pr(§ € B | I)).
Now, we wish to bound the probability that Pr(¢ € B | T') is large. Let C}, be the subset
of Hf:ll Q; consisting of “bad starts:”
Cr = {(w1,...,wk_1)|Pr(¢ € B|T) > ay}.

We let B, = Cf x Qp X --- x €, be the set of all points which have a bad start; note that
B C Q. We have w = (wy, .. .,wy,) € By if and only if (wy,...,wr_1) € Ck.
We observe that
d=Pr(eB)=Pr(( € By)Pr({ € B| € By)
> Pr(¢ € By) inf Pr(¢ e B|T)

(wl ,,,,, wkfl)GCk

> Pr(f c Bk)Oék,

and hence
Pr(f € Bk) < 5/Oék.
If we define B' = |, By, then

m

Pr(¢é € B) < 520%.
k

k=1

Now, if w ¢ B’, we see that
R*(w) = Z(ran(wl, o wke1))?

< Zm:( 2(c, + by Pr(X € B|TI)))

42 Cr + kaék

1
m
k=1

The result now follows immediately from Theorem 3.1. [

12



Corollary 3.4 Let ,...,Q,, be probability spaces. Let Q = [[}_, Q, and let X be a
random variable on Q which is strongly difference-bounded by (b, c,d). Let u = E(X). Then,
for any T >0, and any a > 0,

Pr(| X —pul>7) <2 (exp (_—T?) + @5) (7)
- T 2m(c + bor)? a )’
Proof: This is simply Theorem 3.3 with by = b, ¢, = ¢, and a; = «. |
The next question is how best to choose the parameter a4 in Inequality (6), or the
parameter « in Inequality (7). In applications to algorithmic stability [12, 13], by = O(1),
cr = O(1/m), and § = exp(—Q(m)), so choosing ay = ¢ /by, is close to optimal:

Corollary 3.5 Let Qy,...,Q,, be probability spaces. Let Q = [, Q, and let X be a
random variable on Q which is strongly difference-bounded by ({bx},{cx},0). Assume by >
ck >0 for all k. Let p=E(X). Then, for any T > 0,

—7'2 bk
Pr(| X —pu|l>717)<2]e —— |+ — 1.
(1X 1l 2 7) < (xp(gzkc%) Z)

Proof: Set ay, = ¢ /b, and apply Theorem 3.3. [ |

Theorem 3.6 Let Qy,...,8Q, be probability spaces. Let Q = [}, Q, and let X be a
random variable on Q0 which is strongly difference-bounded by (b, c,0). Assume b > ¢ > 0.
Let u = E(X). Then, for any T > 0,

Pr(|X —pu| > 7) <2 (exp ( - ) + mb5> .

8mc? c

Proof: Theorem 3.6 is simply Corollary 3.4 with o = ¢/b. [
We are almost ready to prove Theorem 1.9; we first prove the following technical lemma.

Lemma 3.7 For any z > 0, if m > 3(z + 3) In(z + 3), then % > z.

Inm

Proof: We first note that
d m B Inm-—1

dmlnm — In?m
S0 = is increasing when m > e.
Next, we know In(z 4+ 3) > Inln(z + 3). Also, z > 0, so In(z + 3) > In3. Hence,

m_ 3(z+3)In(z + 3)
Inm — In3+1In(z+3)+Inln(z + 3)
3(z+3)In(z +3)
= 3 .
3In(z + 3) Fress

13



Proof of Theorem 1.9: We use Theorem 3.6 with ¢ = A\/m and 6 = exp(—Km). For
any 7 > 0, we have

2
Pr(|X —ul>71)<2 <exp (—%) + m2§ exp(—Km)) :

By our choice of m (see Note 1.11), and by Lemma 3.7, %~ > %, so 3lnm < %m Also,

In
m > % Therefore,

b K
m?~ exp(—Km) < m?exp(—Km) = exp(—Km + 3lnm) < exp (—gm) ,

)\
r /J/ T eXp _—AQ + eXp ——m .

Finally, when 7 < 2\VK, we have

which implies

and thus

4 Weakly difference-bounded functions

The proof of Theorem 1.10 is more involved than that of Theorem 1.9. We first state, and
generalize, a theorem of McDiarmid about martingales [19, Theorem 3.15].

Theorem 4.1 (McDiarmid [19]) Let X be a random wvariable with B(X) = u, and let
0,9)=F, CF C--- CF, bea filter in F. Let d = maxdev', the mazimum conditional
positive deviation (and assume that d is finite). Then, for any T >0,

Pr(X —p>71)<exp| —— |,
( “—”—Xp<2@(1+g—g)>

where ¥ is the mazimum sum of conditional variances (which is also assumed to be finite).
More generally, for any 7 > 0 and any v > 0,

Pr(X —u>1) <exp| —
X—p=z7)< p<2v(1+§—;)

) + Pr(V(X) > v).

14



Corollary 4.2 (McDiarmid [19, Theorem 3.8]) LetQy,...,Q,, be probability spaces. Let
Q=TI Q, and let X be a random variable on Q. Let d = max dev™, and let 0 denote the
mazximum sum of variances sup(V'). (Assume that both d and © are finite.) Let p = E(X).
Then, for any T > 0,

Pr( X —pu>71)<exp| ——=|.

20 (1+ &)

More generally, for any 7 > 0 and any v > 0,

Pr(X —pu>71)<exp ( 27 )) + Pr(V > v).

21}(14—%

Theorem 4.1 and Corollary 4.2 are generalizations of Bernstein’s Theorem (see Theo-
rem 2.11).

Theorem 4.1 is not quite sufficient for our needs. We need to consider the case where
each martingale difference Y}, is usually bounded by d, but where maxdev' is actually a
larger value D. We prove the following generalization:

Theorem 4.3 Let X be a random variable with E(X) = u, and let (0,Q) = Fo C F; C

- C F, be a filter in F. Let D = maxdev™", the mazimum conditional positive deviation
(and assume that D is finite). Then, for any T,d,v,p >0,

2

Pri X —pu>71)< _
w2 el

dr\ "
)+p<1+7> >+Pr((V>U)\/(Pd>p))-

Theorem 4.3 is an extension of McDiarmid’s Theorem 4.1 in the same way that Theo-
rem 2.12 is an extension of Bernstein’s Theorem 2.11. As in Section 2.4, our proof follows
the same lines as McDiarmid’s, except that we use Lemma 2.8 in place of Lemma 2.7.

Proof: Let Yy, ...,Y,, be the corresponding martingale difference sequence. Let B denote
the bad set where either V' > v or P; > p, and let Z be the indicator variable for the event
O\ B. Note that 0 < ZV <wv and 0 < ZP; < p. Let ¢g(z) be the function of Lemma 2.7.

By Lemma 2.8, for any h > 0,

E(e" | Fi1) < exp(h?g(hd) Varg +pg ae™).
So, by Lemma 2.9,

E(Ze"X~1) < sup (Z H exp(h?g(hd) Vary, —i—pk,dehD))

k=1
= sup(Z exp(h*g(hd)V + Pe"P))

< exp(hg(hd) sup(ZV) + sup(Z Py)e"P)
< exp(h®g(hd)v + pe"?).

15



Hence, by Markov’s inequality,
Pr((X —p>7)A(Z = 1)) = Pr(Ze" X1 > h7)
S e—hTE(Zeh(X—u))
< exp(—ht + h*g(hd)v + pe"P).

Let € = dr/v. The expression —h7+h?g(hd)v is minimized when h = 5 In(1+e¢), yielding

Pr(X —pu>71)A(Z=1)) <exp <;—:((1 +e)In(l+¢€) —e) +pe%103(1+6)) ,

The theorem now follows from Lemma 2.10. [ |

Corollary 4.4 Let ,...,Q,, be probability spaces. Let Q = [}, Q, and let X be a
random variable on Q. Let D = maxdev™, and assume that D is finite. Let p = E(X).
Then, for any 7,d,v,p > 0,

2

ar\ P/
Pr(X—uEﬂﬁexp( )—I—p<1+7> >+Pr((V>v)\/(Pd>p)).

dr
2v (1 + 30
We are now ready to prove the general version of Theorem 1.10:

Theorem 4.5 Let Qy,...,Q, be probability spaces. Let Q = [}, Q, and let X be a
random variable on Q which is weakly difference-bounded by ({bx},{ck},{0x}). Let p =
E(X). Then, for any 7 > 0, and any positive numbers ~y,, O,

Pr(X —pu>7)<e i (1 + dT>D/d SRANR K (8)
M= =P\ 91+ o) v b ) "2

3v

where

Proof: Let d = maxi{c; + Okbr}, and let D = maxi{by}. We note that, for any
Wi, -, We_1, we have devy (wy,...,wp_1) < bg. So

maxdev’ < max {b,} = D.
1<k<m

Fix some k. We say that w_ = (wy,...,wi_1) is “good” if
V(2 y,wy) € Qp X Qe X H Q;, I X(w_,z,wy) — X(w_,y,ws)| < cg.
i=k+1

16



Let ¢ be the probability that w_ is bad. Then, with probability at least (v, we have
| X (w_,z,wy) — X(w_,y,ws)| > cx. We conclude that (v, < g, or ¢ < 0p /.-
Now, assume w_ is good. We say that x € X}, is “good” if

VG’“(%WJF) € Qk X H Qiu |X(Cd_,ZL',CU+) - X(w—7y7w+)| < Cp.
i=k+1

Let ¢ be the probability that x is bad. Then
Lek < Pr (|X(Cd_7.l’,u)+) - X(w_,y,w+)| < Ck) < Yk,
T,Y,w4

50 ¢ < i /Oy
Let ¢(x) be the function of Note 2.6. If z is good, then

|¢(£C)‘ = ]Ew+(X(w,,x,w+)) o Ey,w+(X<w*7yaw+))|
S Ey7W+(|X(w_,x,w+) - X(w—ay7w+)|)
S Cr + kak

For any z, |¢(z)| < by. So, for any good w_,

b2
Varg(w_) = E(6(2)?) < (cx + 0ubi)? + %
k
Also, since ¢, + 0xby, < d, we have ¢(x) < d whenever z is good, and hence

Pr.a(w—) < Pr(z is bad) < %
k

So, let

I
WE

2
O%+%%f+%%)'
O,

£
Il
—

p

b
Il
—

I
NE
SR

If, for each k, (wq,...,wk_1) is good, then V(w) < v and P,(w) < p. The probability that w
is bad for some k is at most ), g—’;. The result now follows immediately from Theorem 4.3.
|

Corollary 4.6 Let §,...,Q,, be probability spaces. Let Q = [}, Q, and let X be a
random variable on 0 which is weakly difference-bounded by (b,c,d). Let u = E(X). Then,
for any T > 0, and any positive numbers 7y, 0,

—72 ob)\ =7 5
PI‘(|X—,U,‘ZT)§2 exp T +m<1+u) +m_ (9)

where

b2
v:m((c+96)2+%).

17



Proof: This is simply Theorem 4.5 with b, = b, ¢, = ¢, §, = 9, Y = 7, and 6, = 0. This
implies that max,{b;} = b and maxy{c, + 0xbr} = ¢ + 6b. [ |

We next consider how to choose the parameters v, and 6 in Inequality (8), or v and 6
in Inequality (9). As in Section 3, in applications to algorithmic stability [13], by = O(1),
cr = O(1/m), and 0 = exp(—Q(m)).

Corollary 4.7 Let §,...,Q,, be probability spaces. Let Q = [}, Q, and let X be a
random variable on Q which is weakly difference-bounded by ({bx},{cx},{0x}). Assume by >
cx > 0 for all k, and assume 8 < (cx/by)® for all k. Let uy = E(X). Then, for any T > 0,

Pr(IX =y 2 7) <
2

—T dr b/d m bk 1/ 1/2
2 e R B}
10>, ¢ (1 + 15chk> k Ck k=1

where d = 2maxg{c;} and D = maxy{by}.

Proof: Set 0, = ¢;/br and % = (51/2 and apply Theorem 4.5. By our assumption on dy,
we know 7y, < (¢/by)?, 8043, ¢} <U<5Zk0k |

Theorem 4.8 Let y,...,Q, be probability spaces. Let Q = [, Q, and let X be a
random variable on ) which is weakly difference-bounded by (b, c,d). Assume b > ¢ > 0, and
assume 6 < (c/b)8. Let u = E(X). Then, for any 7 > 0,

—7? mbo1/? Tb
Pr(|X —p|>7) <2 52 .
x HzT)< (exp <1Omc2 (1+ ) * c O (4m02>) m )

15mc

Proof: To prove Theorem 4.8, we use Corollary 4.7 with b, = b and ¢; = ¢, and hence
0 = c¢/b and ~y, = §'/2. Note that d = 2c and D = b.

We also use the fact that 1+ (7/2mc) < exp(7/2mc). [

Proof of Theorem 1.10: We use Theorem 4.8 with ¢ = A\/m and § = exp(—Km).
Note that, by our choice of m (see Note 1.11), and by Lemma 3.7, "~ > % > % Also,
m > % Thus,

c A

6 6
(E) N (b_) > m™ " = exp(—12Inm) > exp(—Km) =9,
m

so Theorem 4.8 applies. For any 7 > 0, we have

—7'2m N K Tbm

+ 2m exp (—gm) . (10)

Since 7 < 15A , we have 1+ < 2.

15)\
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Tbm <

: MK
Since 7 < 4+, we know that 37 < 5

=m. Also, using m Z 3, and - > =
nm

K
<m?® = exp(3Inm) < exp (gm) :

Do
> o

Similarly, m < exp (%m). So, by Inequality (10), we get

—7%m K 11K
Pr([X —pu[ > 7) < 2exp ( 5002 + exp (—gm)) + 2exp (—ﬂm) . (11)

Now, since m > A\v/40 and 7 > 1/m,

K < -3 1 < 2m
ex ——m m
PATR™) =T = d0aem = 1002

so Inequality (11) implies

2 11K
Pr(|X —u| >7) <2exp (—Z(&;) + 2exp (—Wm> . (12)

Finally, since 7 < 4\K,
>m - 2K _ 11K
=5 T

so Inequality (12) gives us

’m
Pr(|X —p| > 7) <dexp (—m> :

5 The case when )\ =0

In the applications in this thesis, ¢ = A/m, and § — 0 exponentially in m. So the choice
of parameters in Theorems 3.6 and 4.8 is close to optimal. In particular, & < (¢/b)% for
sufficiently large m.

However, in some other settings, Theorems 3.6 and 4.8 are less useful; in particular, they
are vacuous when A = ¢ = 0. We now prove simpler inequalities which applies in this case.
We first prove Theorem 5.3, which is an analog of Theorem 4.8, and then Theorem 5.4,
which is an analog of Theorem 3.6.

Note 5.1 Forw e Q=[[;", U, i € {1,...,m}, and v € Q;, we let w"* denote the element
of ) obtained by replacing the ith coordinate of w with wv.

Lemma 5.2 Let y,...,Q,, be probability spaces. Let Q@ = [[,—, Q, and let X be a random
variable on 2.
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1. If X is weakly difference-bounded by (b,0,9), then, for any w,x € €2,
| X (w) = X(x)| < mb.

2. If X 1s weakly difference-bounded by (b,0,0), then there is some x € Q such that
Pr(X £ X(x)) < mo.

3. If X is strongly difference-bounded by (b,0,0), then there is some x € Q such that

PH(X # X(x) < 2.

Proof: Given any two points w = (wy,...,wp) and x = (x1,-.., Xm) in €, we define
¥; € Q as follows: let ¥g = w. For 1 <i <m, let

77Z}i = (wi—1>i7Xi = (Xlﬂ ey Xiy Wi, - - 7wm>7

SO Y = X-
Proof of Part 1: Suppose X is weakly difference-bounded by (b,0,6). Then, for any
i,
[ X (Yim1) — X ()| < 0.
Summing over ¢, we conclude
| X (w) — X (x)| < mb.

O
Proof of Part 2: Suppose X is weakly difference-bounded by (b, 0, d). For any 4,

Ei(X(Q/fifl) # X () < 0.
Hence, adding up the probabilities,

Pr(X () # X(x)) < mé,
By a total probability argument, we conclude that there exists some xy € € for which
Pr,(X(w) # X(x)) < md. O

Proof of Part 3: Suppose X is strongly difference-bounded by (b,0,9). Let B denote
the bad set of Definition 1.6. For any i,

w’X

So, the probability that v¢; € B for some odd i is at most md /2. If ¢; ¢ B for every odd 1,
we must have X (w) = X(x). Therefore,

mo
E)r((X(W) # X(x)) < o
By a total probability argument, we conclude that there exists some y € €2 for which

Pr(X (@) £ X(v)) < mo/2 O
This concludes the lemma. [ |
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Theorem 5.3 Let y,...,Q, be probability spaces. Let Q@ = [, Q, and let X be a
random variable on  which is weakly difference-bounded by (b,0,). Let u = E(X). Then

Pr(|X — p| > m?b8) < mé.
Proof: By Part 2 of Lemma 5.2, there is some y € €2 for which
Pr(|X — X (x)| > 0) <mé.

By Part 1 of Lemma 5.2,
[ X (w) = X0 < mb

for every w € 2. We conclude that
E(|X - X(x)|) < m®bs,
which immediately implies that
1= X ()] < m®bo.

So,
Pr (|X — p| > m?bd) < Pr(X # X(x)) < mé.

Theorem 5.4 Let Qy,...,8Q, be probability spaces. Let Q = [}, Q, and let X be a
random variable on Q which is strongly difference-bounded by (b,0,6). Let u = E(X). Then

m2bd ) mo
<

Pr{|X —ul>
r(l 1] i

Proof: The proof is similar to that of Theorem 5.3. By Part 3 of Lemma 5.2, there is

some x € €2 for which
0
Pr(|X — X () > 0) < -
By Part 1 of Lemma 5.2 (we recall from Note 1.8 that strong difference-boundedness implies
weak difference-boundedness),

| X (w) = X ()| < mb
for every w € 2. We conclude that

m2bo
B(X - X)) < ™2,
which immediately implies that
m2bo
= X0l = ——
So,
2
pr (16 -l > M50 ) < PrX £ X(0) <
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6 Open questions

Question 6.1 Can we prove a continuous version of Theorem 3.3 or Theorem 4.57
McDiarmid’s original inequality, Theorem 3.2, requires a single bound on | X (w) — X («')|
for all w,w’. Our Theorem 4.5 uses two bounds: a large bound b which holds everywhere,
and a smaller bound ¢ which holds for almost all choices of w and w'.
For any k, we can define a random variable on € x €;: we let

Aw,v) = [X(w) = X ()],

where W’ is w with the kth entry replaced by v.

McDiarmid’s Theorem 3.2 uses sup(A), and the proof uses Lemma 2.7, which bounds
E(e¥) in terms of sup(X). Theorem 4.5 is based on bounding A almost everywhere, and the
proof uses Lemma 2.8, which bounds E(e*) given exactly such information about a random
variable X.

Can we prove a more general McDiarmid-like inequality, giving a concentration bound
in terms of properties of A (e.g., sup(A), E(A), Var(A))?

McAllester [15] expresses a similar desire for a variance-based strengthening of Theo-
rem 3.2.

Such a result would have significant implications for the theory of algorithmic stability
5, 13].

Question 6.2 Recently, Talagrand [21] proved a new inequality which can be used to gen-
eralize some applications of McDiarmid’s Theorem. McDiarmid [19] gives an overview of
Talagrand’s inequality with some applications. Boucheron, et al. [4] discuss McDiarmid’s
inequality and Talagrand’s inequality, as well as other concentration inequalities, with an
emphasis on learning theory applications.

Can we use Talagrand’s inequality to simplify the proofs in this paper, or to strengthen
the results?

Question 6.3 We prove Theorem 3.6 by first proving Theorem 3.3, and then choosing «.
We prove Theorem 4.8 by first proving Theorem 4.5, and then choosing 6, and ;. The choices
we make for these parameters are based on the assumption that b = ©(1), ¢ = ©(1/m), and
d = exp(—Q(m)).

Can we choose these parameters more generally? What values of b, ¢, and ¢ arise in
natural applications, and what choices of oy, vx, and 6, are best in these situations?
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