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Abstract

We compare local and nonlocal dielectric models for the electric potential around a solute.
We choose a water molecule as solute so that the comparisons can be related to the behavior
of bulk water. We see that, near the solute, the two models give predictions that differ by an
order of magnitude, although the difference diminishes away from the solute. We also compare
the two models for the prediction of the electric potential around the protein BPTI.

Discontinuous (local) dielectric models are widely used to approximate the electrostatic field
surrounding proteins, small molecules, and other systems involving a dielectric material [18]. In
some cases, one uses the dielectric solvent model together with a quantum mechanics model [25].
More commonly, the discontinuous dielectric model is used as an implicit solvent model in molecular
dynamics simulations [16, 23, 2, 3]. Recently, nonlocal models [9, 10, 4, 5] have been of interest.
Here we compare the predictions of the two models of the electrostatic potential around solutes of
different sizes. In one case, we choose the solute to be a water molecule in order to compare with
bulk water properties. In the other, we take the solute to be a small protein, BPTI. In both cases,
we see drammatic differences between the predictions of the two models near the solute.
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1 Derivation of dielectric models

We think of our charged system as consisting of two parts: fixed charges (ρ) and dielectric charges
(γ), where the latter could correspond to the partial charges used to model water molecules [1, 20].
We will split the total charge distribution

∑
i qiδ(r− ri) into two parts, γ+ρ, where γ is the part of

the charge density corresponding to the dielectric, e.g., charge groups with net charge zero (waters),
and ρ denotes the remainder of the charge density (fixed charges). More precisely, we assume that
the set of all charges is decomposed into two sets, Iρ and Iγ, and

ρ =
∑
i∈Iρ

qiδ(r− ri), γ =
∑
i∈Iγ

qiδ(r− ri). (1)

Correspondingly, we define

φρ(r) =
∑
i∈Iρ

qi
|r− ri|

, φγ(r) =
∑
i∈Iγ

qi
|r− ri|

, (2)

and φ = φρ + φγ. The electrostatic field e = ∇φ and the polarization electrostatic field is defined
by p = −∇φγ.

Debye [8] postulated that the mobile charge groups would orient to oppose the resulting elec-
trostatic field:

p̃ = s ẽ, (3)

where s can be thought of as a constant of proportionality in the simplest case and p̃ (resp., ẽ) can be
interpreted as a temporal or spatial average of p (resp., e). (More precisely, it is a thermodynamic
quantity that represents an average over many realizations of the system.) The thermal motions
occur on the order of fractions of picoseconds, so we could imagine a time average of the order
of nanoseconds. Indeed, on time scales less than 10−10 seconds, the dielectric behavior of water
becomes diminished [17, 13].

It is useful to define ε = ε0s+ ε0. Debye’s postulate can now be written as

ε0p̃ = (ε− ε0)ẽ, (4)

and ε can be thought of as an effective permittivity, since

∇ · (ε∇φ) = ρ. (5)

Debye’s ansazt can be rationalized as follows. We decompose p into one part in the direction e
and the other perpendicular to e. That is, we write

ε0p = (ε− ε0)e + ζe⊥, (6)

where ε is defined by

ε = ε0

(
1 +

p · e
e · e

)
. (7)

Here, we may assume that e⊥ is a unit vector. Similarly, we define the non-Debye [12, 11] component
as

ζ = ε0p · e⊥. (8)

The non-Debye component can be large near protein surfaces [12, 11]. Moreover, there is a funda-
mental asymmetery in the dielectric response [3, 4] to ions based on their charges. That is, anions
appear to solvate more easily than cations. Thus the dielectric behavior can depend on the local
solute properties.
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(a) (b)

Figure 1: Domain where the dielectric discontinuity appears. (a) Depiction of a water molecule
surrounded by a region of low dielectric constant due to the polarization of the electron distribution.
(b) The red and cyan domains depict the solute (i.e., the central water molecule) and the solvent
domain, respectively. The red dot at the center indicates the centroid of the water molecule. The
contours are at distances of 1.5Å, 1.8Å, 2.0Å, 2.5Å, and 3Å. All of these are in yellow except 1.8Å,
which is in black.

2 Local dielectric model

The local dielectric model interprets (5) as an equation in three-dimensional space with ε being a
discontinuous, piecewise constant function. Figure 1(a) depicts the region of low dielectric in purple.
Note that the charge center of the water molecule is within the triangle spanned by the oxygen and
hydrogen centers, and thus the charge center is not at the center of this low dielectric domain. This
allows one to understand asymmetries in hydration of ions [21] due to charge differences.

In the example depicted in Figure 1(b), the value in the green region corresponds to the exper-
imentally determined value for bulk water. The value inside the solute (indicated in red) is a small
factor of the vacuum value, ε0. Here we take the solute value to be 2ε0. A very good approximation
is obtained in bulk water by

ε ≈
(
87.74− 40.00 τ + 9.398 τ 2 − 1.410 τ 3

)
ε0, (9)

where τ = T/100 and T is the temperature in Centigrade [14]. Thus ε = 80ε0 for T ≈ 20.3 degrees
Centigrade, and we will use this value in our simulations.

3 Nonlocal dielectric model

Nonlocal models [9, 10, 4, 5] interpret (5) as an equation with ε being a non-local operator. Such a
system is in general very costly to invert. Fortunately, it is possible to convert certain such systems
into a system of two partial differential equations, the complexity of which is no greater than twice
that of the local dielectric model [9, 10]. Our objective here is to compare the solutions of the local
and nonlocal models. We do so for a simple model system.

The basis for the nonlocal model is the fact that the dielectric molecules, water in this case,
have a length scale comparable to lengths of importance near the solute. In particular, near the
solute (within a distance corresponding to a small factor times the diameter of a water molecule),
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Figure 2: (a) Mesh with 62407 vertices used for the domain depicted in Figure 1. (b) Coordinates
for plots in subsequent figures.

the electrostatic potential φ goes from a positive high to a negative low in a distance comparable
to the length of a water molecule (see Figure 2(a)). Thus waters near the solute have difficulty
re-orienting to align with the electrostatic field as required by the Debye ansatz (3). In particular,
the layer of water nearest the solute is referred to as a solvation layer, and it is known to have
qualitatively different behavior than bulk water [7, 15, 24, 19, 6, 22].

4 A model system

There are many small molecules that could be considered for comparing dielectric models, but the
simplest may be the water molecule itself. First of all, it is small, and secondly it is highly polar,
so that it can be expected to generate an interesting electrostatic potential. But perhaps most
important is the fact that the water molecule provides an ultimate test since an implicit solvent
model for it should support predictions consistent with properties of bulk water.

Since a water molecule is easily solvated, the nonlocal correlation distance λ is set to be 3.5 Å.
However, computations with larger correlation distances were similar, with even more drammatic
differences between the nonlocal and local models. In [4], optimized values of λ were determined for
ionic solvation. As usual, the dielectric constants are set to be 2 and 80 for the solute and solvent
domains respectively.

To model a water molecule, we take the coordinates of the oxygen and two hydrogens to be as
follows: O (0.000 0.391 0.000), H1 (-0.758 -0.196 0.000), H2 (0.758 -0.196 0.000) . Thus, they are
all on the XY-plane, the geometric centroid is the origin (0, 0, 0), and the distance between oxygen
and each hydrogen atoms is 0.9584Å, and the angle between two hydrogens is 104.45 degrees.
The charges are −2 on the oxygen and +1 on each hydrogen. The domain where the dielectric
discontinuity appears is depicted in Figure 1. The red and cyan domains in Figure 1 depict the
solute (i.e., the central water molecule) and the solvent domain, respectively. The red dot at the
center indicates the centroid of the water molecule.

In Figure 2(a), a typical mesh with around 140000 vertices is depicted. The actual calculations
were done on a mesh with 237799 vertices.

Due to the difficulty of comprehending the potentials in three dimensions, we have chosen special
coordinates, as shown in Figure 2(b). That is, we consider the potential on circles in the plane of
the water molecule at different distances from the centroid of the triangle formed by the oxygen
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Figure 3: Potentials for the nonlocal and discontinuous (local) dielectric models at a distance of (a)
R = 2.5Å and (b) R = 3Å from the water centroid, with λ = 3.5.

(a) (b)

Figure 4: Potentials for the nonlocal and discontinuous (local) dielectric models at a distance of (a)
R = 2.5Å and (b) R = 3Å from the water centroid, with λ = 3.

and two hydrogens of the water molecule.

5 Model differences

In Figure 3, we compare the two potentials for the two models at distance of R = 2.5Å and R = 3Å
from the water centroid, with λ = 3.5. In Figure 4, we compare the two potentials for the two
models at distance of R = 2.5Å and R = 3Å from the water centroid, with λ = 3.0. We see that
the two models make predictions that differ by an order of magnitude. As expected, the nonlocal
model does not screen the water charges nearly as much as the discontinuous model. Typical water
distances would be near 3Å, so there would be essentially no dielectric matter within a sphere of
radius R = 2Å from the water centroid. The only dielectric effect at this scale would be due to the
polarization of the electron cloud, and this is the same effect that occurs within the solute domain.
The nonlocal model captures this behavior since the effective dielectric constant has been reduced
due to the high-frequency fluctuation of the electrostatic field.

At a distance of R = 3Å from the water centroid, the difference between the two models, as
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Figure 5: The two potentials for the two models at a distance of R = 1.8Å from the water centroid.
The horizontal axis is the angle φ defined in Figure 2(b). The vertical axis the electrostatic potential
in units kBT/εc.

shown in Figure 3(b), is reduced to a smaller factor. Indeed, as we move farther and farther from
the water centroid, the model differences become less acute. For example, at a distance of R = 3.5Å,
the differences (not shown) between the two models differ by less than a factor of two. The fact
that the two models tend to the same prediction at larger distances is a good consistency check for
the numerical implementation of both models.

6 Model sensitivity

Another major difference between the local (discontinuous) dielectric model and the nonlocal model
has to do with its sensivity to cavity definition. To study this, we have varied the cavity by shrinking
it by 10%. Recall that the red and cyan domains in Figure 1 depict the solute (i.e., the central
water molecule) and the solvent domain respectively for both origunal and shrunk cases. The thin
layer colored in blue indicates the difference of the solute domains between the original and shrunk
cases. Thus it is treated as a part of the solute in the original case but the solvent in the shrunk
case.

In Figure 5, we show the predictions for the two models for the original solute domain and
for the perturbed solute domain, at a distance of R = 1.8Å from the water centroid. We see
that the local (discontinuous) dielectric model gives a radically different prediction due to the
perturbation, whereas the nonlocal model is not changed very much. To clarify these differences,
we plot the changes in the models due to the perturbation in Figure 6. The perturbations in the
local (discontinuous) dielectric model are an order of magnitude larger than for the nonlocal model.

Another interesting feature of Figure 5 is the distinct discontinuity of the slope of the potential
curve as the angle varies through the point corresponding to the cavity boundary. For the nonlocal
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Figure 6: The perturbations in the potentials for the local (discontinuous) dielectric model (red)
and the nonlocal model (blue) at a distance of R = 1.8Å from the water centroid.

model, a small discontinuity can still be observed, but it is much more drammatic for the local
model.

The reason that the nonlocal model is less sensitive is that it naturally adjusts the effective
dielectric constant when the frequency of the oscillation increases, as occurs near the solute. Thus
a much smaller effective perturbation occurs as a result of the change in the definition of the solute
cavity.

On the other hand, at greater distances from the water centroid, these perturbations are less
pronounced, as depicted in Figure 3 at distances of R = 2.5Å and R = 3Å from the water centroid.
The perturbations in the local (discontinuous) dielectric model are now comparable with those in
the nonlocal model. In fact the differences are a bit larger for the nonlocal model, but the absolute
predictions are also much larger, so the relative perturbation is smaller.

7 Larger solutes

For comparison, we present in Figure 8 results for the electrostatic potential around the protein
BPTI (PDB file 4PTI). The radius of the protein’s circumsphere is 23.05Å. The potentials in Figure
8 are given for a radius of 25Å, that is, 2Å from the surface of the solute. This corresponds to the
radius of about 3.5Å for the water solute case. Even so, we see substantial differences in the
predictions of the two models.

The nonlocal correlation length is set to be 15, and the dielectric constants are still 2 and 80
respectively. In all these calculations as mentioned above, we used quadratic finite elements. The
mesh vertices of water molecule is 62407, the total degree of freedoms is 507025. The mesh vertices
of 4PTI is 34379, the total degree of freedom is 269291. And for nonlocal cases, the total DOFs are
doubled.

We used solvent excluded surface mesh generated by MSMS (for surface triangulations) and
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Figure 7: The protein BPTI (colored in yellow dots and bars) and its molecular surface. The three
circles centered at its centroid with radius 25 Å in the planes XY (red), YZ(blue), and XZ(green)
planes, respectively.
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(a) (b)

Figure 8: Potentials for the nonlocal and discontinuous (local) dielectric models around the protein
BPTI at a distance of R = 25Å from the BPTI centroid in (a) the x − z plane and (b) the x − y
plane.

tetgen (for tetrahedral mesh), the radii of the oxygen and two hydrogens are set to be 1.5 and 1.2
Årespectively.

8 Conclusions

Recent algorithmic advances [9, 10] have made it feasible to compare nonlocal [5] and local [23, 2, 3]
dielectric models. We see that the predictions of the two models can differ substantially near a
solute, although the differences are diminished away from the solute. It should now be possible to
see to what extent nonlocal solvation models yield different predictions in complex systems in which
dielectric behavior plays a role, such as quantum mechanics models [25] and molecular dynamics
simulations [23, 2, 3].
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