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Abstract

We construct a nodal basis for C1 piecewise polynomials of degree 4 on a triangulated
polygonal domain in the plane. Our results confirm a conjecture of Strang. We determine
the support of the corresponding basis functions in certain cases. In such cases, we are able
to compute the dimension of the space of C1 piecewise polynomials of degree 4 that vanish
to second order on the boundary. This provides an alternative approach to determining the
number of spurious modes for piecewise cubics in the Stokes problem. We also examine C1

piecewise polynomials of degree less than 4, on special meshes, that vanish to to second order
on the boundary.
AMS/MOS Numbers: 65D07, 65N30.

1 Introduction and Strang’s Conjecture

Let Π be a triangulated polygon in the plane, R2. We say a function φ is a C1 piecewise polynomial
of degree n in Π if φ ∈ C1(Π) and φ restricted to each triangle is a polynomial of degree ≤ n.
We denote by Sn(Π, T ) the space of such functions, where T refers to the triangulation. In [11],
the structure of Sn for n ≥ 5 was described by exhibiting a nodal basis, answering the conjecture
of Strang [20] for n ≥ 5. In [12], the study of Strang’s conjecture was continued by calculating
the dimension of Sn for n < 5 for various mesh types. That paper was never published, but was
widely circulated informally since 1975, and it was updated later by adding additional references
and released as a technical report [12]. We reproduce here much of the material in [12] in order to
have a self-contained presentation.

The flaw in the original paper, reproduced in [12], was a requirement to avoid quasi-singular
vertices (defined subsequently) in studying S4. The paper [1] was able to circumvent this obstacle
and construct a basis of S4 for general meshes, confirming Strang’s conjecture for n = 4. However,
that basis is not a typical nodal basis of the type studied in [12]. We show here how to circumvent
issues related to quasi-singular vertices that appeared in [12] and construct a basis of S4 using
conventional nodal variables for general meshes, again confirming Strang’s conjecture.

The importance of Sn lies in diverse areas. The most direct is its use in approximating solutions
of differential equations of order 4 via variational techniques [3]. Also, C1 piecewise polynomials
(and piecewise polynomials of even greater smoothness) are of interest in computer graphics for the
representation of discrete data, cf. [13] and references in [1]. A more subtle application of Sn arises
in finite element methods for problems with incompressibility constraints, e.g., the Stokes equations
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Figure 1: Singular vertex, v.

of fluid flow [18]. In this case, Sn is isomorphic to the space of divergence–zero vector fields that are
continuous, piecewise polynomials of degree n−1 (on the same mesh); the isomorphism is provided
by the curl (∇×) operator [17]. The size of the support of the basis functions for Sn has significant
implications for multigrid methods for the Stokes equations [16, 9], and we are able to derive some
results of interest for such problems.

Using the close connection between S4 and the space of continuous, piecewise cubics that are
divergence free [7], we are able to study the subset of S4 consisting of functions that vanish on
the boundary to second order. When there are spurious modes (see Section 9.3 or [7]), there
are implications regarding constraints determining the boundary conditions. Basis functions with
compact support have to vanish to second order on the boundary of their support in order to
be C1. Thus there is a close connection between S4 with second-order boundary conditions and
understanding the supports of basis functions.

The results of [7] provide a new way to insure against spurious modes. However, those results
only give sufficient conditions that imply there are no spurious modes. The results here provide an
alternate way to show that there are spurious modes in some cases. This complements the work of
[14].

1.1 Strang’s conjecture

We now recall the heuristic method used by Strang [20] to compute dimSn. We view Sn as the
space of discontinuous piecewise polynomials of degree ≤ n (' (Pn)T , where Pn is the space of
polynomials of degree ≤ n and T is the number of triangles in T ) with constraints imposed across
each interior edge in T . If E0 is the number of interior edges in T , then the number of constraints
imposed is (2n + 1)E0: n + 1 for the value and n for the normal derivative on each interior edge.
These constraints are redundant, though. Consider an interior vertex and impose constraints on
all but one edge meeting there. Then functions satisfying these constraints are already C1 at the
vertex, and only (2n+ 1)− 3 more constraints need be imposed on the remaining edge to insure C1

continuity. Thus we have shown that

dimSn(Π, T ) ≥ 1

2
(n+ 1)(n+ 2)T − (2n+ 1)E0 + 3V0, (1)

where V0 is the number of interior vertices in T . Strang conjectured that (at least for generic
triangulations) equality held in (1).
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1.2 Singular vertices

Some work of Powell [13] presaged that genericity in the mesh was needed, as follows. Let Π be
a convex quadrilateral, and triangulate it by drawing in the diagonals. Thus T = 4, E0 = 4, and
V0 = 1, and the conjectured dimension of S2(Π, T ) would be

6 · 4− 5 · 4 + 3 · 1 = 7.

In other words, the conjecture is that there is only one piecewise quadratic on this triangulation,
since dimP2 = 6. However, we can construct two that are linearly independent, namely, for each
diagonal we let φi (i = 1, 2) be the function that is zero on one side of the diagonal and equal to
(distance from the diagonal squared) on the other side. Since φi vanishes to second order on the
i-th diagonal, it is C1. φ1 and φ2 are linearly independent modulo P2 as long as the diagonals are
distinct, so we have proved that

dimS2(Π, T ) ≥ 8.

In Lemma 2.3, we show that the dimension is exactly 8, and in Lemma 2 in [12], it was shown that
the dimension drops to 7 if the interior vertex is moved.

The above situation is called singular (Definition 2.1), and a variety of examples [12] show
that vertex singularity characterizes the only way the dimension of Sn can differ from the minimal
dimension in (1). Thus we will show (Theorem 2.2) that

dimSn(Π, T ) ≥ 1

2
(n+ 1)(n+ 2)T − (2n+ 1)E0 + 3V0 + sI (2)

where sI is the number of singular (interior) vertices in T . Moreover, we showed in [12] that equality
holds in (2) for n = 4 provided the triangulation contains no “quasi–singular” vertices (Definition
5.1), and moreover we constructed a nodal basis for S4 in this case. It is clear that showing that
dimSn takes on the minimal dimension in (1) is a problem in algebraic geometry, so that if the
dimension is minimal for a given T , it will be minimal for an open dense set of perturbations of T .
That this is so for n ≥ 2 has been proved by Billera [2].

1.3 Objectives

One objective of this paper is to extend the results of [12] by removing the condition prohibiting
quasi-singular vertices for n = 4. Moreover, we establish the dimension of the subspace of S4

satisfying second-order Dirichlet conditions on ∂Π in special cases. Such a result is crucial for
determining the dimension of vector-valued Lagrange cubics that vanish on the boundary and have
divergence exactly zero. We also study second-order Dirichlet conditions for lower-order piecewise
polynomials on special meshes.

The plan of the paper is as follows. In Section 2, we develop a method for computing dimSn
valid for general T when n ≥ 2 (if n ≤ 1, Sn is trivial). In Section 3, we derive some results specific
to n = 2. In Section 4, we extend the techniques of Section 2 to non-simply connected domains,
but restricted to degrees 3 and 4. In Section 5, we describe a nodal basis for S4(Π, T ); in this case,
it easily follows that equality holds in (2) for n = 4. Section 6 is the most significant step in the
verification of unisolvence for the basis. Section 7 is devoted to describing the nodal basis functions.
Special meshes are considered in Sections 8 and 11. In Section 9, we describe functions in S4(Π, T )
that vanish to second order on the boundary, in terms of constraints on the basis defined in Section
5, and in particular we compute the dimension of this subspace. Section 10 discusses boundary
condition constraint counting. Section 11 discusses Malkus splits for n = 3, 4.
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Figure 2: The three cases needed to construct simply–connected domains.

2 Dimension Counting Via Induction

Let Π be a bounded domain in R2 such that ∂Π consists of a finite number of non–intersecting
polygonal arcs. (By a polygonal arc, we mean a continuous curve that is the union of a finite
number of line segments.) Let T be a triangulation of Π.

Definition 2.1 A vertex v is singular [11] in T if (see Figure 1)

(i) v lies in the interior of Π,

(ii) exactly four edges meet at v and

(iii) the edges form two straight lines.

Theorem 2.2 Let Π, T be as above and suppose Π is simply connected. For n ≥ 2, we have

dimSn(Π, T ) ≥ 1

2
(n+ 1)(n+ 2)T − (2n+ 1)E0 + 3V0 + sI

where T,E0, V0 and sI are the numbers of triangles, interior edges, interior vertices, and singular
vertices, respectively, in T .

We prove the formula in Theorem 2.2 by induction on the number of triangles. It is clearly valid
for one triangle (see Case 1 in Table 1), so suppose it is true for (Π, T ). We must show that it
holds true for (Π′, T ′) where

T ′ = T ∪ {τ} is a triangulation of Π′ = Π ∪ τ.

Any simply connected Π can be constructed (see Figure 2) by starting with one triangle (Case 1.)
and adding a new one, τ , where

Case 2. τ shares one edge with Π or

Case 3. τ shares two edges with Π.
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Case increase in no.
∑

τ∈T ′ `T ′(v) dimS4(Π′, T ′) dim. diff.
number interior edges −

∑
τ∈T `T (v) − dimS4(Π, T ) n = 4

1 0 0 N 15
2 1 0 N −K 6
3 2 1 N − 2K + 3 + sI sI
4 1 −1 N −K − 3 3
5 0 −1 N − 3 12
6 0 −2 N − 6 9
7 0 −3 N − 9 6
8∗ 3 −3 N − 3K + 9 + sI −3 + sI

Table 1: The change in dimension resulting from adding a triangle, τ . sI = difference of numbers of
singular (interior) vertices in T ′ and T . ∗Assumes no quasi-singular vertices for the triangle added.

Table 1 summarizes the changes in the quantities in the formula for each case, the last column
being the predicted change in dimension that we must verify. The third column of Table 1 should
be ignored for the moment, as well as Cases 4–8.

To calculate the change in dimension

dimSn(Π′)− dimSn(Π)

(we drop the redundant reference to T ′ and T ), we study the restriction map

ρ : Sn(Π′)→ Sn(Π).

We have
dimSn(Π′)− dimSn(Π) = dim ker ρ− codim image ρ. (3)

We now use this to verify the formulae given in Table 1. In the following, we use the notation

Pn = space of polynomials of degree ≤ n in two variables

plus the shorthand notation from Table 1: N = 1
2
(n + 1)(n + 2) and K = (2n + 1). Note that

N = dimPn.

Case 1. Obvious for all n.

Case 2. Let τ1 be the triangle in Π sharing an edge with τ . Given a function φ in Sn(Π) we can
extend it to τ from τ1 as a polynomial. This proves that the restriction map ρ is onto. Thus, we
just have to calculate the dimension of ker ρ. Given φ in ker ρ, we know φ must vanish to second
order on the edge joining τ1 and τ . Conversely, given any polynomial P that vanishes to second
order on that edge, we can construct a φ ∈ ker ρ by setting φ = P in τ and φ = 0 in Π. Thus
ker ρ is isomorphic to the space of all polynomials of degree n that vanish to second order on a line,
which in turn is isomorphic to Pn−2. Thus

dim ker ρ = dimPn−2 = N −K.

This shows the formula is true in Case 2 for n ≥ 2.
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Figure 3: Notation for Cases 2 and 3.

Case 3. In this case, ker ρ is isomorphic to the space of polynomials vanishing on two lines, so
ker ρ ' Pn−4 (n ≥ 4) and

dim ker ρ = 1
2
(n− 2)(n− 3) = N − 2K + 4;

this formula is valid also for n = 2 and 3 since ker ρ = {0} for these n.
Let τ1 and τ2 be the two triangles in Π sharing an edge with τ , and let v be the vertex where

the three triangles meet. Then we must show that codim image ρ = 0 or 1 depending on whether
v is a singular or nonsingular vertex in T ′. This depends on whether or not a function φ in Sn(Π)
can be extended in a C1 fashion to Π′. Let e1 (respectively, e2) be the edge shared by τ and τ1

(respectively, τ2). Given φ in Sn(Π), we must have

∂e2(φ |τ −φ |τ1) = 0 on e1 and ∂e1(φ |τ −φ |τ2) = 0 on e2

because φ is C1 (∂ei denotes differentiation in the direction parallel to ei). Now differentiating the
first equation in the e1 direction, the second in the e2 direction, we find

∂e1∂e2(φ |τ1 −φ |τ2) = 0 at v (4)

where v is the vertex at which e1 and e2 meet. Thus any function φ in Sn(Π) must satisfy (4) if it
is to extend.

Lemma 2.3 Let n ≥ 2 and let τ be as in Case 3. A function φ in Sn(Π) extends to a function in
Sn(Π′) if and only if (4) holds.

Proof. “Only if” has just been proved, so we now do the “if.” It is sufficient to consider the case
when Π = τ1 ∪ τ2 (and Π′ = Π∪ τ): any φ ∈ Sn(Π) for a general Π can be viewed as in Sn(τ1 ∪ τ2).
If it can be extended to Sn(τ1 ∪ τ2 ∪ τ), this extension on τ will suffice to extend φ to Sn(Π′). Thus
we now consider the space Sn(τ1 ∪ τ ∪ τ2). Using Cases 1 and 2, we can calculate that

dimSn(τ1 ∪ τ ∪ τ2) = 3N − 2K.
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Now let µ : Sn(τ1∪ τ ∪ τ2)→ Pn×Pn be given by µ(φ) = (φ |τ1 , φ |τ2). Define ν : Pn×Pn → R4

by
ν(P1, P2) = (P1 − P2, ∂e1(P1 − P2), ∂e2(P1 − P2), ∂e1∂e2(P1 − P2))

evaluated at v. We have (by the “only if” part)

imageµ ⊂ ker ν

and we want to prove equality. We do this by showing that imageµ and ker ν have the same
dimension. For the first, we have

dim imageµ = dimSn(τ1 ∪ τ ∪ τ2)− dim kerµ

= 3N − 2K − dimPn−4 = 2N − 4,

where we have used the convention P−1 = P−2 = {0}. (The fact that kerµ = Pn−4 follows from the
fact that kerµ = ker ρ.) To show that dim ker ν = 2N − 4, we must simply show that ν is onto. To
do this, choose Cartesian coordinates such that e2 lies on the x-axis and e1 lies on the line x = αy.
Let P (x, y) = a+ bx+ cy + dxy. We find

ν(P, 0) = (a, αb+ c, b, d).

This shows ν is onto and completes the proof of Lemma 1. QED

Let δ be the linear functional on Sn(Π) given by

δφ = ∂e1∂e2(φ |τ1 −φ |τ2)(v). (5)

Lemma 2.3 says that ker δ = image ρ, so we have the following corollary to it.

Corollary 2.4 For n ≥ 2, if τ is added to Π as in Case 3 to form Π′, we have

dimSn(Π′)− dimSn(Π) = N − 2K + 4− codim ker δ,

where δ is the linear functional on Sn(Π) given in (5).

If we could show that δ is nontrivial precisely when v is nonsingular in Π′, then we would have
a proof of equality in (2). To complete the proof of Theorem 2.2, we must show only that δ is
identically zero if v is singular. So, assume v is singular, and let τ3 be the fourth triangle at v (see
Figure 1). The edge between τ1 and τ3 is co–linear with e2, so for φ in Sn(Π) we have

∂e1(φ |τ1 −φ |τ3) = 0 on e2.

Differentiating zero, we find
∂e2∂e1(φ |τ1 −φ |τ3)(v) = 0.

Similarly, we have
∂e1∂e2(φ |τ3 −φ |τ2)(v) = 0,

so δφ = 0.
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Figure 4: A Type I triangulation.

3 Quadratic case

Cases 1–3 are sufficient to construct many interesting meshes. A Type I triangulation consists of a
three-lines, regular mesh consisting of 45 degree right triangles, as shown in Figure 4. Such trian-
gulations have no singular vertices, so we conclude that the dimension of C1 piecewise quadratics,
S2 on this mesh is

6T − 5E0 + 3V0.

3.1 A type I mesh of size k × k
Suppose that our mesh Tk consists of a k by k array of squares, with each square divided into two
45 degree right triangles. Then

T = 2k2, E0 = k2 + 2k(k − 1) = 3k2 − 2k, V0 = (k − 1)2 = k2 − 2k + 1.

Thus
dimS2(Tk) = 12k2 − 5

(
3k2 − 2k

)
+ 3(k2 − 2k + 1) = 4k + 3.

Thus there are C1 piecewise quadratics on this mesh, but there are none with compact support.
If there were a C1 piecewise quadratic on this mesh with compact support in a j × j mesh, then
dimS2(Tk) would have to grow at least as fast as (k/j)2, which it does not. Thus we have proved
the following theorem.

Theorem 3.1 On a Type I mesh, there are no C1 piecewise quadratics with compact support.

3.2 Barycentric refinements

Barycentric refinements are known [6, 19] to provide improved properties, so we consider a barycen-
tric refinement T ′k of a Type I mesh Tk mesh consisting of a k by k array of squares as studied in
Section 3.1. Then

T = 6k2, E0 = 7k2 + 2k(k − 1) = 9k2 − 2k, V0 = (k − 1)2 + 2k2 = 3k2 − 2k + 1.

Thus
dimS2(T ′k ) = 36k2 − 5

(
9k2 − 2k

)
+ 3(3k2 − 2k + 1) = 4k + 3,

8



(a) (b) (c)

Figure 5: A Type II triangulation. Red edges indicate where a function supported on this mesh
would vanish to second order. (a) The original mesh. (b) Second step in the proof. (c) Support of
the basis function for S2 with k = 3.

the same dimension as we had without the barycentric refinement. Thus we conclude that there are
no C1 piecewise quadratics on a barycentric refinement of a Type I mesh having compact support.
More precisely, since T ′k is a refinement of Tk, S2(Tk) ⊂ S2(T ′k ). But since they have the same
dimension, we must have S2(Tk) = S2(T ′k ). Thus the barycentric refinement of a Type I mesh does
not provide any extra flexibility for C1 piecewise quadratics.

3.3 Type II meshes

If we modify a Type I mesh by drawing in the opposite diagonals, we obtain what might be called
Malkus splits [10], cf. Figure 5. This is also known as a Type II triangulation [8]. Thus we have a
k × k array of singular vertices. In this case

T = 4k2, E0 = 4k2 + 2k(k − 1) = 6k2 − 2k, V0 = k2 + (k − 1)2 = 2k2 − 2k + 1, sI = k2.

Thus
dimS2 = 24k2 − 5

(
6k2 − 2k

)
+ 3(2k2 − 2k + 1) + k2 = k2 + 4k + 3.

Powell [13] realized that there would be one basis function per singular vertex, as indicated by this
formula, but its support is quite large. To determine the size of the support is equivalent to finding
a value of k for which the dimension of S0

2 is positive, where S0
2 denotes C1 piecewise quadratics

that vanish on the boundary to second order. Suppose that c constraints per edge are required to
insure that a C1 piecewise quadratic vanishes to second order on the boundary. It might appear at
first glance that c = 5, three for the value and two for the normal derivative, but these are likely
linearly dependent. If c = 2, this would say that

dimS0
2 = k2 + 4k + 3− 8k = k2 − 4k + 3

since there are 4k boundary edges. This implies that we need k ≥ 3 to have a positive dimension.
We address the independence of boundary constraints in Section 10. It is known from [15] that it is
sufficient to take k = 3 to have a positive dimension. In fact, it follows from [15, Lemma 5.1] that
dimS0

2 = (k − 2)2.
It is easy to show that dimS0

2 = 0 for k = 2 via some pictures. Figure 5 shows the case k = 2
with red edges indicating where a function supported on this mesh would vanish to second order.
Figure 5(a) shows the case k = 2. Since a function φ ∈ S0

2 must vanish to second order on the red
edges, in the corner triangles it must be of the form c(x− a)2 or c(y − b)2. But this means that c
must be zero to insure C1 continuity across the green edges. Thus φ must actually vanish on the

9



(a) (b)

Figure 6: Visualization of the Powell basis function. (a) The restriction of the basis function to
straight lines in the mesh is a quadratic spline in one dimension. On the red lines, it is the standard
basis function for the quadratic spline in one dimension. On the green lines, it is two times the
standard basis function for the quadratic spline in one dimension. (b) Plot of the quadratic spline
basis function in one dimension.

red edges in Figure 5(b). Repeating the previous argument, rotated by 45 degrees, we see that φ
must be identically zero.

By contrast, for k = 3 we will see that dimS0
2 = 1. This is the Powell basis function.

3.4 Visualizing the Powell basis function

The restriction of the Powell basis function to the red lines in Figure 6(a) is the quadratic spline
basis function in one dimension, which is of the form

q(x) =


1− x2

2
|x| ≤ 1

1
2
(x± 2)2 1 ≤ ±x ≤ 2

0 |x| ≥ 2.

The function q is plotted in Figure 6(b) for the interval 0 ≤ x ≤ 2. On the green lines in Figure
6(a), the value of the Powell basis function is given in Figure 6(b). On the red lines in Figure 6(a),
the value of the Powell basis function is twice what is given in Figure 6(b). Thus the vertex values,
suitably scaled, of the Powell basis function are as given in Figure 7. In the central square of Figure
7, the basis function is equal to 4− 2(x2 + y2), where the unit size of the mesh is

√
2.

4 Cubic and quartic cases

In the cubic case, the techniques for dimension counting can be extended to include nonsimply–
connected domains. To do so, we must generalize to the case when T is an arbitrary rectilinear sub-
complex of R2. With Π = ∪T , we again define Sn(Π, T ) as the space of C1 piecewise polynomials
of degree n, but we must say what it means to be C1 at the self-intersections of ∂Π. At such points,
we require that the restrictions of a φ ∈ Sn to the various abutting triangles agree to second order.
We will calculate dimSn(Π, T ) in this setting. To do so, we recall the notion of the link of a vertex.

10
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Figure 7: Scaled values of the Powell basis function at vertices.

Definition 4.1 Given a vertex v in T , let τ1, ..., τr be the triangles in T that meet at v, and let ej
be the edge of τj not containing v. The link of v with respect to T is defined to be e1 ∪ . . .∪ er, and
the order of the link is given by

`T (v) = 1− χ(e1 ∪ . . . ∪ er), (6)

where χ is the Euler characteristic.

If v is an interior vertex, then e1 ∪ . . . ∪ er has no boundary and `T (v) = 1. If e1 ∪ . . . ∪ er
is a connected polygonal curve with two endpoints, as occurs when v is a boundary vertex, then
`T (v) = 0. More generally, when e1∪. . .∪er consists of ` disjoint polygonal curves, then `T (v) = 1−`.
In fact, this gives an alternative characterization of the domain regularity assumed here: `T (v) ≥ 0
for all vertices in T .

Definition 2.1 makes sense for the general T we are now considering (note that (i) in Definition
2.1 is equivalent to `T (v) = 1).

Theorem 4.2 Let T be a rectilinear sub-complex of R2 and let Π = ∪T . For n ≥ 3, we have

dimSn(Π, T ) ≥ 1

2
(n+ 1)(n+ 2)T − (2n+ 1)E0 + 3

∑
v∈T

`T (v) + sI ,

where T,E0, and sI are as in Theorem 2.2 and `T (v) is defined by (6). (The sum is over all vertices
in T .)

When Π is a domain with non–intersecting polygonal boundary and T is a triangulation of Π,
then `T (v) = 0 or 1 depending on whether v is a boundary or interior vertex of T . Thus Theorem 4.2
implies Theorem 2.2 holds (for n ≥ 3) for nonsimply–connected domains. We prove the formula in
Theorem 4.2 again by induction on the number of triangles as we did Theorem 2.2. We must show
that it holds true for (Π′, T ′) where

T ′ = T ∪ τ is also a rectilinear sub-complex of R2 and Π′ = Π ∪ τ.

11
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Figure 8: The four remaining cases needed to construct general domains.

Case 1 must be modified to allow the possibility that τ is simply disjoint from Π, but the verification
is again trivial. Case 2 is unmodified, but in Case 3 we have the possibility that v is not an interior
point in Π′, which is equivalent to `T ′(v) ≤ 0. However, an examination of the derivation of (4)
shows it to be valid in this case as well. Thus Case 3 is as before. To the list of the possible ways
in which τ can join Π, we must add the following (see Figure 8) to those studied in the proof of
Theorem 2.2:

Case 4. τ shares one edge and one vertex with Π, or

Cases 5, 6 & 7. τ shares one, two, or three vertices, respectively with Π.

Table 1 summarizes the changes in the quantities in the formula for each case, the last column being
the predicted change in dimension that we must verify. We refer to the proof of Theorem 2.2 for
notation.

Case 4. For n ≥ 3, we can extend any function φ in Sn(Π) to Π′. To see this, let the edge shared
by τ and Π be the y-axis, with the other vertex of τ shared with Π being the point (x0, 0). Let τ1

be the triangle in Π sharing an edge with τ . Let P = φ |τ , and define

Q(x, y) = P (x, y) + x2(a+ bx+ cy),

where a, b, c are chosen so that Q−φ is zero to second order at (x0, 0). Q is the required extension.
To see that we can choose Q to match φ at (x0, 0), we simply have to check that the cubic C(x, y) =
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x2(a+ bx+ cy) can have arbitrary value and gradient at (x0, 0). Computing, we have

C(x0, 0) = x2
0(a+ x0b)

Cx(x0, 0) = x0(2a+ 3x0b)

Cy(x0, 0) = x2
0c.

These are clearly independent. Thus, the restriction map is onto. Further, ker ρ consists of polyno-
mials that vanish to second order on x = 0 and at (x0, 0), and (as the cubic C above shows) it has
dimension N −K − 3 if n ≥ 3. This proves the formula in Case 4 for n ≥ 3.

Cases 5, 6 & 7. Given any three points in the plane that are not co–linear, we can find a cubic
polynomial with arbitrary value and gradient at each point. In fact, we can specify the value
and gradient at the three points and, for example, the value at any point not on the three lines
formed by the three points. This is an example of the well known (cf. [3]) generalization of Hermite
interpolation to two dimensions. Therefore the restriction map ρ is onto for n ≥ 3. Further, the
kernel of ρ clearly has dimension N − 3ν, where ν is the number of vertices shared by τ and Π. (To
see this, view ker ρ as parameterized by the space of polynomials, φ |τ for φ ∈ Sn(Π′), vanishing to
second order at ν points, not co–linear if ν = 3. This is also the kernel of the map that evaluates a
polynomial and its gradient at the ν points. This map is onto, for n ≥ 3, by our argument above.
Hence, the dimension of its kernel is the difference of the dimensions of the domain and range.)
This verifies the dimension formula for Cases 5–7 if n ≥ 3 and completes the proof of Theorem 4.2.

5 A nodal basis for S4(Π, T )

As before, let V0 and E0 denote, respectively, the numbers of interior vertices and edges in a planar
triangulation T . Further, let V , E and T denote the numbers of vertices, edges, and triangles,
respectively, in T . Suppose that T is a triangulation of a bounded domain Π ⊂ R2 such that ∂Π
consists of a finite number of non–intersecting polygonal arcs. Then, obviously, V − V0 = E − E0.
Furthermore, E + E0 = 3T ; for a proof, see (15) below. Using these relations, the formula (2) for
the dimension of S4(T ) becomes

dimS4(Π, T ) ≥ 4V + E − V0 + sI . (7)

This formula suggests ϕ ∈ S4 could be parameterized by the following nodal values, namely,

the value and x and y derivatives of ϕ at each vertex in T , (8)

a second (cross) derivative of ϕ at each vertex except interior vertices of odd order, (9)

the value of ϕ at the midpoint of each edge, except for “omitted” edges, where

we omit one edge emanating from each nonsingular interior vertex of even order.
(10)

More specifically, (9) means the following. Let τ be a triangle in T with a vertex v, and let e1 and
e2 be the edges of τ meeting at v. Then the “τ -cross derivative of ϕ ∈ Sn at v” is defined to be

∂e1∂e2(ϕ |τ )(v). (11)

In (9) above, it is meant that, for each vertex v in T , a triangle τ is assigned (having v as a vertex)
and the τ -cross derivative at v is used as a nodal variable. We will show that the choice of τ can
be arbitrary.
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Figure 9: (a) A triangle that is quasi-singular. (b) Impossibility of being quasi-singular at two
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Figure 10: Notation for edges and triangles numbered consecutively around a vertex.

The omissions of edge nodes in (9) occur for interior vertices of even order, precisely where we
add a cross derivative node. To demonstrate such a basis, we must provide a list of omitted edges.
This will be done inductively.

In order to show that the above nodal variables determine a basis for S4, there is one technicality
that we must deal with separately (see Figure 9).

5.1 Quasi–singular vertices

Consider the notation in Figure 9 and Figure 10.

Definition 5.1 Let T2 be a triangle in T , with edges e1, e2 meeting at the vertex v. Let Ti (i = 1, 3)
be the other triangles in T sharing an edge with T2, and let the other edges of Ti with v as a vertex
be as indicated in Figure 9 and Figure 10. If both pairs e1, e3 and e2, e0 are co–linear and v is not
singular in T , then we say T2 is quasi–singular in T at v. If either Ti (i = 1, 3) does not exist, then
T is not quasi–singular at v.

The following provides an alternate description of quasi-singular vertices.

Lemma 5.2 Using the notation of Figure 10, we see that T2 is quasi-singular at v if and only if

θi + θi+1 = π, for i = 1, 2, and θi + θi+1 6= π for i = 3, . . . N, (12)

where we interpret indices as defined modulo N .

Quasi-singular vertices are constrained to a certain degree. In particular, a triangle cannot be
quasi-singular at more than one of its vertices. Moreover, quasi-singular vertices must be isolated
to a certain degree. Quasi-singular triangles can meet at a vertex, as shown in Figure 11(a) or along
an edge as shown in Figure 11(b), but if they share two edges with quasi-singular triangles, there
is a significant constraint.

As shown in Figure 9(b), if T is quasisingular at v1 then it cannot be quasisingular at v2, because
the edge connecting v2 and v3 would violate the angle condition, which we state as Lemma 5.3. It
is possible that another triangle T2 could be quasi-singular at v2, as shown in Figure 12. However
there is a constraint on the placement of the quasi-singular vertices, as we state in Lemma 5.4.
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Figure 11: (a) Neighboring triangles that are quasi-singular and share vertices. (b) Neighboring
triangles that are quasi-singular and share an edge.

v vvv

Figure 12: A sequence of quasi-singular triangles sharing an edge. The corresponding quasi-singular
vertices are marked by v.

Lemma 5.3 Suppose that T is quasi-singular at v and Ti is another triangle having v as a vertex.
Then the Ti cannot be quasi-singular at v.

Proof. Having two triangles quasi-singular at the same vertex would violate the angle condition
(12). QED

Lemma 5.4 Suppose that Ti is quasi-singular at vi and T2 shares an edge with both T1 and T3.
Then the vi’s are collinear.

Proof. This is a consequence of the angle condition (12). QED

Corollary 5.5 We can number the quasi-singular triangles T1, . . . , TM (if any) such that the com-
plexes Tm = {T1, . . . , Tm} with Πm = ∪mi=1Ti are such that Πm shares at most one edge with Tm+1,
m = 1, . . . ,M − 1.

Proof. Consider the subset of Q quasi-singular triangles having two neighboring quasi-singular
triangles. Then Q can be written as a union of connected components in which each component
has the quasi-singular vertices lying on a single line. Number the triangles in each component
consecutively from one end of the line to the other. In this ordering, no triangle is added in a Case
3 configuration. QED
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Figure 13: A sequence of quasi-singular triangles cannot turn a corner.
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Figure 14: Example of a numbering of triangles and the associated edge omissions. The green circles
indicate the location of edge nodes removed in a Case 3 step. The interior edges can be labeled by
the adjoining triangles, viz., (i, j) with i < j. There are edge omissions for edges (1, 6) and (1, 10),
but not for the edges (i, i+ 1) for i = 1, . . . , 9.

5.2 Existence of nodal basis

Theorem 5.6 Let Π and T be as described above and let sI be the number of singular (interior)
vertices in T . Then there is an “edge omission” as in (10) above such that, for any “vertex–triangle
assignment” in (9), the nodal variables (8–10) parameterize S4(Π, T ). That is, if we number the
nodal variables 1, 2, ..., E + 4V − V0 + sI , then there is a basis {ϕj} of S4(Π, T ) such that the j-th
nodal value of ϕj is equal to one and the rest are zero. Moreover, the edges e where omissions occur
have the following property. For each edge omission, there is a triangle τ1 added as in Case 3. Let
v be the vertex that becomes an interior vertex at that stage. Let τ2 be the other triangle sharing e
as an edge. Let θi be the angles between the edges of τi that meet at v. Then θ1 + θ2 6= π.

An example of edge omissions is depicted in Figure 14.

Corollary 5.7 Under the conditions above on Π and T in Theorem 5.6, equality holds in the
formulae (2) and (7) for the dimension of S4(Π, T ).
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Remark: The proof of Theorem 5.6 is inductive, and the edge omissions in (10) are not specified
initially. Thus we do not have complete information about the basis {ϕj}. In principle, one can
follow the proof to construct the basis.

Proof. In order to treat nonsimply–connected Π, it is necessary to generalize the result to the case
when T is an arbitrary finite, rectilinear subcomplex of R2, as was done in Theorem 4.2 in Section
4. In this case, Sn(T ) is defined to be the set of functions with a C1 extension to a neighborhood
of Π ≡ ∪{τ ∈ T } such that, for all τ ∈ T and ϕ ∈ Sn(T ), ϕ | τ is a polynomial of degree n or less.
This simply means that, when two triangles τi ∈ T , i = 1, 2, meet at a common vertex v but do
not share a common edge, then each ϕ ∈ Sn(T ) must be such that

ϕ|τ1 − ϕ|τ2

vanishes to second order at v. Otherwise, the C1 continuity condition has the same implications as
before.

The nodal variables for S4(T ) in this new context are more complicated and require the use of
the following notions. Recall the concept of link of a vertex (Definition 4.1). With the notation in
Definition 4.1, let the star of v (with respect to T ) be given by

star(v) = starT (v) = τ1∪· · ·∪τr. (13)

With the above notation, we now give a description of the nodal variables for S4(T ) in the case of
a general finite, rectilinear subcomplex T of R2.

Recall the definition of `T (v), the order of the link of the vertex v in T , given in (6). The nodes
for S4(T ) are identical to (8–10) except at vertices v such that `T (v) < 0. First, (10) is interpreted
to mean that an edge node is not omitted as long as `T (v) ≤ 0, or if `T (v) = 1 and v is singular.
Thus, if e is an edge having vertices v1 and v2 such that `T (vi) ≤ 0, i = 1, 2, then e is not omitted.
The nodes (9) are actually augmented if `T (v) < 0. In this case, choose an edge ei from each
component of the link of v, i = 1, . . . , 1− `T (v). Let τi denote the triangle having v as a vertex and
ei as an edge. Then the nodal variables include each of the τi cross derivatives at v. We now prove
that these nodal variables parameterize S4(T ).

Theorem 4.2 gives a lower bound for the dimension of S4(T ):

dimS4(T ) ≥ f4(T ) := 15T − 9E0 + 3
∑
v∈T

`T (v) + sI . (14)

In order to see that the modified nodal variables (8–10) described above are precisely f4(T ) in
number, we must make a calculation similar the one yielding (7). For any finite subcomplex T ,
think of assigning marbles from each edge to each triangle that it bounds. This takes 2E0 + (E − E0)
marbles (an interior edge is in two triangles, the rest in only one). Furthermore, since each triangle
has three edges, each triangle gets three marbles. Thus,

3T = 2E0 + (E − E0) = E + E0 (15)

as before. To get an expression for E − E0, we reason as follows.
For each vertex, v ∈ T , there are exactly 2(1− `T (v)) non–interior edges meeting at v. Assigning

marbles from vertices to non–interior edges thus requires 2
∑

τ∈T (1 − `T (v)) marbles. Since each
non–interior edge has two vertices, it gets two marbles. Dividing by two thus gives

E − E0 =
∑
τ∈T

(1− `T (v)). (16)
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Figure 15: Modified Hermite representation of a quartic on a triangle.

(In the case that ∂Π consists of non–intersecting arcs, then `T (v) ∈ {0, 1} for all v ∈ T , and we find
E − E0 = V − V0. However, this can be derived more simply in that case.) Using relations (15)
and (16) in (14), we find

f4(T ) = 15T − 9E0 + 3
∑
v∈T

`T (v) + sI

= E + 4(E − E0) + 3
∑
v∈T

`T (v) + sI

= E + 4V −
∑
v∈T

`T (v) + sI .

This is precisely the number of prescribed nodal variables.
To show that these nodal variables parameterize S4(T ), it suffices to show they are unisolvent

[3], i.e., that if ϕ ∈ S4(T ) has all nodal variables zero, then ϕ ≡ 0. To see why, think of the nodal
variables as defining a linear mapping

S4(T )→ Rf4(T ),

and unisolvence means that it is injective. Since dim S4 ≥ f4, if this mapping is injective, it must
be an isomorphism. Therefore the nodal variables form a basis for the dual space of S4; {ϕi} is the
corresponding dual basis.

As indicated previously, the proof proceeds inductively. If T = {τ} consists of one triangle,
then we must show that the stated nodal variables determine a polynomial of degree 4. The first
step is to prove this on one triangle.

5.3 Local representation

The nodal variables (8–10) for quartics on a single triangle are as shown in Figure 15. This is a
modified Hermite representation in which cross derivatives are used instead of normal derivatives at
points on the interior of the edge. It is standard to show that these nodal variables are unisolvent.
Less obvious is that fact that if all nodal variables on an edge vanish, then the quartic must vanish
to second order on that edge. This is quite different from Hermite cubics. These facts are collected
in the following lemma.

Lemma 5.8 A quartic is uniquely defined by the nodal variables (8–10), as shown in Figure 15.
Moreover, if a quartic φ has all nodal variables on an edge e vanish, then the quartic must vanish
to second order on e.
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Proof. The vanishing of the nodal values (8) and (9) of ϕ ∈ S4(T ) implies that ϕ vanishes on the
edges ei, i = 1, 2, 3, of τ . The vanishing of the value of v at each vertex and the edge midpoint,
together with the vanishing of the tangential derivative of v at each vertex, implies that v vanishes
on the edge.

Since the full gradient vanishes at each vertex, the derivative normal to e of v vanishes at each
vertex. Since the cross derivatives vanish as well, we conclude that the tangential derivative of the
normal derivative also vanishes. Since the normal derivative of v is a cubic, it must therefore vanish.
The reason that the tangential derivative of the normal derivative vanishes is that we can write
it as a combination of the cross derivative and the second derivative in the direction of the edge,
both of which vanish. For more details about such a representation of second-order derivatives, see
Section 7.1. This completes the proof of the second statement.

The unisolvence follows from this by applying the above argument on all 3 edges. Thus
ϕ = cΠ3

i=1L
2
i , where Li is a nontrivial linear function vanishing on ei, i = 1, 2, 3. But we must

have c = 0 for otherwise ϕ would be of degree 6. QED

An alternate proof of unisolvence is as follows. Let vi be the vertex opposite ei, and interpret
indices i modulo 3. Then

∂ei∂ei+1
ϕ(vi+2) = (∂eiLi+1)(∂ei+1

Li)[Li+2L0](vi+2) (17)

because ∂eiLi ≡ 0 and Li(vi+2) = Li+1(vi+2) = 0. Since ∂eiLj 6= 0 unless i = j and Li(vi) 6= 0, for
all i and j, then the vanishing of the nodal values of type (9) of ϕ implies that L0 vanishes at the
vertices of τ . Hence L0 ≡ 0 and ϕ ≡ 0, and Theorem 5.6 is proved for one triangle.

5.4 The Hermite space Hh

Let Hh denote the space of Hermite quartics on the mesh T . These are quartics that are C1 at
vertices and continuous across edges. We can describe this space in terms of the representation
(8–10) of quartics on a triangle, as shown in Figure 15. Thus functions in Hh can be described in
terms of

• values and gradients at each vertex,

• values at edge midpoints, and

• cross derivatives in each triangle at each vertex.

In a mesh, at a vertex where multiple triangles meet, the 3 vertex nodal variables in each triangle
are constrained to be consistent. That is, the values must agree, and the components of the gradient
must be equal. At edges where two triangles meet, the edge-midpoint values are constrained to be
equal. However, the cross derivatives at vertices in different triangles are not constrained in any
way. The space S4 can be written as a subspace of Hh satisfying constraints, which we address in
Section 7.1.

5.5 Induction step

Now suppose Theorem 5.6 has been proved for all rectilinear subcomplexes T of R2 consisting of k
or fewer triangles, k ≥ 1. Consider such a complex T ′ consisting of k + 1 triangles. To prove that
S4(T ′) has a basis as claimed, we remove a triangle τ from T ′, use the fact that

T = T ′ \ {τ}
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Figure 16: Notation for Cases 2 and 4.

supports a basis of the form (8–10), and consider the effect of adding τ back to T to reform T ′.
The proof breaks down into separate cases, depending on how τ may join T to form T ′. Since
Π′ = ∪τ∈T ′τ always has a boundary edge, some τ may be removed from T ′ such that τ meets T in
one of the following ways.

Case 1: τ is disjoint from T .
Cases 5–7: τ shares one, two, or three vertices, respectively, with T (but no edges are shared).
Case 2: τ shares one edge with T .
Case 4: τ shares one edge and one vertex not on that edge with T .
Case 3: τ shares two edges with T .
Case 8: τ shares three edges with T .

Note that we have numbered the cases to be considered in the same way as in previous sections,
but they have been listed, and will be studied, in the order of difficulty used here. We now give a
case by case verification of the induction step. In the following let

Π = ∪{τ | τ ∈ T } and Π′ = ∪{τ | τ ∈ T ′}.

What is to be shown is that, if ϕ ∈S4(T ′) has a vanishing set of nodal values (8–10) for T ′ then
ϕ ≡ 0. That is, we must give a prescription for edge omissions in (9) for T ′ such that, for any choice
of cross derivatives in (9), the set of nodal variables determines S4(T ′). The edge omission for T ′
will be derived from the inductively assumed one for T in the obvious way: We take the same edge
omissions as for T and add any necessary in forming T ′ (the latter is required only in Cases 3 and
8). This edge–omission strategy will be assumed implicitly from now on. Note that the induction
hypothesis allows us to assume that the nodal variables of type (9) for T correspond to any choice
of triangles that we like.

Cases 1, 5, 6 & 7: τ shares i vertices (and no edges) with T , i = 0, 1, 2, or 3.
The nodal variables for T ′ include those for T in these cases, and moreover the nodal variables

within τ are the same as for a single triangle. Thus the vanishing of the nodal values of ϕ ∈ S4(T ′)
implies that ϕ |Π≡ 0 (by the induction hypothesis) and ϕ |τ≡ 0 (by the argument above for one
triangle used to start the induction). Therefore ϕ ≡ 0 everywhere as claimed.

Cases 2 & 4: τ shares one edge (and possibly an additional vertex) with T .
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Let e1 be the shared edge; let e2 and e3 be the other edges of τ ; and let vi be the vertex of
τ opposite ei. See Figure 16. There are two cases to condsider depending on the cross-derivative
nodal values at v2 and v3.

If neither of the τ -cross derivatives at v2 or v3 are nodal variables for T ′, then the nodal variables
for T ′ contain a set of nodal variables for T . In this case, if ϕ ∈ S4(T ′) has vanishing nodal values,
then ϕ |Π≡ 0 by the induction hypothesis. Since ϕ is C1, this means that ϕ vanishes to second
order on e1. Therefore, if we temporarily view τ as a separate entity with its own (fifteen) nodal
variables, we see that all of these vanish for ϕ: The ones located on e1 vanish since ϕ vanishes to
second order there, and the remaining ones are nodal variables for T ′. Therefore ϕ ≡ 0 in τ as well,
and the proof is complete in this case. Note that it is irrelevant whether v1 ∈ T (Case 4) or not
(Case 2).

If either of the τ -cross derivatives at v2 or v3 is a nodal variable for T ′, then the set of nodal
variables does not contain a valid set of nodal variables for T . This is because there is exactly one
type (9) nodal variable for T ′ at v2 and v3, and the τ -cross derivatives are not valid nodal variables
for T (since τ /∈ T ). Let τ̃ be the triangle in T having e1 as an edge. For the moment, suppose that
the τ -cross derivative at v2 is a nodal variable for T ′. Let e denote the edge of τ̃ that intersects e1

at v2. If the T ′ nodal values of ϕ ∈ S4(T ′) vanish, then ϕ vanishes on e1 since it vanishes to second
order at v2 and v3 and to first order at the midpoint of e1 (note that neither v2 or v3 are interior
vertices, so the midpoint is a nodal variable). If we write ∂e = α∂e1 + β∂e3 , then

(∂e∂e1ϕ |τ̃ )(v2) = (α∂2
e1
ϕ |τ̃ )(v2) + (β∂e1∂e3ϕ |τ̃ )(v2)

= (β∂e1∂e3ϕ |τ̃ )(v2) = (β∂e1∂e3ϕ |τ )(v2).

The latter equality holds because

∂e3ϕ |τ̂= ∂e3ϕ |τ on e1.

Therefore, the vanishing of the τ -cross derivative of ϕ at v2 implies the vanishing of the τ̃ -cross
derivative of ϕ at v2 as well, and the latter is a valid nodal variable for T . Making a similar
argument at v3 (if necessary), we see that the vanishing of the T ′ nodal variables of ϕ implies the
vanishing of a corresponding set of T nodal variables. Thus ϕ |Π≡ 0, and the remainder of the
proof proceeds as before.

6 Case 3

We now turn to the most difficult case.
Case 3: τ shares two edges with T .
In this case, nodal variables can be lost when going from T to T ′. Let e1 and e2 denote the

edges that τ shares with T , and let v be the common vertex of e1 and e2. See Figure 17. There are
three sub cases to consider.

1. If v is a nonsingular, even-order interior vertex of T ′ (i.e., `T ′(v) = 1), then one of the
edge–node variables (type 10) for T must be removed when τ is added to form T ′.

2. If v is an odd-order interior vertex of T ′ (i.e., `T ′(v) = 1), then the cross-derivative nodal
variable (type 9) for T must be removed when τ is added to form T ′.

3. If `T ′(v) ≤ 0, then one nodal variable for T of type (9) must be removed.
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Figure 17: Notation for Case 3.

We can refer to these subcases as 3.1, 3.2, and 3.3. What will be demonstrated is that the basis
functions in S4(T ) corresponding to any of these nodal values can not be extended in a C1 fashion
to Π′. Thus any function in S4(T ′) must automatically have that nodal-value zero.

6.1 `T ′(v) ≤ 0

For simplicity, we begin with the case `T ′(v) ≤ 0. The nodal variables for T ′ contain a set of valid
nodal variables for T , except for cross derivatives at the vertices of τ . If v1 and v2 are the other
vertices of τ , then the argument at the end of Cases 2 & 4 shows that it suffices to assume that the
τ -cross derivatives at v1 and v2 are not nodal variables for T ′. Thus it is only necessary to consider
cross derivatives at v.

Suppose initially that the nodal variable of type (9) for T ′ at v (corresponding to the component
containing τ \ {v} in starT ′(v) \ {v}) is the τ -cross derivative, and suppose that ϕ ∈ S4(T ′) has
vanishing nodal values. If τ1 and τ2 are the triangles in T having e1 and e2, respectively, as an
edge (see Figure 17), then the argument given at the end of Cases 2 and 4 shows that the τi cross
derivatives of ϕ at v vanish, i = 1, 2, as well. Thus a valid set of nodal variables for T vanishes for
ϕ, and hence ϕ |Π≡ 0. This implies that ϕ vanishes to second order on both e1 and e2, and since ϕ
also vanishes at the midpoint of the remaining edge of τ , ϕ |τ≡ 0 as well.

Now suppose that the τ -cross derivative at v is not a nodal variable for T ′, but rather the τ̃ -cross
derivative at v is one, for τ̃ \ {v} contained in the component of τ \ {v} in starT ′(v) \ {v}. Suppose
(without loss of generality) that τ̃ \ {v} and τ1 \ {v} lie in the same component of starT (v) \ {v},
and that φ ∈ S4(T ′) has all nodal values zero. Since the τ̃ -cross derivative at v is a valid nodal
variable for T , we conclude that φ|Π = cψ, where ψ is the basis function for the τ2-cross derivative
at v, because all other T nodal variables (8–10) of φ are known to vanish. We shall show that ψ
can not be extended as a C1 function to Π′. Since ϕ ∈ S4(T ′) and ψ can not be extended to be in
S4(T ′), c must be zero. Thus ϕ |Π≡ 0, and the argument proceeds as above. Thus it remains to
show that ψ can not be extended. Our technique is simply to construct ψ.

6.2 Construction of ψ

Let τ3, τ4, . . . , τk be the remaining triangles such that τj \ {v} is in the component of τ2 \ {v} in
starT (v) \ {v}, j = 3, . . . , k. Here we assume they are ordered so that τj and τj−1 share an edge ej,
j = 3, . . . , k. Let ek+1 be the other edge of τk having v as a vertex. Let εj be the remaining edge
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of τj, j = 2, . . . , k, i.e., the one not containing v. (See Figure 17.) For any edge e, let Le denote a
linear function of slope one vanishing on e. Define χ on τ2 ∪ · · · ∪ τk via

χ |τj= cjLejLej+1L
2
εj
, j = 2, . . . , k, (18)

for some constants cj. A computation similar to (17) shows that the τ2-cross derivative of χ at v is
a nonzero multiple of c2:

∂e2∂e3(χ |τ2)(v) = c2(∂e2Le3)(∂e3Le2)Lε2(v)2.

Thus c2 6= 0 can be chosen so that the τ2-cross derivative of (ψ − χ) at v is zero. The function χ
is clearly continuous on τ2 ∪ · · · ∪ τk, since it vanishes on each ej, 2 ≤ j ≤ k. Furthermore, since
χ vanishes to third order at each vertex εj ∩ εj+1, j = 2, . . . , k − 1, and to second order at v, the
slope of χ normal to ej vanishes to second order at one end of ej and to first order at the other,
j = 2, . . . , k. The constants cj, j = 3, . . . , k, can be chosen so that the slope of

χ |τj−1
− χ |τj

normal to ej vanishes at the midpoint of ej, j = 3, . . . , k. Notice that, by induction on j, all the cj’s
are nonzero. With the constants {cj} chosen in this way, χ is C1 in τ2 ∪ · · · ∪ τk. Since it vanishes
to second order at v and on the edges εj, j = 2, . . . , k, χ can be extended by zero as a function in
S4(T ). But all nodal values for T of χ− ψ are zero by construction, thus χ = ψ. To prove that ψ
can not be extended to a function in S4(T ′), Lemma 2.3 implies that we simply have to check that

∂e1∂e2(ψ |τ2)(v)6= 0,

since ψ vanishes identically in τ1. But

∂e1∂e2(ψ |τ2)(v) = c2∂e1∂e2(Le2Le3L
2
ε2

)(v) = c2(∂e1Le2)(∂e2Le3)Lε2(v)2 6= 0

(cf. the discussion following (17)). This completes the induction step for Case 3 provided that
`T ′(v) ≤ 0, that is, Case 3.3.

6.3 When `T ′(v) = 1

Now suppose that `T ′(v) = 1. If v is a singular vertex, then no edge–node variables must be removed
from the set of variables for T . The argument at the end of Cases 2 & 4 shows that it suffices to
assume that none of the τ -cross derivatives is a nodal variable for T ′. Thus the set of nodal variables
for T ′ contains a valid set for T , and arguments given previously in the case `T ′(v) ≤ 0 may be
repeated to complete the induction step in this case. Thus it remains to consider the case `T ′(v) = 1,
with v nonsingular.

If the order of v is odd (Case 3.2), there is no edge node to be removed, but there is a cross-
derivative node to be removed. Suppose that φ ∈ S4(Π′) has all nodal values for Π′ equal to zero.
Then φ|Π has all nodal values for Π equal to zero except for the cross-derivative node at v. Thus
φ|Π = cψ, where ψ ∈ S4(Π) is the function constructed in Section 6.2. But ψ cannot extend to Π′

for an odd-order vertex, since the sign of ψ alternates from triangle to triangle. Thus c = 0. Hence
φ = 0, and the nodal variables for Π′ are unisolvent. This completes consideration of Case 3.2. This
leave just one subcase to consider.
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6.4 Even-order interior vertices

Now we consider Case 3.1. Let τi, i = 1, 2, be the triangles in T having ei as an edge, and let
ei+(−1)i be the remaining edge of τi (see Figure 17). Since linktpv = 1 and linktv = 0, one edge
node for T must be removed in forming nodal variables for T ′. The obvious candidates are the
ones for ei, i = 1, 2. Note that since neither vertex of ei is interior in T (for both i = 1 and 2),
neither e1 or e2 can have been omitted from the nodal variables for T . Suppose that e2 and e0 are
not parallel (see Figure 17), and let ε1 denote the remaining edge of τ1. Define ψ ∈ S4(T ) via

ψ =

{
L2
e0
L2
ε1

in τ1

0 outside τ1.

Then ψ 6= 0 at the midpoint of e1, and all other T nodal variables (8–10) for ψ vanish. Hence, the
basis function for the e1 edge–node variable for T is cψ for some (nonzero) constant c.

To construct a set of nodal variables for T ′, take a set for T and remove the e1 edge–node
variable. If ϕ ∈ S4(T ′) vanishes at these nodal variables, then ϕ |Π= cψ for some constant c. Thus
to show that ϕ |Π ≡ 0, it suffices to show that ψ can not be extended in a C1 fashion to Π′ (i.e.,
as an element of S4(T ′)). Once we see that ϕ |Π ≡0, it follows that ϕ |Π′≡ 0 as well via arguments
given previously.

To see that ψ can not extend to Π′, observe that Lemma 2.3 reduces the problem to showing
that

0 6= ∂e1∂e2(ψ |τ1 −ψ |τ2)(v) = ∂e1∂e2(L
2
e0
L2
ε1

)(v) = (∂e1Le0)(∂e2Le0)Lε1(v)2.

This follows because we have assumed that e2 and e0 are not parallel.
The above argument shows that there is a set of nodal variables for T ′ that does not include

any τ -cross derivatives. We now show how such cross derivatives can be allowed. Let vi be the
other vertex of ei, i = 1, 2. Then since the e2 edge–node is a nodal variable for T ′, the argument at
the end of Cases 2 & 4 shows that one can allow the τ -cross derivatives at both v and v2 as nodal
variables for T ′. However, it is not so easy to see that the τ -cross derivative at v1 may be a nodal
variable. The consideration of this case is as follows.

The τ1-cross derivative at v1 may be chosen as a nodal variable for T ′, and since `T ′(v1) ≤ 0 the
basis function ψ corresponding to this nodal variable satisfies

ψ |τ= cLe1LεL
2
e2

for some c 6= 0 (see (18) and the accompanying remarks), where ε is the edge (in T ′) connecting v1

and v2. If ϕ ∈ S4(T ′) has vanishing nodal values except for one of type (9) at v1 corresponding to
the component of τ \ {v1} in stT ′(v1) \ {v1}, then the arguments given so far show that ϕ = c′ψ for
some constant c′. But the τ -cross derivative of ψ at v1 is nonzero:

∂e1∂εψ |τ (v1) = c(∂e1Lε)(∂εLe1
)Le2(v1)2 6=0. (19)

Thus vanishing of the τ -cross derivative of ϕ at v1 implies that ϕ ≡ 0. Therefore, the τ -cross
derivative at v1 is a valid nodal variable for T ′.

The above arguments complete the induction step when the edges e2 and e0 are not parallel. If
these edges happen to be parallel, but e1 and e3 are not parallel, then the same argument works
simply via a switch in notation. On the other hand, it could happen that both e2 ‖ e0 and e1 ‖ e3.
In this case, τ is quasi–singular at the vertex v. We have simply assumed that such triangles were
enumerated first, and for these triangles Case 3 does not occur, in view of Corollary 5.5. So we
have completed the proof of Theorem 5.6, except for Case 8.
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6.5 Case 8

In this case, we add a triangle T where all its edges already are in Π. There are three constraints
of the form (5) and three edge nodal values to be eliminated. Thus three copies of the argument in
Case 3 suffice. Because of our ordering of the quasi-singular triangles first, we know that T is not
quasi-singular at any of its vertices.

7 Basis function description

Having established the existence of a nodal basis, we now describe some properties of the basis
functions. We will use the Hermite space Hh defined in Section 5.4 and consider constraints on
such functions that guarantee C1 smoothness.

7.1 Conditions for smoothness

Now we study requirements for piecewise polynomials to be C1 across edges in a triangulation. For
simplicity, we assume that functions are C1 at vertices and C0 across edges. Thus we focus on the
additional constraints to insure that they are C1 across edges.

Following the notation in Figure 10, we can write

∂ei−1
= sin(θi)∂

⊥
ei

+ cos(θi)∂ei , ∂ei+1
= − sin(θi+1)∂⊥ei + cos(θi+1)∂ei .

Therefore
∂⊥ei = csc(θi)∂ei−1

− cot(θi)∂ei = − csc(θi+1)∂ei+1
+ cot(θi+1)∂ei .

In particular,

∂ei∂
⊥
ei

= csc(θi)∂ei−1
∂ei − cot(θi)∂

2
ei

= − csc(θi+1)∂ei+1
∂ei + cot(θi+1)∂2

ei
. (20)

Thus
csc(θi)∂ei−1

∂ei = − csc(θi+1)∂ei∂ei+1
+
(

cot(θi+1) + cot(θi)
)
∂2
ei
. (21)

Following [19], we can describe the basis functions in terms of the space Hh of Hermite quartics
satisfying constraints. Define

Lσ,ei(v) = ∂ei∂
⊥
ei
vi(σ)− ∂ei∂⊥eivi+1(σ).

For v ∈ Hh to be C1 across the edge ei, we must have Lσ,ei(v) = 0. Let di = ∂ei−1
∂eiv(σ). Hence

(20) implies

Lσ,ei(v) = csc(θi)di + csc(θi+1)di+1 −
(

cot(θi+1) + cot(θi)
)
∂2
ei
vi(σ).

Thus we have proved the following.

Lemma 7.1 Suppose that v ∈ Hh. Let N denote the number of interior edges meeting at a vertex
σ. Let ai = csc(θi) and di = ∂ei−1

∂eiv(σ). A necessary and sufficient condition that v ∈ C1 at σ is
that

ai di + ai+1 di+1 =
(

cot(θi+1) + cot(θi)
)
∂2
ei
vi(σ) (22)

for all i = 1, . . . , N . When v is an interior vertex, we interpret indices modulo N .
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Lemma 7.2 Suppose that σ is a boundary vertex. Let N−1 be the number of interior edges meeting
at σ. The system (22) has a solution d = [d1, . . . , dN−1], where di = ∂ei−1

∂eiv(σ), for any

fi =
(

cot(θi+1) + cot(θi)
)
∂2
ei
vi(σ) for i = 1, . . . , N − 1.

For any solution, we can add a null solution d0 of (22) of the form

d0
i = (−1)N−i

aN
aN−i

.

The corresponding vector d0 spans the null space of (22). Thus the space of solutions is one-
dimensional in all cases, never more nor less.

Proof. Augment the system (22) by adding an equation aNdN = x. The resulting system is an
N ×N square, upper-triangular system with nonzero diagonal entries ai. Thus it is invertible. The
right-hand side takes the form f̃ = (f, x)t. Taking x = 0 yields a solution of (22) with dN = 0.
Taking f̃ = (0, aN) yields the stated null solution. Any null vector can be written as a multiple of
d0 since the extended system is invertible. QED

Corollary 7.3 Suppose that σ is a boundary vertex. Let N denote the number of interior edges
meeting at σ. For any two solutions (di1, . . . , d

i
N) of (22), i = 1, 2, if d1

i = d2
i for some i, then

d1
i = d2

i for all i.

Proof. Let d = d1 − d2. Then d is a null solution, so d = αd0. If di = 0 for some i, then α = 0,
since d0

i 6= 0. Thus d1 = d2. QED

Consider the solution with dN = 0. Then aN−1dN−1 = fN−1, so dN−1 = fN−1/aN−1. Thus

fN−2 = aN−2dN−2 + aN−1dN−1 = aN−2dN−2 + fN−1,

so dN−2 = (fN−2 − fN−1)/aN−2. Therefore

fN−3 = aN−3dN−3 + aN−2dN−2 = aN−3dN−3 + fN−2 − fN−1,

and so dN−3 = (fN−3 − fN−2 + fN−1)/aN−3. By induction, we conclude that

dN−k =

( k∑
j=1

(−1)k−jfN−j

)/
aN−k = sin(θN−k)

( k∑
j=1

(−1)k−jfN−j

)
.

Thus we have proved the following.

Lemma 7.4 Suppose that σ is a boundary vertex. Let N denote the number of interior edges
meeting at σ. The system (22) has a solution satisfying d1 = dN = 0 if and only if

N−1∑
i=1

(−1)i
(

cot(θi+1) + cot(θi)
)
∂2
ei
vi(σ) = 0. (23)

In particular, if N = 2 and θ2 + θ1 6= π, then d1 = d2 = 0 if and only if ∂2
e1
v1(σ) = 0.

26



Now we turn to constraints related to interior vertices.

Lemma 7.5 Suppose that σ is an interior vertex. Let N denote the number of edges meeting at σ.
If N is odd, the system (22) has full rank, and thus there is a solution for any right-hand side. If
N is even, the system (22) has rank N − 1 and has a solution provided that

N∑
i=1

(−1)i
(

cot(θi+1) + cot(θi)
)
∂2
ei
vi(σ) = 0, (24)

considering indices modulo N , that is, θN+1 ≡ θ1.

For a singular interior vertex, N = 4 and cot(θi+1) + cot(θi) = 0 for all i = 1, . . . , 4, considering
indices modulo 4. Thus (24) is trivially satisfied for a singular (interior) vertex and does not
constitute a constraint. For boundary vertices, the condition that cot(θi+1) + cot(θi) = 0 for all
i = 1, . . . , N − 1 in (23) characterizes what are called singular boundary vertices. Such boundary
vertices are considered in Section 9.2.

Proof. Define the matrix

A =



a1 a2 0 0 · · · 0 0
0 a2 a3 0 · · · 0 0
0 0 a3 a4 · · · 0 0
...

...
...

...
...

...
...

0 · · · · · · · · · · · · aN−1 aN
a1 0 0 0 · · · 0 aN


Suppose that Ax = f . Performing Gaussian elimination yields successively

a1 a2 0 0 · · · 0 0
0 a2 a3 0 · · · 0 0
0 0 a3 a4 · · · 0 0
...

...
...

...
...

...
...

0 · · · · · · · · · · · · aN−1 aN
0 −a2 0 0 · · · 0 aN


x =


f1

f2
...

fN−1

fN − f1

 −→



a1 a2 0 0 · · · 0 0
0 a2 a3 0 · · · 0 0
0 0 a3 a4 · · · 0 0
...

...
...

...
...

...
...

0 · · · · · · · · · · · · aN−1 aN
0 0 a3 0 · · · 0 aN


x =


f1

f2
...

fN−1

fN − f1 + f2

 −→ · · ·

· · · −→



a1 a2 0 0 · · · 0 0
0 a2 a3 0 · · · 0 0
0 0 a3 a4 · · · 0 0
...

...
...

...
...

...
...

0 · · · · · · · · · · · · aN−1 aN
0 0 0 0 · · · (−1)NaN−1 aN


x =


f1

f2
...

fN−1

fN +
∑N−2

i=1 (−1)ifi
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Thus A has rank N − 1 when N is even and has full rank if N is odd. When N is even, doing one
more step of Gaussian elimination yields the system

a1 a2 0 0 · · · 0 0
0 a2 a3 0 · · · 0 0
0 0 a3 a4 · · · 0 0
...

...
...

...
...

...
...

0 · · · · · · · · · · · · aN−1 aN
0 0 0 0 · · · 0 0


x =


f1

f2
...

fN−1

fN +
∑N−1

i=1 (−1)ifi

 .

Thus the right-hand side of (22) must satisfy

0 = fN +
N−1∑
i=1

(−1)ifi =
N∑
i=1

(−1)ifi ,

that is,

N∑
i=1

(−1)i
(

cot(θi+1) + cot(θi)
)
∂2
ei
vi(σ) = 0, (25)

recalling that we indices are interpreted modulo N . For N even, and assuming that (25) holds, the
system thus reduces to

a1 a2 0 0 · · · 0 0
0 a2 a3 0 · · · 0 0
0 0 a3 a4 · · · 0 0
...

...
...

...
...

...
...

0 · · · · · · · · · · · · aN−1 aN
0 0 0 0 · · · 0 0


x =


f1

f2
...

fN−1

0

 .

A null vector can be constructed by setting xN = 1 and applying back-substitution. We find
xi = (−1)iaN/ai = (−1)i sin(θi)/ sin(θN). QED

Lemma 7.6 If N is even and σ is an interior vertex, there is a function v ∈ S4 supported in the
star of σ such that (24) holds and ∂ei∂ei−1

v(σ) = (−1)i sin θi 6= 0 for all i = 1, . . . , N . Here the
indices are interpreted modulo N .

Proof. This is essentially the same as the construction in Section 6.2. Let ψσ be the piecewise
linear Lagrange basis function that is 1 at σ and 0 at the edges of Ti opposite σ. Define v|Ti =
(−1)i−1 csc θi ψ

2
σLiLi−1, where Li(x) = (x − σ) · e⊥i is a linear function of slope 1 that vanishes on

ei. Thus ∂2
ei
vTi(σ) = 0, and so (22) reduces to aidi + ai+1di+1 = 0 for all i = 1, . . . , N . But

di = ∂ei∂ei−1
v|Ti(σ) = (−1)i−1 csc θi

(
∂eiLi−1

)(
∂ei−1

Li
)

= (−1)i−1 csc θi
(
ei · e⊥i−1

)(
ei−1 · e⊥i

)
= (−1)i sin θi = (−1)i/ai.

Thus aidi = (−1)i and (22) is satisfied, and v is C1. QED
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7.2 Cross-derivative basis functions

Lemma 7.7 Suppose that the number of edges N meeting at an interior vertex σ is even. Number
the edges meeting at σ consecutively, e.g., e1, . . . , eN . Number the triangles correspondingly, with
Ti having edges ei and ei−1, and let θi be the angle formed by ei and ei−1. Then the basis function
φ associated with the cross derivative (9)

∂ek∂ek−1
φ|Tk(σ) = 1

at σ is supported in star(σ) = ∪Ni=1Ti. It takes the form φ|Ti = âiψ
2
σLiLi−1, where

âi = (−1)i−k
(

sin θi/ sin θk
)
,

Li(x) = (x− σ) · e⊥i is a linear function of slope 1 that vanishes on the i-th edge ei = Ti−1 ∩Ti, and
ψσ is the piecewise linear function that is 1 at σ and vanishes on ∂

(
star(σ)

)
.

Proof. Choose φ = (−1)1−k csc θk v where v is defined in the proof of Lemma 7.6. Thus âi =
(−1)i−k

(
sin θi/ sin θk

)
. QED

The following is proved similarly.

Lemma 7.8 Suppose that σ is a boundary vertex. Number the edges meeting at σ consecutively,
e.g., e0, . . . , eN , where e0 and eN are the boundary edges meeting at σ. Number the triangles cor-
respondingly, with Ti having edges ei and ei−1, and let θi be the angle formed by ei and ei−1. Then
the basis function φ associated with the cross derivative (9)

∂ek∂ek−1
φ|Tk(σ) = 1

at σ is supported in star(σ) = ∪Ni=1Ti. It takes the form φ|Ti = âiψ
2
σLiLi−1, where Li(x) = (x−σ)·e⊥i

is a linear function that vanishes on the i-th edge ei, âi = (−1)i−k
(

sin θi/ sin θk
)
, and ψσ is the

piecewise linear function that is 1 at σ and vanishes on ∂
(
star(σ)

)
.

7.3 Vertex-associated basis functions

We will see that the nodal basis functions associated with the nodal variables (8–10) do not have
small support. However, it is possible to define linearly independent functions with small support
that can potentially form a different basis.

Definition 7.9 Let σ be a vertex, and let N be the number of edges in star(σ) meeting at σ. We
say that N is the order of σ.

Lemma 7.10 Let σ be any interior vertex of odd order or any boundary vertex. There is a function
φ in S4 supported in the star (13) of that vertex, star(σ), with the properties that

1. φ(σ) = 1 and ∇φ(σ) = 0,

2. φ is equal to 5/16 at each edge midpoint, and

3. if σ is a boundary vertex, we can choose can choose the cross derivative (9) to be zero for any
one of the triangles having σ as a vertex.

29



Note that the conditions of the lemma mean that φ vanishes to second order on the boundary
of star(σ).

Proof. To define φ ∈ S4, we start with φ ∈ Hh and then impose constraints to insure C1 continuity.
Note that the nodal variables forHh are exactly as in (8–10) on each triangle, as explained in Section
5.3. Thus the nodal variables for S4 are a subset of the nodal variables for Hh.

Pick φ ∈ Hh with the specified value and gradient at σ, the specified edge midpoint values, and
with all other nodal values (8–10) in star(σ) equal to zero except the cross-derivatives (9) at σ.
Then φ vanishes to second order on the boundary of the star of σ, as a consequence of Lemma 5.8.
We first need to verify that it is C1 at the boundary vertices of star(σ). Following the notation
in Section 7.1, as depicted in Figure 10, let the interior edges of star(σ) be enumerated ej for
j = 1, . . . , N . In view of Lemma 7.1, it is sufficient to show that ∂2

ej
φ(vj) = 0, where vj is the other

vertex of ej.
We can write the restriction of φ to an interior edge e as a quartic q(x) defined for x ∈ [0, |e| ].

That is, choose coordinates so that

e =
{

(x, y) ∈ R2 : y = 0, x ∈ [0, |e| ]
}
.

Moreover, let the interior vertex σ correspond to x = |e|. We have assumed that φ vanishes to
second order at the boundary vertex (0, 0), and we want it to vanish to third order there. We have
also specified its value and slope at σ = (|e|, 0). These 5 nodal values determine q uniquely. Thus
q satisfies

q(x) = φ(x, 0) = (x/|e|)3
(
a+ b(x/|e|)

)
for suitable constants a and b. Therefore we just need to compute its value at the edge midpoint
(|e|/2, 0). We check the conditions on q. The constraints at σ give

1 = φ(σ) = φ(|e|, 0) = q(|e|) = a+ b and

0 = ∂eφ(σ) = q′(|e|, 0) = (3a+ 4b)|e|−1.

This system is invertible, and we find a = 4 and b = −3. Thus we have shown that

q(x) = φ(x, 0) = (x/|e|)3
(
4− 3(x/|e|)

)
. (26)

Evaluating at the midpoint, we find

q(|e|/2) =
1

8

(
4− 3

2

)
=

5

16
,

as claimed. The fact that q vanishes to third order at 0 proves that ∂2
ej
φ(vj) = 0, and so φ is C1 at

vj.
Now we show how to pick the cross derivatives at σ. Using the representation (26), we know

that

fj := ∂2
ej
φ(σ) = q′′(|ej|) = − 12

|ej|2
. (27)

Recall the notation of Section 7.1, namely, that ai = csc(θi) and di = ∂ei−1
∂eiφ(σ). First assume

that σ is an interior vertex of odd order N . Then there is no nodal value of type (9), and we may
pick the cross derivatives for φ ∈ Hh at σ as we like, but we need to impose C1 continuity to get an
element of S4. In this case, the system (22) governing C1 continuity is invertible, and we get the
appropriate values di to satisfy C1 continuity.
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Next assume that σ is a boundary vertex. From Lemma 7.2, the system (22) is solvable, and
there is a null vector that is non-zero for all its entries. Thus by adding a suitable multiple of that
null vector, we can insure that ∂ek−1

∂ekφ(σ) = 0 for any k. QED

An examination of the proof of Lemma 7.10 shows that if we required just one of the midpoint
values to vanish, then there would be no function satisfying the conditions of the lemma. Thus the
basis function for the nodal variable corresponding to a point value at a vertex must generically
have support larger than the star of the vertex.

7.4 Interior vertices of even order

The following definition was introduced in [7].

Definition 7.11 Let σ be an interior vertex of even order, and let ei denote the edges meeting at
σ and let θi denote the angles formed by these edges, as indicated in Section 7.1. Define

Ψ(v) =
N∑
i=1

(−1)i
(

cot(θi+1) + cot(θi)
)
|ei|−2

=
N∑
i=1

(−1)i cot(θi)
(
|ei|−2 − |ei−1|−2

)
,

(28)

where θN+1 := θ1 and e0 := eN .

Note that Ψ(v) = 0 for any singular vertex and for any vertex whose edges ei all have the same
length. Thus the condition Ψ(v) = 0 generalizes the notion of singular vertex. Another type of
triangulation that satisfies Ψ(v) = 0 for all vertices [7] is the so-called Type I triangulation [8]
indicated in Figure 4, consisting of all 45 degree right triangles.

The quantities in the definition of Ψ are characteristic of each edge and vertex, so we define

ξvei =
(

cot(θi+1) + cot(θi)
)
|ei|−2. (29)

Thus Ψ(v) =
∑N

i=1(−1)iξvei .

Lemma 7.12 Let σ be any interior vertex of even order. If Ψ(σ) = 0, there is a function φ in S4

supported in the star (13) of that vertex, star(σ), with the properties that

1. φ(σ) = 1 and ∇φ(σ) = 0,

2. φ is equal to 5/16 at each edge midpoint, and

3. we can choose can choose the cross derivative (9) to be zero for any one of the triangles having
σ as a vertex.

Applying Lemma 7.17, we can show that the condition Ψ(σ) = 0 is a necessary condition when
the neighboring edges in ∂(star(σ)) are not parallel. Moreover, it is clear that if we constrained
even one edge midpoint value of φ to be 6= 5/16, then no such φ would exist in that case. Thus
the basis function associated with the nodal value of type (8) at a vertex will generically not be
supported in the star of that vertex.

Proof. We repeat the proof of Lemma 7.10. From (27), we see that the solvability condition (23)
translates to Ψ(v) = 0. QED
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Lemma 7.13 Let σ be any interior vertex of odd order or any boundary vertex. Let x a unit vector.
For each edge ej, let ej be the unit vector parallel to ej pointing in the direction toward σ. There is
a function φ in S4 supported in star(σ), with the properties that

1. φ(σ) = 0 and ∇φ(σ) = x,

2. φ is equal to −1
2
|ej|(ej · x) at the midpoint of the edge ej, and

3. if σ is a boundary vertex, we can choose can choose the cross derivative (9) to be zero for one
of the triangles having σ as a vertex.

Proof. The proof is very similar to that of Lemma 7.10, using the coordinates so that ej =
{(x, 0) : x ∈ [0, |ej|]} with σ = (|ej|, 0). We let q(x) = φ(x, 0). We assume that φ vanishes to third
order at the boundary vertex (0, 0) and have specified its value and slope at σ = (|ej|, 0). These 5
nodal values determine q uniquely, so that

q(x) = φ(x, 0) = (x/|ej|)3
(
a+ b(x/|ej|)

)
for suitable constants a and b. We check the conditions on q. The constraints at σ give

0 = φ(σ) = φ(|ej|, 0) = q(|ej|) = a+ b and

ej · x = ∂ejφ(σ) = q′(|ej|, 0) = (3a+ 4b)|ej|−1.

This system is invertible, and we find −a = b = |ej|ej · x. Thus q takes the form

q(x) = φ(x, 0) = (x/|ej|)3
(
− 1 + (x/|ej|)

)
|ej|ej · x.

Evaluating at the midpoint, we find

q(|ej|/2) =
1

8

(
− 1 +

1

2

)
|ej|ej · x = −1

2
|ej|ej · x,

as claimed. We can further evaluate q′′:

q′′(x) =
(
− 6(x/|ej|) + 12(x/|ej|)2

)
|ej|ej · x

Therefore
q′′(|ej|) = 6|ej|ej · x (30)

The rest of the proof is the same as in the proof of Lemma 7.10. QED

The vector |ej|ej appearing in (30) has a natural interpretation geometrically. Choose coordi-
nates so that σ is at the origin, and let vj denote the vector corresponding to the position of the
vertex of ej opposite σ. Then

vj = −|ej|ej.

Based on this observation, we introduce the following.
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Definition 7.14 Let σ be an interior vertex of even order, and let ei denote the edges meeting at
σ and let θi denote the angles formed by these edges, as indicated in Section 7.1. Let vj denote the
vector corresponding to the position of the vertex of ej opposite σ, where we have chosen coordinates
so that σ is at the origin. Define

Ψ̂(σ) =
N∑
i=1

(−1)i
(

cot(θi+1) + cot(θi)
)
vi

=
N∑
i=1

(−1)i cot(θi)
(
vi − vi−1

)
,

(31)

where θN+1 := θ1.

Lemma 7.15 Let σ be an interior vertex of even order, and let x a unit vector. For each edge ej,

let ej be the unit vector parallel to ej pointing in the direction toward σ. If Ψ̂(σ) = 0, there is a
function φ in S4 supported in the star (13) of that vertex, star(σ), with the properties that

1. φ(σ) = 0 and ∇φ(σ) = x,

2. φ is equal to −1
2
|ej|(ej · x) at the midpoint of the edge ej, and

3. we can choose the cross derivative (9) to be zero for one of the triangles having σ as a vertex.

Proof. In view of (30), the solvability condition (23) reduces to Ψ̂(σ) = 0. QED

7.5 Edge-associated basis functions

In restricted cases, we can describe the basis functions associated with edge nodes. But in general,
we have more negative results than positive ones. We begin with the latter.

Lemma 7.16 Suppose that e is an edge on the boundary, and that τ is the triangle having that
edge. Then the basis function φe associated with the midpoint of e is supported in τ , and it vanishes
to second order on the other two edges of τ .

Note that a given triangle could have two edges on the boundary, so our construction must give
two linearly independent functions in that case.

Proof. Let ei be the other edges of τ , and let Li be a linear function with unit slope that vanishes
on ei, i = 1, 2. Then φ = cL2

1L
2
2 for a suitable constant c 6= 0. QED

To study interior edges, we begin with a simple lemma that is quite general in nature.

Lemma 7.17 Suppose that Π = star(σ). Suppose that e is an interior edge in Π. Let v be the
boundary vertex of e, and let e1 and e2 be boundary edges sharing the vertex v. Suppose that e1 and
e2 are not parallel, and suppose that φ ∈ S4 vanishes to second order on e1 and e2 and at σ. Then
φ must vanish identically on e, and in particular at the midpoint of e.
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Figure 18: Notation for Theorem 7.20.

Proof. Let θi denote the angle formed by e and ei. Since e1 and e2 are not parallel, cot θ1+cot θ2 6= 0.
Since φ ∈ C1 and vanishes to second order on e1 and e2 we must have both cross derivatives at v
equal to zero, and so (22) implies ∂2

eφ(v) = 0. Viewing the restriction of φ to e as a quartic in one
variable as in the proof of Lemma 7.10, we see that it vanishes to third order at v and second order
at σ. Thus it must be identically zero, and a fortiori vanish at the midpoint of e. QED

As a corollary, we have the following:

Lemma 7.18 Suppose that φ ∈ S4 vanishes to second order on the boundary of the star of a vertex
σ and at σ, and suppose that neighboring edges in ∂

(
star(σ)

)
are not parallel. Then φ must vanish

at the midpoints of the interior edges in star(σ).

Lemma 7.18 says that, generically, the support of a basis function φ ∈ S4 associated with an
edge as in (10) must be larger than the star of one of its vertices. We might conjecture that the
support would be only slightly larger, something we might call the star of that edge, but this is true
only in special cases.

Definition 7.19 Let e be an edge and let vi be its two vertices, i = 1, 2. Then the star of e is
defined by

star(e) = star(v1) ∪ star(v2).

Recall the definition of ξve in (29).

Theorem 7.20 Let e be an interior edge with vertices vi, i = 1, 2, and suppose that both of these
vertices are interior and either

• vi is of odd order, or

• vi is of even order and ξvie = 0, or

• vi is of even order and ξvie 6= 0, but there is an omitted edge ei = (vi, wi) in star(vi) such that
ξwi
ei

= 0, where wi is the other vertex of ei.

Then there is a function φ ∈ S4 that is
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• 1 at the midpoint of e,

• vanishes at all other edge midpoints of the edges in star(e), except for any omitted edges as
described in (10),

• vanishes to second order at both vertices vi, i = 1, 2, and

• vanishes to second order on ∂(star(e)).

The second condition in the theorem just requires that the boundary edges in star(vi) adjacent
to wi be parallel. Compare the parallel condition in Lemma 7.17.

Proof. We start with φ ∈ Hh that is 1 at the midpoint of e, vanishes at all other edge midpoints
of the edges in star(e), vanishes to second order at both vertices vi, i = 1, 2, and vanishes to second
order on ∂(star(e)). In particular, φ vanishes on all of the edges in star(e) other than e, and so φ is
C1 at the vertices in ∂(star(e)), that is, it vanishes to second order at the vertices. What remains
to specify about φ are its cross derivatives at vi, i = 1, 2. When the vertices are both of odd order,
Lemma 7.5 guarantees that this can be done in a way that insures that φ ∈ C1.

Now suppose that one of the vertices vi is of even order. Without loss of generality, suppose
that v1 is of even order, as shown in Figure 18. If ξv1e = 0, as shown in Figure 18(a), then it is
not possible for ξv2e = 0. If v2 is of odd order, we proceed as before and we see that φ is actually
supported in star(v2).

If v2 is of even order, with ξv2e 6= 0, we know that there is an edge ei = (vi, wi) in star(vi) such
that ξwi

ei
= 0, where wi is the other vertex of ei. Since ei is an omitted edge, we can pick φ(mi)

appropriately so that condition (22) is satisfied. Since ξwi
ei

= 0, φ is C1 at wi. QED

For general vertices of an edge e of even order, it is more complicated, but we can in one case
specify a function supported in star(e).

Lemma 7.21 Let e be an interior edge with vertices vi, i = 1, 2. Suppose that both of these vertices
are interior and that v1 is of even order and v2 is of odd order. Suppose that ξv1e1 6= 0 and ξv2e2 6= 0.
Then there is a function φ ∈ S4 that is

• 1 at the midpoint of e,

• vanishes at all other edge midpoints of the edges in star(e) except for the two edges having
vertices vi and a common vertex w ∈ ∂(star(e)),
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• vanishes to second order at both vertices vi, i = 1, 2, and

• vanishes to second order on ∂(star(e)).

Moreover, if v1 is the vertex of even order, then the value at the midpoint of e1 is equal to

ξv1e /ξ
v1
e1
,

where the ξ values are defined in (29), and the value at the midpoint of e2 is equal to

ξv1e1 ξ
v1
e /
(
ξv1e1 ξ

v2
e2

)
.

Proof. We modify the proof of Theorem 7.20. We modify φ by choosing φ = cj 6= 0 at the midpoint
of the edge, call it ej, connecting vj to ∂(star(e)). To keep φ ∈ C1 at the boundary vertex w of
e1 and e2, we pick a cross derivative at that vertex so that (22) is satisfied, for suitable choices
of cj. The main point is that neither e1 nor e2 is a boundary edge. Thus we can pick ∂e1∂e2φ(w)
appropriately, for suitable nonzero cj, so satisfy (22), and thus insure the smoothness of φ. We can
then choose c1 to satisfy (24).

More precisely, we first choose c1 to satisfy (24) at v1. If q is a quartic on an edge e that vanishes
to second order at the edge vertices, then a simple calculation shows that

q′′(v) =
32

|e|2
q(m),

where m denotes the midpoint of e. Here v denotes either vertex of e, and the direction of the
derivative does not matter. As a consequence, the function φ satisfies

∂2
eφ(v) =

32

|e|2
φ(m). (32)

Therefore (24) translates, in view of (29), to

ξv1e φ(me) = ξv1e1φ(me1).

Since we want φ(me) = 1, we must have φ(me1) = ξv1e /ξ
v1
e1

.
Note that we also have

∂2
e1
φ(w) =

32

|e1|2
φ(me1) and ∂2

e2
φ(w) =

32

|e2|2
φ(me2).

For a suitable cross derivative at w, the smoothness condition (22) at w will be satisfied. More
precisely, (22) translates to

(csc θ)∂e1∂e2φ(w) = 32 ξweiφ(mei), i = 1, 2,

since there is only one nonzero cross derivative at w. Therefore we must choose

ξwe2φ(me2) = ξwe1φ(me1) = ξwe1ξ
v1
e /ξ

v1
e1
.

We then choose
c2 = ξwe1ξ

v1
e /
(
ξv1e1 ξ

w
e2

)
to satisfy (22) at w as well. At v2, there is an odd number of edges, so we can choose cross derivatives
to insure C1 continuity there. QED

We can abstract part of the argument in the proof of Lemma 7.21 as follows.
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Lemma 7.22 Let φ ∈ Hh have null value and gradient at all vertices. Then for any edge e and
vertex v of e (

cot θe1 + cot θe2
)
∂2
eφ(v) = 32 ξveφ(m), (33)

where m is the midpoint of e and ξve is defined in (29) and θei denote the angles made with the
nearest edges to e in star(v). Note that the formula is the same no matter which vertex v of e
we pick, but the value of ξve can be different for different vertices. For such φ, the condition (24)
simplifies to

N∑
i=1

(−1)iξveiφ(mi) = 0.

7.6 Edge freedom

Suppose that e0 is an interior edge that is not omitted in (10), having an interior vertex v0 of even
order. Then we can find an edge e1 having the vertex v0 that is omitted in the basis description
(10). It cannot be e0, since it is not omitted. Let v1 be the other vertex of e1. It could be that
v1 satisfies the conditions of Theorem 7.20 or is on the boundary. If not, then we can continue the
process, since v1 must be of even order. There must be an omitted edge e2 having the vertex v1

that is omitted in the basis description (10). Let v2 be the other vertex of e2. We terminate this
process if v2 satisfies the conditions of Theorem 7.20 or is on the boundary. Thus we can generate
a path from v0 to a vertex vk consisting of omitted edges such that

1. vk satisfies the conditions of Theorem 7.20, or

2. vk is on the boundary, or

3. the path has a self-intersection.

If self-intersection does not occur, we say that the edge is free, in the following definition. We
can describe the sequence of vertices and omitted edges as a freedom trail starting at v0. Let t
denote a freedom trail. We define start(t) = v0 and end(t) = vk, where vk satisfies the conditions
of Theorem 7.20, or vk is on the boundary.

Definition 7.23 We say that an edge e0 that is not an omitted edge in (10) is free if both of its
vertices v0 and v′0 are the start for freedom trails t and t′, that is, a sequence of omitted edges ei
and e′i with vertices vi and v′i that end at vertices vk and v′k′ satisfy the conditions of Theorem 7.20
or are on the boundary. Here vi is the intersection of edges ei and ei+1, and v′i is the intersection
of edges e′i and e′i+1. We require that ξviei+1

6= 0 for i = 0, . . . , k − 1. The curves generated by these
edges are required to be non-intersecting, neither with themselves nor with each other. It could be
that k = 0 or k′ = 0.

Example 7.1 In Figure 14, the edges (i, i+1) are free for i = 2, . . . , 9 but the edge (1, 2) is not free.
The freedom trails are (i, i+ 1), (1, 6), 1, 10) for i = 2, . . . , 5 and (i, i+ 1), (1, 10) for i = 6, . . . , 9.

The following allows us to describe the structure of the basis function in S4 for a free edge.

Lemma 7.24 Let e0 be an interior edge that is not omitted in (10). Suppose that e0 free, according
to Definition 7.23. The function φ ∈ S4 that is 1 at the midpoint of e0 and has all other nodal
variables zero is supported ∪istar(ei) for a sequence of edges ei where ei and ei+1 share a common
vertex vi i ≥ 0. The sequence of edges terminates at a vertex satisfying the conditions of Theorem
7.20 or on the boundary.
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Proof. We construct the sequence as follows. If both vertices are as in Theorem 7.20, then we stop
with e0. If a vertex v0 of e0 does not satisfy the conditions of Theorem 7.20, we proceed as follows.
The vertex v0 is necessarily of even order, and thus there is an omitted edge e1 associated with that
vertex. It cannot be e0, since it is not omitted. Let v1 be the other vertex of e1. As in the proof of
Lemma 7.21, we have

φ(me1) = ξv0e0 /ξ
v0
e1
.

If v1 satisfies the conditions of Theorem 7.20, then we stop with e1. Otherwise, we pick another
edge e2 having v1 as vertex that has been omitted. By construction, e1 cannot be the omitted edge
for both v0 and v1, so e2 6= e1. Let v2 be the other vertex of e2. Further,

φ(me2) =
(
ξv0e0 /ξ

v0
e1

)(
ξv1e1 /ξ

v1
e2

)
=

k−1∏
i=0

ξviei

/ k−1∏
i=0

ξviei+1
, (34)

with k = 2. Now we continue the process. First see if v2 satisfies the conditions of Theorem 7.20,
etc. Continuing this way, we construct a sequence of edges and vertices as required. If neither
vertex of e0 satisfies the conditions of Theorem 7.20, we let v′0 be the other vertex of e0, and we
construct a sequence of edge e′i and vertices v′i similarly. The assumption that e0 is a free edge
implies these sequences are non-intersecting. QED

7.7 Midpoint constraints

We now describe a general constraint on midpoint values on interior edges.

Lemma 7.25 Suppose that φ ∈ S4 vanishes to second order on the boundary of the star of a vertex
e and at the vertices vi of e, i = 1, 2. Suppose that neighboring edges in ∂(star(e)) are not parallel.
Then φ must vanish at all midpoints of the interior edges in star(e) except those on the edges of
∂(star(v1) ∩ star(v2)).

Proof. The overlap of star(v1) and star(v2) consists of two triangles, which we will call T1 and T2.
Using Lemma 7.17, we conclude that φ must vanish at the midpoints of all the interior edges in
star(e) except for the edges of ∂(T1 ∪ T2). QED
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Figure 21: Examples of C1 piecewise quartics on simple meshes that vanish on the boundary ∂Π:
a mesh for which dimS0

4 ≥ 4.

What this result means is that, for a generic mesh, if the edge midpoints in ∂(T1∪T2) are nodal
variables of type (10), then the support of the basis function in S4 for the nodal variable of type
(10) for e must be larger than star(e). If not, the corresponding basis function φ ∈ S4(star(e) would
vanish at all interior edges except e. Assuming that for one i = 1, 2, star(vi) has an even number
of triangles, condition (24) would imply that ∂2

eφ would have to vanish at vi for vertices in general
position. When a quartic vanishes to second order at one end of an edge and to third order at the
other, it has to be identically zero. Of course, if star(vi) has an odd number of triangles for both
i = 1, 2, then the support is star(e), in view of Theorem 7.20.

8 Special domains

We now give some examples.

8.1 Triangulated hexagons

Consider the star of a vertex of order 6, e.g., the hexagonal domain in Figure 21. We begin by
describing C1 quartics that vanish on the boundary for such a triangulation. We know from Section
7.2 that, since the vertex order is even, there is a function corresponding to the nodal variable of
type (9). We know from Section 7.3 that, under special conditions, there are at least three such
linearly independent functions, corresponding to the nodal variables of type (8), all of which vanish
at the interior edge midpoints. We now focus on a case where these conditions are satisfied.

8.2 Type I triangulations

It is known that for a right-triangle mesh, that is, a triangular mesh of Type I [8], e.g., the mesh in

Figure 14, then Ψ(v) = 0 [7]. It is easy to see, by symmetry, that Ψ̂(v) = 0 for all interior vertices
in a Type I triangulation. Thus we have the following result.

Theorem 8.1 Let Π be the hexagon in Figure 21 and let T be the corresponding triangulation. Let
v be the internal vertex. If Ψ(v) = 0 and Ψ̂(v) = 0, then the space S0

4 of C1 piecewise quartics that
vanish to second order on ∂Π has dimension at least 4.
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9 Dirichlet boundary conditions

We now give a characterization of the functions S0
4(Π) ⊂ S4(Π) that vanish to second order on

the boundary. Using the basis for S4(Π), we can say that the coefficients of basis functions for
φ ∈ S0

4(Π) corresponding to points on the boundary must vanish. Thus the value and gradient
at all boundary vertices must be zero, as well as the value at all boundary edge midpoints. Thus
φ|∂Π ≡ 0.

Less obviously, the cross-derivatives at each boundary vertex must also vanish. Let e be a
boundary edge with vertex v. The cross-derivative at v is ∂e∂e′ where e′ is the interior edge meeting
at v. Since the normal derivative ∂e⊥φ must be zero on each boundary edge, then also ∂e∂e⊥φ must
be zero on e. But we can write ∂e′ = α∂e⊥ + β∂e, so ∂e∂e′φ(v) = α∂e∂e⊥φ(v) + β∂2

eφ(v) = 0, since
φ|∂Π ≡ 0. However, there is a further constraint. Our argument shows two cross-derivatives must
vanish at a boundary vertex, and yet we have only one cross-derivative degree of freedom at each
vertex. Thus we have one additional constraint to insure that φ ∈ S0

4(Π).

9.1 Boundary constraint

Consider a boundary vertex σ and let T1, . . . , TN denote all the triangles meeting at σ, numbered
so that Ti and Ti+1 share a common edge ei, and thus T1 and TN both have boundary edges, e0

and eN , respectively, as indicated in Figure 22. For φ ∈ Hh, let φi = φ|Ti . The derivative ∂ei is
continuous across ei, that is, ∂eiφi|ei = ∂eiφi+1|ei . Let θi denote the angle formed by ei−1 and ei at
σ. We can write

∂ei−1
= sin(θi)∂

⊥
ei

+ cos(θi)∂ei , ∂ei+1
= − sin(θi+1)∂⊥ei + cos(θi+1)∂ei .

Therefore
∂⊥ei = csc(θi)∂ei−1

− cot(θi)∂ei = − csc(θi+1)∂ei+1
+ cot(θi+1)∂ei .

In particular, ∂ei∂
⊥
ei

= csc(θi)∂ei−1
∂ei − cot(θi)∂

2
ei
. We can write

csc(θi)∂ei−1
= ∂⊥ei + cot(θi)∂ei

= − csc(θi+1)∂ei+1
+
(

cot(θi+1) + cot(θi)
)
∂ei .

Thus
csc(θi)∂ei−1

∂eiφ(σ) = − csc(θi+1)∂ei∂ei+1
φ(σ) +

(
cot(θi+1) + cot(θi)

)
∂2
ei
φ(σ).
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Hence

csc(θ1)∂e0∂e1φ(σ) =− (−1)N csc(θN)∂eN−1
∂eNφ(σ)

+
N−1∑
i=1

(−1)i
(

cot(θi+1) + cot(θi)
)
∂2
ei
φ(σ).

(35)

If φ vanishes to second order on the boundary, we must have

∂e0∂e1φ(σ) = ∂eN−1
∂eNφ(σ) = 0,

since both e0 and eN are boundary edges. Thus we have the following lemma.

Lemma 9.1 Suppose that φ ∈ S4 has all boundary nodal variables equal to zero. Then φ vanishes
to second order on ∂Π at σ if and only if

N−1∑
i=1

(−1)i
(

cot(θi+1) + cot(θi)
)
∂2
ei
φi(σ) = 0. (36)

Proof. We have proved the necessity of (36). To prove the sufficiency, note that we can assume
that ∂e0∂e1φ(σ) is one of the nodal variables that has been set to zero. Thus (36) and (35) combine
to imply that ∂eN−1

∂eNφ(σ) = 0 as well. QED

Thus we have proved the following theorem.

Theorem 9.2 Suppose that φ ∈ S4 has all boundary nodal variables equal to zero. Then φ ∈ S0
4 if

and only if (36) holds for all boundary vertices σ.

9.2 Singular boundary vertices

It could happen that cot(θi+1) + cot(θi) = 0 for i = 1, . . . , N − 1 at a boundary vertex where N
triangles meet. A vertex where this happens is called a singular boundary vertex. Observe that
cot(θi+1) + cot(θi) = 0 iff θi+1 + θi = π. Due to the requirement that

∑
i θi ≤ 2π, we must have

N ≤ 4, and N = 4 would correspond to a slit domain. At boundary singular vertices, the constraint
(36) holds automatically, so it does not correspond to a reduction in dimension. Thus the following
result is a consequence of just counting the constraints.

Theorem 9.3 Let sI (respectively, sB) be the number of singular interior (respectively, boundary)
vertices. Then

dimS0
4 ≥ dimS4 − 6(E − E0) + sB = 3V0 + E0 + sI + sB − (E − E0). (37)

Equality holds if the constraints (36) are linearly independent.

For the triangulation in Figure 21, this says that dimS0
4 ≥ 3. But Theorem 8.1 says that

dimS0
4 ≥ 4. Thus the constraints (36) are not linearly independent for this mesh. We will see that

dimS0
4 = 4 in Section 9.3.
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9.3 Spurious modes

There is a close relationship between divergence-free piecewise cubics in two dimensions and S4.
Recent results have been obtained [7] that allow a precise characterization of the dimension of S0

4

in terms of spurious modes. Let Vh denote C0 piecewise-cubic, vector-valued functions defined on
the mesh T that vanish on the boundary ∂Π. The divergence of a function in Vh is a discontinuous
piecewise quadratic on T that satisfies various constraints. By the divergence theorem, it must have
mean zero. But more subtle constraints occur at singular vertices. For any interior or boundary
singular vertex σ, let k be the number of triangles Ti meeting there, and consider the constraint

k∑
i=1

(−1)ip|Ti(σ) = 0. (38)

Let Wh denote discontinuous piecewise quadratic, scalar valued functions on the mesh T that have
mean zero over the domain Π and satisfy (38). It is clear [18] that ∇· maps Vh into Wh.

Definition 9.4 Let K = K(T ) ≥ 0 be the co-dimension of ∇·Vh in Wh for a given mesh T . This
is the number of spurious modes for the Stokes problem for the pair of spaces Vh and Wh on the
given mesh.

The following is proved in [7].

Theorem 9.5 Let sI (respectively, sB) be the number of singular interior (respectively, boundary)
vertices. Let K be the number of spurious modes for the Stokes problem for the pair of spaces Vh
and Wh on a mesh T . Then

dimS0
4(T )−K = dimS4(T )− 6(E − E0) + sB

= 3V0 + E0 + sI + sB − (E − E0).
(39)

The constraints (36) are linearly independent if and only if K = 0.

It is known [14] that K = 1 for a Type I triangulation. Thus the constraints (36) are not linearly
independent for such a mesh. This is consistent with Theorem 8.1, since

3V0 + E0 + sI + sB − (E − E0) = 3

for the mesh in Figure 21. Moreover, the fact that K = 1 shows that dimS0
4 = 4.

It follows from the results of [7] that there are no spurious modes on the mesh in Figure 21 if
Ψ(v) 6= 0, where v is the internal vertex. Thus we have the following.

Theorem 9.6 Let Π be the hexagon in Figure 21, and let T be the corresponding triangulation.
Let v be the internal vertex. If Ψ(v) 6= 0, then the space S0

4 of C1 piecewise quartics that vanish
to second order on ∂Π has dimension exactly 3. If Ψ(v) = 0, then the space S0

4 of C1 piecewise
quartics that vanish to second order on ∂Π has dimension exactly 4.
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Figure 23: Example of edge-node cycles based on the mesh in Figure 14. (a) Renaming of the edges.
(b) Indicated are the edge midpoint values for two functions, one with the green values nonzero,
and the other with the red values nonzero.

9.4 Role of cycles

Figure 14 has an example of a cycle in what would otherwise be a freedom trail for the midpoint
node for edge (1, 2). Recall that the edges are represented as (i, j) if they are the common edge
between triangles i and j. The sequence of edges is the cycle is (1, 2), (1, 6), (1, 10). The sequence
of edges starts at the boundary vertex of (1, 2) and returns to it at the end. We can examine what
happens in this case.

Introduce new notation for these edges:

e1 = (1, 2), e2 = (1, 6), e3 = (1, 10).

Let mi be the midpoint of ei, i = 1, 2, 3. Let vi be the joint vertex of ei and ei+1, where we identify
e4 with e1. Let us construct φ ∈ Hh having all vertex values and gradients zero, with specified
values at mi, i = 1, 2, 3, and zero at other edge midpoints. Vertex cross derivatives will be picked
to insure C1 continuity. Using the derivation of (34), we find that we must have

φ(m3) = φ(m1)
3∏
i=2

ξviei−1

/ 3∏
i=2

ξviei

to insure C1 continuity at v2 and v3, that is, to satisfy (24).
To have φ ∈ S0

4 , the constraint (36) must be satisfied. This requires that

φ(m1)ξv1e1 = φ(m3)ξv1e3 = ξv1e3φ(m1)
3∏
i=2

ξviei−1

/ 3∏
i=2

ξviei .

That is, we just have

ξv1e1 = ξv1e3

3∏
i=2

ξviei−1

/ 3∏
i=2

ξviei ,
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which is the same as

1 =
3∏
i=1

ξviei−1

/ 3∏
i=1

ξviei , (40)

provided that we identify e0 with e3.
We can consider the case when the mesh in Figure 14 is a Type I grid, that is, a 45-degree right

triangle mesh. The computation of the ξviei is simplified by the fact that the angles are either π/4 or
π/2, and cot(π/4) = 1 and cot(π/2) = 0. Thus ξv1e1 = ξv2e2 = 1 and ξv3e3 = 2. Similarly, ξv2e1 = ξv3e2 = 1,
whereas ξv1e3 = 2. Therefore

3∏
i=1

ξviei−1

/ 3∏
i=1

ξviei = 2/2 = 1.

Thus in this special case, the constraint (40) is satisfied, but generically it would not be.
In the case that the mesh in Figure 14 is a Type I grid, that is, a 45-degree right triangle mesh,

then our arguments show that there is a function φ ∈ S0
4 with φ(m1) = 1 with all other nodal values

zero. Moreover, on the omitted edges e2 and e3, we have φ(m2) = 1 and φ(m3) = 1/2. Multiplying
by two, these are the edge nodal values indicated in Figure 23 shown in green.

10 Constraint counting

Theorem 9.5 says that we can compute both the dimension of S0
4 and the dimension of the set

of spurious modes by examining the dependences of the constraints (36). In particular, if these
constraints are independent, then K = 0 in (39) and there are no spurious modes. Thus it is of
interest to have a direct approach to analyzing possible dependencies among the constraints (36).

10.1 Star of a vertex

The simplest triangulation to consider is the star of a vertex σ consisting of k triangles. Let ei
denote the interior edges of star(σ), and let vi be the other vertex of ei. Let Ŝ4 denote the functions

in S4 whose boundary nodal values are zero. From Theorem 9.2, we know that φ ∈ Ŝ4 is in S0
4 if

and only if the constraints (36) hold for all boundary vertices. In the star of a vertex, the number
of interior edges meeting at a boundary vertex is just one (that is, N = 2 in the notation of Lemma
9.1, as depicted in Figure 22). Thus the constraints (36) just reduce to having ∂2

ei
φ(vi) = 0 for all

i = 1, . . . , k. Consider the subspace Rh of Ŝ4 defined as follows. A function φ ∈ Hh is in Rh if

• the value and gradient of φ are zero at all vertices, that is, at σ and vi for i = 1, . . . , k

• the value at the midpoints mi of the edges ei are allowed to be nonzero

• the cross derivatives corresponding to nodal values for S4 at vi are set to zero

• the other cross derivatives are chosen so that φ ∈ C1.

If k is odd, then the values φ(mi) are unconstrained, but if k is even, then the constraint (24)
applies.

When k is odd, we can pick the cross derivatives at σ so that φ ∈ C1 at σ, and thus we see that
the midpoint values φ(mi) can be chosen arbitrarily. Once these are chosen, we can pick the extra
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cross derivatives at vi (there is one per vertex) to insure φ ∈ C1 at vi. Thus the midpoint values
φ(mi) determine φ ∈ Rh completely, and the dimension of Rh is k.

Now suppose that k is even. For any φ ∈ Rh, the restriction of φ to ei is a quartic that vanishes
to second order at the vertices σ and vi, thus the relationship (32) holds. Thus (24) translates on
Rh to

k∑
i=1

(−1)iξσeiφ(mi) = 0. (41)

If σ is not singular, this is a nontrivial constraint. From now on, we assume that σ is nonsingular
for simplicity.

When (41) holds, we can choose cross derivatives at σ so that φ ∈ C1 at σ. In addition, there is
one degree of freedom left for the cross derivatives as described in Lemma 7.6, so we conclude that
Rh also has dimension k in this case.

We now know that Rh ⊂ Ŝ4 and that S0
4 consists of the subset of Ŝ4 satisfying the constraints

(36). As in the derivation of (41), the constraints (36) on Rh translate to φ(mi) = 0. Thus we can
show that for k odd, the constraints (36) are linearly independent, and for k even, there is exactly
one dependence.

The constraint calculus is somewhat complex. When k is odd, the constraints (24) must be

linearly independent on Ŝ4 since they are already linearly independent on the subset Rh ⊂ Ŝ4.
That is, for the i-th constraint, there is a φi ∈ Rh such that the j-th constraint applied to φi is δi,j,
the Kronecker delta. But when k is even, the fact that the constraints are dependent on Rh does
not mean they are dependent on the larger space Ŝ4. However, we have shown that there is at most
one redundancy on Rh, and this implies there is at most one redundancy on Ŝ4, that is, K ≤ 1.
Using (39), we conclude that

1 ≥ K = dimS0
4(T )−

(
3V0 + E0 − (E − E0)

)
= dimS0

4(T )− 3.

Thus we have proved the following

Theorem 10.1 For the star of a vertex, T = star(σ), dimS0
4(T ) ≤ 4.

Combining Theorem 10.1 with Theorem 8.1, we conclude the following.

Corollary 10.2 Let Π be the hexagon in Figure 21 and let T be the corresponding triangulation.
Let v be the internal vertex. If Ψ(v) = 0 and Ψ̂(v) = 0, then the space S0

4 of C1 piecewise quartics
that vanish to second order on ∂Π has dimension exactly 4.

This corollary implies that there is exactly one spurious mode for the Type I triangulation of
the hexagon in Figure 21. This provides an alternate derivation of this fact that was proved earlier
in [14].

10.2 Free edges

An alternate approach to the results of Section 10.1 is to use the concept of free edges to construct
basis functions. Thus for the star of a vertex with free edges, as in Figure 21, the edge basis functions
can be described as in Lemma 7.24. For an even number k of triangles in the star, there will be
one omitted edge, and provided the geometric condition in Definition 7.23 is satisfied, the freedom
trail consists of just two edges, one non-omitted edge (there are k − 1 of them) and the omitted
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(a) (b)

Figure 24: Fraeijs De Veubeke–Sander macro element: (a) cubic case, (b) quartic case.

edge. Thus there are k − 1 linearly independent basis function corresponding to the non-omitted
edges in the star. Given that these basis functions have the requisite nodal values zero, they form
a k− 1-dimensional subspace of Ŝ4. Therefore the relationship (32) holds for these basis functions,
and the rest of the arguments in Section 10.1 proceed the same way. The main point is that there
is no need to define the space Rh once we know the structure of the edge basis functions.

Using this approach to analyze the mesh in Figure 14, we see that there are 8 boundary vertices
and 7 free interior edges, as shown in Example 7.1. Thus the number of spurious modes K is at
most 1.

Combining the constructions of Section 9.4 and Theorem 8.1, we see that dimS0
4 ≥ 10. Since

K ≤ 1, Theorem 9.5 implies that

10 ≤ dimS0
4 = 6 + 11− 8 +K = 9 +K ≤ 10,

so we conclude that following result holds.

Theorem 10.3 Suppose that the mesh in Figure 14 consists of 45-degree right triangles, that is,
is of Type I. Then dimS0

4 = 10 for this mesh, and in addition, there is exactly one spurious mode
(K = 1) on this mesh.

11 Malkus splits

Type II triangulations as shown in Figure 5 have special properties. Such properties often hold
more generally for Malkus splits, by which we mean any decomposition of a domain by convex
quadrilaterals, in which a triangulation is formed by adding the two diagonals of each quadrilateral.
In Section 3.3, we studied the space S2 on such meshes. Now we consider the cubic and quartic
analogs.

11.1 Cubics

The corresponding space S3 on Malkus splits is called the Fraeijs De Veubeke–Sander [5] element.
The nodal variables correspond to the value and gradient at the quadrilateral vertices and the
normal derivative at the quadrilateral edges, as indicated in Figure 24(a).

Lemma 11.1 Suppose that the nodal variables for the Fraeijs De Veubeke–Sander element on an
edge e of a quadrilateral all vanish. Then the corresponding function φ ∈ S3 vanishes to second
order on e.
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(a) (b)

Figure 25: Type II triangulation revisited, cf. Figure 5. (a) The original mesh. (b) The star of the
central vertex. Red edges indicate where a function supported on this mesh would vanish to second
order.

Proof. The nodal variables at the vertices correspond to Hermite cubic interpolation, so φ must
vanish to first order on e. In addition, we have the normal derivative zero at the two vertices of e
and at the midpoint. These determine a quadratic, and so the normal derivative of φ on e is zero
as well. QED

Thus the support of the corresponding basis functions is the union of the quadrilaterals as-
sociated with the quadrilateral vertices or edges, as appropriate. Moreover, when we patch two
quadrilateral elements together, with matching nodal variables on the edge, we get a C1 function.

Lemma 11.2 The nodal variables for the Fraeijs De Veubeke–Sander element are unisolvent.

Proof. The formula for the dimension of S3 for a single quadrilateral can be computed, using the
techniques in Section 2, to be

10T − 7E0 + 3V0 + 1 = 40− 28 + 4 = 16.

The degrees of freedom for the Fraeijs De Veubeke–Sander element are the value and gradient at
the 4 vertices of each quadrilateral and the normal derivative at the midpoint of each of the 4 edges
of the quadrilateral. Thus there are 16 nodal values, matching the dimension of S3 for a single
quadrilateral. Note that it is essential to have a singular vertex.

To show that these nodal variables are unisolvent [3], suppose that φ ∈ S3 has all such nodal
values zero. Then Lemma 11.1 shows that φ vanishes to second order on each edge of the quadri-
lateral. Let χ denote the piecewise linear function on the triangulated quadrilateral that vanishes
on the boundary of the quadrilateral and is one at the vertex where the diagonals cross. Then
φ = ψχ2 for some piecewise linear function ψ. Since both φ and χ are continuous, ψ must also be
continuous. Let e be an an interior edge, and let σ be the boundary vertex on that edge. For φ to
be C1, (36) implies that we must have ∂2

eφ(σ) = 0. But

∂2
eφ(σ) = ∂2

e

(
χ2
)
(σ)ψ(v) =

2

|e|2
ψ(v), (42)

since any lower-order derivatives vanish, i.e., ∂ie
(
χ2
)
(σ) = 0 for 0 ≤ i < 2. Thus ψ vanishes at the

vertices of the quadrilateral, and so ψ = cχ. Therefore φ = cχ3, and ∇φ = 3cχ2∇χ. Since ∇χ is
discontinuous at the interior edges of the quadrilateral, we must have c = 0, or otherwise φ would
not be C1. Thus the nodal variables are unisolvent. QED
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The basis functions for the vertex nodal variables are supported in the quadrilaterals having
that vertex, as shown in Figure 25(a). But the support is not as small as the star of the vertex,
shown in Figure 25(b) with the red lines indicating the boundary of the star of the central vertex.
In fact, if φ ∈ S3 on the mesh in Figure 25(b), then the argument used to prove unisolvence shows
that φ ≡ 0, as follows.

Define χ to be the continuous piecewise linear function on the mesh in Figure 25(a) that vanishes
on the boundary of the star of the central vertex, the red edges in Figure 25(b). Then φ = ψχ2

where ψ is piecewise linear. Since both φ and χ2 are continuous, so is ψ. Using (36) as done in
(42), we see that ψ has to vanish at the vertices indicated by the black dots in Figure 25(b). Due
to the geometry, χ is smooth across the black edges, and so this means that ψ has to be C1 there
as well. That implies that ψ vanishes on the red edges, that is, that ψ = cχ. But that would mean
that φ = cχ3, and this cannot be in C1 unless c = 0.

Similarly, let us consider the basis function φ associated with the normal-derivative node on a
quadrilateral edge. Then it cannot be supported on the two triangles sharing that edge, for the
following reason. If it were supported there, then it would vanish to second order on the other two
edges of each of these triangles, and a cubic that does so is identically zero.

Thus we have proved the following.

Theorem 11.3 The basis functions for the vertex nodes for the (cubic) Fraeijs De Veubeke–Sander
element are not supported in the star of that vertex. More generally, there are no C1 piecewise cubics
supported in the star of that vertex. The basis functions associated with the normal-derivative nodes
on the quadrilateral edges are not supported on the two triangles sharing that edge. More generally,
there are no C1 piecewise cubics supported on the two triangles sharing that edge.

11.2 Quartics

The space S4 on Malkus splits is analogous to the Fraeijs De Veubeke–Sander [5] element. The
nodal variables correspond to

• the value and gradient at the quadrilateral vertices as well as the interior singular vertex,

• the normal derivative at two points on the quadrilateral edges,

• the value at the midpoint of the quadrilateral edges, and

• a cross derivative at the interior singular vertex,

as shown in Figure 24(b). Note that these nodal variables are slightly different from what was
considered in [4]. They also do not correspond to the nodal basis we have considered so far for C1

quartics. Nevertheless, the techniques developed so far to study C1 quartics can be applied in this
case.

Lemma 11.4 Suppose that the nodal variables for the quartic Fraeijs De Veubeke–Sander element,
depicted in Figure 24(b), on an edge e of a quadrilateral all vanish. Then the corresponding function
φ ∈ S4 vanishes to second order on e.

Proof. The nodal variables at the quadrilateral vertices and edge midpoints correspond to Hermite
quartic interpolation, so φ must vanish to first order on e. In addition, we have the normal derivative
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zero at the two vertices of e and at two additional points on the edge. These determine a cubic,
and so the normal derivative of φ on e is zero as well. QED

Thus the support of the corresponding basis functions is the union of the quadrilaterals as-
sociated with the quadrilateral vertices or edges, as appropriate. Moreover, when we patch two
quadrilateral elements together, with matching nodal variables on the edge, we get a C1 function.
Of course, this presupposes that the proposed nodal variables are unisolvent, as we now establish.

Lemma 11.5 The nodal variables for the quartic Fraeijs De Veubeke–Sander element, depicted in
Figure 24(b), are unisolvent.

Proof. The formula for the dimension of S4 for a single quadrilateral can be computed, using the
techniques in Section 2, to be

15T − 9E0 + 3V0 + 1 = 64− 36 + 4 = 28.

This is the number of degrees of freedom for the quartic Fraeijs De Veubeke–Sander element as
defined in Figure 24(b).

To show that these nodal variables are unisolvent [3], suppose that φ ∈ S4 has all such nodal
values zero. Then Lemma 11.4 shows that φ vanishes to second order on each edge of the quadrilat-
eral. For each interior edge e, let q denote the restriction of φ to e. Since the nodal values for φ are
zero, q vanishes to second order at the vertices of e. But ∂2

eφ = q′′ also vanishes at the quadrilateral
vertex, in view of (36). Thus q must be identically zero.

Number the interior edges ei consecutively, and let Li be a linear function of slope 1 that vanishes
on ei. We can identify the basis function in S4 corresponding to the cross derivative ∂ei∂ei+1

φ(σ) at
the singular interior vertex σ in view of Lemma 7.7. If one of these is zero, then all are zero:

∂ei∂ei+1
φ(σ) = 0, i = 1, . . . , 4, (43)

where we identify e5 with e1. Let χ denote the piecewise linear function on the triangulated
quadrilateral that vanishes on the boundary of the quadrilateral and is one at σ, the vertex where
the diagonals cross. Then

φ = c χ2LiLi+1

for some constant c in each triangle in the quadrilateral triangulation. Then

∂ei∂ei+1
φ(σ) = c

(
∂eiLi+1

)(
∂ei+1

Li
)

(44)

since all other terms vanish. We conclude that c = 0 for all i. Thus the nodal variables are
unisolvent. QED

The support of the basis functions associated with the interior singular vertex nodal variables
are supported in the star of that vertex, since Lemma 11.4 implies such functions must vanish on
the quadrilateral edges. However, the basis functions for the quadrilateral vertex nodal variables
are not supported in star of that vertex, that is, the triangles indicated in Figure 5(b), despite the
discussion in Section 7.4. These are different nodal variables.

The basis functions associated with the quadrilateral edge nodal variables are supported in the
two quadrilaterals that share the edge. But the results of Section 7.5 show that the basis function
for the edge midpoint value node is not supported in the two triangles sharing that edge. Whether
this is also true for the normal-derivative nodal values for quadrilateral edges is not clear.
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