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Abstract

Over the past two decades the geosciences have acquired a wealth of new and high qual-
ity data from new and greatly improved observing technologies. These datasets have been
paramount in enabling improved understanding and modeling but have also strikingly demon-
strated important knowledge gaps and the limitations of our current conceptual models to ex-
plain key aspects of these observations. This situation limits progress on questions that have
both fundamental scientific and societal significance, including climate and weather, natu-
ral disaster mitigation, earthquake and volcano dynamics, earth structure and geodynamics,
resource exploration, and planetary evolution. The challenge in modeling accurately these
processes is not only one of computational power. Powerful computations based on existing
models are incapable of reproducing the observations faithfully. Instead, we need to develop
new conceptual approaches to describe the complexities of these natural systems. Essentially,
we need ways to characterize complicated systems that vary strongly in space and time in
ways that are not adequately accounted for in our current paradigms. A four-day workshop in
October 2011 explored this issue and reached a consensus that significant advances can result
from accelerating the traditional interaction between geoscientists, mathematicians, statisti-
cians, and computer scientists. We considered key challenges that confront the geosciences
and major areas of rapid development in mathematics, statistics and computer science that of-
fer the potential for significant advances in meeting these challenges. This type of research
will require combining stochastic and deterministic models, improving methods of model val-
idation and verification, developing inverse methods and techniques for the identification of
extreme events and critical transitions, and formulating novel numerical algorithms and imple-
mentations, along with the greatly enhanced use of data from the rapidly evolving observing
systems. To advance these goals, we propose establishing a geographically distributed but
well-focused institute with a novel operational, educational and training structure that can fos-
ter and promote these valuable interactions.

1 Introduction

The value of the geosciences to the world at large is unquestioned. Understanding and predicting
the behavior of the natural planetary environment in which we thrive, or by which we are threat-
ened, require study of myriad complex systems, features and processes including earth structure
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and geodynamics, weather and climate, ice sheet dynamics, landscape formation and drainage, and
flow in fractured media. The geosciences address natural hazards, e.g., volcanoes, earthquakes, and
hurricanes, that threaten our daily well being. The geosciences also play a key role in issues of
sustainability, as they study many of the natural resources on which society depends.

There are significant hurdles facing many aspects of the geosciences. Geoscientific phenomena and
systems arise from the interaction of many physical processes operating through many scales in a
heterogeneous, complex environment. Describing these processes and their interactions requires
descriptions of incredible complexity and detail. At the same time, certain aspects of geophysical
systems are observable only indirectly or not at all. Likewise, although we have good physical
understanding of some component processes in geophysical systems at some scales of behavior,
we have much less understanding of the interactions of many geophysical processes acting through
the huge range of scales occurring in nature. Moreover, society’s need goes beyond merely under-
standing geophysical systems to developing reliable ability to predict their future behavior, e.g.
where will a hurricane make landfall, where will major earthquakes occur, how will pollutants
released into the ground affect the water supply?

These challenges are not just geoscience research problems, but also important research problems
in mathematics, statistics, and computer science. Thus, advancing the ability of the geosciences
to have an impact on these issues requires substantially increasing their interactions with statistics,
mathematics and computer science.

The central role of mathematics, statistics and computing in the geosciences is broadly recognized.
This role includes description of basic phenomena, modeling of data and processes, synthesis of
experiment and modeling, computation and simulation, analysis of results, prediction of unob-
served behavior, and uncertainty quantification. Although this role exists because statistics and
mathematics are the languages of the sciences, there is also a significant historical connection with
the geosciences. For example, the book Theory of Probability by Jeffreys [47] was one of the most
influential statistics books ever written and is the wellspring for what is often called “objective
Bayesian statistics;” the author was an applied mathematician who mainly worked on geophysical
applications including developing the standard models of the earth’s interior. The connection with
the geosciences has also played a crucial role in the formulation and analysis of paradigmatic mod-
els of chaos and complexity in mathematics [55, 14]. Similarly, the theory of wavelets, which can
be traced back to Haar a century ago, is intertwined with applications in geophysics [65]. More-
over, the demanding requirements of computational models in the geosciences have been a major
driver in the development of all aspects of scientific computation.

In short, the interaction between the geosciences and the mathematical and statistical sciences has
been substantially beneficial to all the fields and for all participants. However, the challenges of
initiating and supporting such tightly interdisciplinary research are well known. Without direct
attention, interdisciplinary research takes place at a glacially slow pace through happenstance col-
laborations. The urgent national problems involving geosciences require a much faster pace of
research. NSF took on this challenge head on over the last ten years through the Collaboration in
the Mathematical Geosciences (CMG) program.

The success of the CMG program has been widely recognized. A two-day workshop in Crystal
City, VA, in September 2011 produced a white paper that summarized results to date and op-
portunities for future collaborations in mathematical geosciences. Nevertheless, the CMG pro-
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gram reached its conclusion without any program following as an obvious successor. Mindful of
the void that was thus created, a four-day workshop was organized in Evanston, IL in October
2011 (http://www.earth.northwestern.edu/people/seth/Mathgeo) to explore
issues related to interactions in the intersection of the mathematical, computer, and geophysical
disciplines and ideas for creating a new support structure for this interdisciplinary enterprise.

The thesis of this whitepaper is that it is critical to build on the substantial advances in the mutually
beneficial and reinforcing interactions between geoscience and the mathematical and statistical
sciences that have been fostered by the CMG program. Since the CMG program began, both
computational resources and observational technologies have exploded, and it has become even
clearer that novel and powerful mathematical and statistical tools can and must play a key role in
taking full advantage of these advances.

Focusing on the mathematical, statistical, and computational problems arising in the context of
addressing geoscientific challenges provides the avenue to bring the expertise of geoscientists to-
gether with that of mathematicians, statisticians and computer scientists in order to develop impor-
tant insights and solve these challenges. Illustrative examples include (i) the relationship between
the computational and theoretical facets of the largest model simulations in the civilian-science
domain [38]; (ii) the need to combine physical data with computational simulations [1]; (iii) un-
derstanding the robustness and predictive capabilities of models of complex phenomena which
operate with incomplete information on contributing processes; (iv) data mining for “surprises” in
huge data sets generated by observational systems or model simulations; (v) prediction of unob-
served (and unobservable) behavior; (vi) uncertainty quantification; (vii) the complementarity of
deterministic and stochastic modeling in multi-scale phenomena.

The success of the CMG program reflects the significant opportunities in geosciences research that
lies in the intersection of computation, mathematics, and statistics. These opportunities are, if any-
thing, greater now than when the CMG program was established. Yet, the October workshop in
Evanston and subsequent discussions also led to the conclusion that further leaps in the descrip-
tion, understanding and prediction of the planetary environment can be achieved most effectively
with an expansion of the CMG framework of small collective grants that involve mathematicians,
statisticians, and geoscientists. This is based on the observation that small grants to individual
small groups may often not be the ideal approach to solving the largest problems facing the geo-
sciences. Not the least issue is the strong interdisciplinary nature of the research, which makes
funding through standard disciplinary programs problematic. Any successor to the CMG should
draw on the best aspects of several NSF programs as well as specifically target the support of
interdisciplinary interactions.

To this end, it seems necessary to create a program that would encompass both higher education
and research, combining the focus of a central institute together with network structures to help
coordinate and leverage the research and education functions of a number of smaller, highly selec-
tive projects. The program would have three components: a central institute, an educational and
research network, and a conventional grant program managed by NSF. These would bring together
talent from the disparate areas of mathematics, statistics, computer science, and the geosciences
to collaborate on focused projects of substantial societal benefit. Such a program would provide a
novel approach to create opportunities to leverage multi-agency governmental support and private
funding. This kind of initiative would not only help advance computation, statistics, mathematics,
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and the geosciences over the next decade, but also serve as an example of how several disciplines
can interact to accelerate progress in key areas of societal concern, such as sustainability in the
broadest sense.

Scientifically, a structure combining interdisciplinary research and education enterprises would
provide the foundation for addressing the major problems that have come to the fore in the geo-
sciences over the last decade. These problems are also of substantial import to the life and social
sciences, and thus to broad issues of sustainability. They are, at the deepest levels, problems that
arise for many highly complex and very heterogeneous systems in the natural and social sciences.
Such systems require bringing to bear a combination of field observations, remote sensing, labora-
tory experiments, model development, large-scale computations, and the mining of huge data sets
in order to gain understanding and predictive skill.

Building on the advances achieved in the CMG program would allow development of the part-
nerships discussed here than would occur otherwise. The urgency of the problems to be solved,
and the likelihood of substantial progress in this broad, but still well focused area, suggests the
approach advocated in this white paper.

We provide first an outline of some of the scientific problems to be tackled, and then we sketch the
operational structure we propose.

2 Geoscience Challenges

The geosciences confront challenges to our existence on a routine basis. They deal with catas-
trophes of biblical proportions on even longer timescales. The field literally attempts to save the
world as a daily objective. Not surprisingly, this effort stretches the limits of our scientific abilities
in many directions.

Geophysics investigations use a wide range of modern tools. Data on some processes can be
obtained now in exquisite detail and overwhelming volume, while others can only be observed
indirectly and infrequently at best. The real complexity of these processes constantly requires
development of increasingly sophisticated quantitative models, often beyond the limit of current
mathematical and statistical understanding. Computational models of increasing sophistication
and complexity exhaust the power of the largest computers.

One of the most striking challenges today is that current conceptual models are incapable of ex-
plaining key observations. For example, we have no clear understanding of why earthquakes within
continents migrate between faults that turn on and off on irregular timescales. We have no idea
why volcanic deformation sometimes continues to a large eruption and in other cases ceases. We
have no idea why the annual number of hurricanes is not ten times greater or ten times less than
it is. It is quite unclear why atmospheric carbon dioxide content varies between glacial and inter-
glacial periods. An ongoing puzzle is how to interpret models of seismic velocity structure derived
from high-resolution tomographic studies in terms of temperature, composition, and rheology that
reflect and control convection in the Earth’s interior and hence the planet’s thermal, chemical, and
mechanical evolution.

The examples below are illustrative, as others could easily have been chosen as well. We focus on
areas that can be well understood by the general public. The emphasis on geophysics as opposed
to other areas of geoscience is illustrative, reflecting the interests of the authors of this report,
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and is not meant to suggest that mathematics, statistics and computation do not play a similarly
fundamental role in other areas.

2.1 Earthquakes

Understanding earthquakes and their hazards is a major challenge, as illustrated by the 2011 To-
hoku earthquake. This was caused by a much larger magnitude quake than most seismologists
expected on this portion of the subduction zone, and produced a much larger tsunami than was
planned for in construction of multi-billion dollar coastal defenses. The prediction of earthquake
locations and hazards within the continents is even more challenging. Despite a long tradition of
using statistical approaches to modeling earthquakes [58, 74, 78], it has become clear in the past
decade that the basic paradigm used to describe earthquake behavior often fails especially within
continents.

This paradigm, developed from studies of earthquakes along plate boundaries like the San An-
dreas Fault, is that faults are loaded at constant rate, giving rise to earthquakes that are spatially
focused and temporally quasi-periodic. However, we are learning that within the continents, tec-
tonic loading is collectively accommodated by a complex system of interacting faults. As a result,
earthquakes can be clustered on a fault for a while and then shift to another, making the past a poor
predictor of the future (Figure 1). This issue was brought to national attention in August 2011 by
an earthquake in Virginia felt over much of the east coast.

	  
Figure 1: Comparison of earthquakes at plate
boundaries (top) and in continental interiors [73].

A striking example of this variability is in North
China, where large (M > 7) earthquakes have
been frequent, but not a single one repeated in
the same place since 1300 A.D. Another is in the
central U.S.’s New Madrid area, where paleoseis-
mic data show a cluster of large earthquakes in
the past millennium but two decades of GPS mea-
surements showing no deformation suggest that the
cluster may be ending. We do not understand what
forces give rise to earthquakes within continents,
the physics of the faults they occur on, or why and
how the earthquakes migrate between faults. We
do not yet know how to integrate seismological,
geodetic, and geological data to understand these
processes. This issue is both fundamental scien-
tifically and of enormous societal significance, be-
cause earthquake hazard assessments used to de-
velop building codes do not incorporate space-time
variability, and so likely overestimate the hazard
in some places and underestimate it elsewhere.
Hence the May 2008 magnitude 7.9 earthquake in
Sichuan, China was particularly destructive (70,000 deaths) because it occurred in an area treated
as having low seismic hazard because the fault had little recent seismicity.
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2.2 Volcanos

Explosive volcanic eruptions [24] have historically been among the most deadly, costly and dif-
ficult to predict geological hazards. One example of societal impacts of explosive eruptions is
the 2010 eruption of the Eyjafjallajökull volcano in Iceland. Airports were closed throughout Eu-
rope leading to over seven million travelers being stranded and losses of up to $1.7 billion. One
new technology for hazards assessment is the emerging field of explosive eruption modeling. As
this requires modeling 3-D turbulent multiphase flow, it is a grand challenge level computational
undertaking. Anticipating the proximal impacts from explosive eruptions requires incorporating
topography with a high degree of fidelity, while modeling the more distal ash fall requires inte-
gration with atmospheric circulation models. Thus explosive eruption models require a multiscale
approach to capture impacts adequately as they unfold in real time. The next generation of explo-
sive eruption models will require new computational approaches and reformulation of the physics
to be useful to hazards officials and planners to enable decision making and crisis management
during volcanic unrest.

	  Figure 2: Earthquake moment release and ground deformation dur-
ing the 1997 Long Valley volcanic episode [57].

In recent years a tremendous
body of volcanic observations is
streaming in from ground-based
and remote sensing instruments
at an accelerating rate. Under-
standing of individual volcanic
processes has improved through
a combination of laboratory ex-
periments, numerical and analyt-
ical models, and field measure-
ments made before, during and af-
ter eruptions. Yet what is glar-
ingly lacking are the conceptual
tools needed to combine data from
a variety of volcanoes, experi-
ments, and models to understand
the fundamental processes con-
trolling how volcanoes work and
what causes their complex erup-
tion pattern in space and time. This limits our ability to accurately forecast future eruptions and
their societal effects. This lack is most severe for calderas (volcanoes that erupt extremely violently
but very infrequently) and continental arc volcanoes, where the largest populations are at risk.

The present empirical approach relies on observing unusual behavior and making plausible assess-
ments based on experience but limited theoretical understanding. This is sometimes very success-
ful, but in other cases fails. A striking case occurred in late 1997 when both seismological and
geodetic data showed significantly increased deformation in the Long Valley, California, caldera
(Figure 2). The resulting volcano alert stating that an eruption might be imminent resulted in
significant tensions with area residents, especially when no eruption occurred.
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2.3 Exploration for energy and mineral resources

The currently available, enormous volume of seismic data used in oil and gas exploration in itself
demands new techniques for effective handling and processing. The petroleum exploration indus-
try has always had mathematicians work with geologists on the processing and analysis of large
volumes of seismic-profiling data. Methods and techniques used in that industry have proven to be
highly effective and efficient at handling large volumes of data but are not directly portable, for var-
ious reasons, to fundamental research in Earth structure. However, this successful implementation
of fusing “math” and “geo” is what we hope to begin formally in the proposed institute.

Already, the unprecedented volume of seismic data has spurred the application of the Radon Trans-
form and other mathematical techniques to image slab folding that looks similar to that observed in
numerical convection modeling. On the other hand, new mathematical techniques based on adjoint
methods allow the use of seismic-tomographic models in reverse geodynamic modeling.

2.4 Earth structure & geodynamics

	  
Figure 3: A generic subduction zone’s S velocities derived from a) fine-
scale geodynamic modeling with realistic composition, petrology, and tem-
perature [32] and b) joint inversion of continental-scale surface waves from
a sparse network of broadband seismic stations and ground-truth Moho
depths (black line). The geodynamic model has the kind of rheological de-
tail that seismology still has to resolve, for which methods and techniques
are in development. The reverse is also true when detail in tomographic
images reveals characteristics not captured easily in convection models,
such as the brittle failure of lithosphere, the variable behavior of slabs in
the transition zone, large-scale compositional anomalies, or upwellings that
start in the mid-mantle.

Mantle convection model-
ing and seismic imaging
of the Earth’s interior have
largely converged upon a
common coarse model for
the structure of, as well
as the processes and forces
inside, the Earth’s man-
tle, which are vitally in-
tertwined with those act-
ing on the lithosphere at
the Earth’s surface (Figure
3). Even so, there are huge
gaps in our understanding
of how the Earth works at
multiple scales. For exam-
ple, we have no idea how
subduction cycles are sus-
tained over billions of years,
or whether the brittle litho-
sphere developing a subduc-
tion zone is in response to processes in the mantle or in the surface lithosphere. It is unclear why
some of the great subducting slabs of lithosphere sometimes descend smoothly through the man-
tle’s phase transition zone, whereas others founder at this transition.

Similarly, the role of upwelling mantle plumes, that form islands like Hawaii and volcanoes like
that under Yellowstone, and their depth of origin is intensely debated. These effects are crucial
for understanding the Earth’s thermal, mechanical, and chemical evolution to its current state. It is
even less clear why our neighboring planets, composed of essentially the same material, evolved
so differently. The relationships between seismic velocity, rheology, composition, viscosity, tem-
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perature, and physical state are complex, non-linear, and discontinuous. Furthermore, images
of Earth structure derived from seismic tomography (based on large travel-time and waveform
datasets) sometimes imply different mantle dynamics than do images of the same region derived
from migrated receiver functions based on dense array datasets, and such significant discrepan-
cies in densely sampled regions (which one might expect to be well resolved) are not yet well
understood. Inverting seismic data directly for geodynamically relevant parameters thus remains
a frontier that can possibly be tackled by new mathematical approaches. Such new approaches
could also benefit the incorporation of more physical complexity into the convection models. At
present these issues are being advanced by exploiting the exponentially increasing volume of seis-
mic data to map the temperature, state, and composition of the Earth’s interior and using the results
to develop models of the relevant processes.

2.5 Forecasting hurricanes today and in a warmer world

Hurricane prediction is still very uncertain, though progress has been made in the past decade
with respect to both track and storm surge prediction through the use of improved mathematical
and numerical models, and advances in computer hardware. The state of the art involves using
different simulation codes which often suggest conflicting hurricane tracks. Predictions thus are
made by experts who review these various simulations. Advances in the models that improve their
predictions would be of significant value. For example, the unnecessary evacuation of more than
two million people from the New York area could have been avoided if the effects of Hurricane
Irene in August 2011 were better predicted.

Surge prediction is done usually by one model, SLOSH, based on the predicted track, using data
from an ensemble of similar hurricanes. Regionally, different states are starting to run their own
models to compare to SLOSH results. In Texas, Louisiana and North Carolina, ADCIRC is run
as a forecast model for hurricane storm surge and compared with the results of what SLOSH is
predicting. Thus it would be of interest to do more research on predictive simulation models to
augment the current data-driven approach.

Despite these gains, improvements in the ability to predict hurricane intensity has seen little
progress in 20 years. Hurricane hindcasting (i.e., studying past hurricanes to understand poten-
tial future hurricanes) is equally important, as these studies are used to understand failures of surge
protection systems, assess coastal risk to future hurricanes, and develop new protection systems
(Figure 4).

In the wake of hurricane Katrina, there are more heated debates about the possible increasing
frequency and ferocity of hurricanes and their possible connection to global warming. These urgent
questions are drawing the attention of climate scientists on the one hand and hurricane and weather
forecasters on the other. This is a problem of great mathematical, statistical and computational
interest that involves both thermodynamics and fluid dynamics on many spatial and temporal scales
accompanied by a plethora of micro-physical phenomena.

2.6 Climate systems and global warming

Many unanswered questions remain concerning the Earth’s atmospheric-oceanic system and the
different forcings the Earth is subjected to. There is a great need for new mathematical inroads
into the formulation of this multiscale initial-boundary value problem. The main physical issues
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Figure 4: Hurricane hindcast results using ADCIRC in the northern Gulf of Mexico, with panels of: (left)
maximum storm surge during Hurricane Gustav [22]; and (right) comparison of measured-to-modeled peak
surge levels at gauge locations during the four recent storms (Katrina, Rita, Gustav and Ike), with 85 percent
of the gauge locations having errors less than 0.5m.

involve ocean heat storage, aerosol radiative forcing, and cloud feedbacks, as well as internal
variability of the climate system. It is believed that, to a large extent, the latter is behind the cold
spells in Europe and China experienced in the winter of 2010 and the heat wave over western
Russia and the floods in Pakistan in the summer of 2011.

The role played by the spatial and temporal variations of the coefficients connected with the ther-
modynamic and transport properties of the governing system of partial differential equations has
not been considered in a systematic manner. Recent advances on the theory of pseudo-differential
operators can help to shed light on these matters.

A related key question here is that of climate sensitivity. The first attempts at estimating climate
sensitivity to changes in the forcing, over 30 years ago, assumed a climate system in equilibrium.
More recently, the Intergovernmental Panel on Climate Change [72] focused on estimates of cli-
mate evolution over the coming century. These estimates still differ by several degrees, even for a
prescribed scenario of increases in greenhouse gases and aerosol concentrations. This uncertainty,
among others, motivates attempts at a mathematical approach that can deal with anthropogenic
impacts on a climate system that is out of equilibrium, i.e., with the interaction between time-
dependent forcing and natural climate variability.

2.7 Ice sheet dynamics

The dynamic response of marine ice sheets is one of the largest sources of uncertainty in sea level
rise predictions on the century time scale [6, 52]. On short to moderate time scales, heat transfer
caused by ocean circulation underneath ice shelves is the dominant mechanism through which the
global climate influences ice sheets [46, 48, 44, 8, 61]. The most dynamic regions are found at
large outlet glaciers where the bed is deep beneath sea level, slopes upward toward the ocean, and
where there is a ready source of circumpolar deep water. An upward-sloping bed is the source of a
dynamic instability [69, 81] which is the only known mechanism capable of describing the rapid ice
sheet collapse and associated sea level rise events in the historical record [68]. This recipe for ice
sheet collapse is most clearly satisfied by the Pine Island and Thwaites Glaciers in the Amundson
Sea region of West Antarctica. These two deep, wide, outlet glaciers have upward-sloping beds
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that extend for hundreds of kilometers into catchment basins containing sufficient ice to raise mean
global sea level by nearly one meter [77, 45].

2.8 Landscape formation and drainage

Understanding landscape evolution and the transport of environmental fluxes over the lands’ sur-
face, and within the complex river networks that drain the landscape, are both scientifically and
societally important problems. Equally important is the understanding of how these landscapes
will respond to natural (e.g., climate change) and human (e.g., land-use) induced changes. The
growing availability of high resolution topographic data from laser (LiDAR) and radar (InSAR)
methods encourages investigators to model landscapes at a comparably fine spatial scale, so that
the topographic data can be compared with model predictions or used as initial conditions. It re-
mains a challenge to resolve fine-scale features such as individual hill slopes, channel initiation
points, and channel river bank morphology, which are important for modeling sediment trans-
port [60]. The fact that sediment transport laws have strong nonlinearities compounds the already
difficult problem of solving integro-differential equations for fluvial sediment transport on large
numerical meshes, due to local mass drainage. At the same time, new emerging theories of non-
locality promise new insights on the evolution of landscapes and the transport of sediment and
other fluxes within media that have variability over a large range of scales, up to the scale of the
system itself [29]. Many unsolved issues in this burgeoning field of landscape evolution and its
response to change are ripe for mathematicians to explore and formulate as initial-boundary value
problems.

2.9 Flow in fractured media

A crucial class of environmental issues involves the role of groundwater and other fluids. Fluid
flow transports dissolved minerals, colloids, and contaminants, sometimes over long distances. It
mediates dissolution and precipitation processes and enables chemical transformations in solution
and at mineral surfaces. Although the complex geometries of fracture apertures, fracture networks,
and pore spaces make it difficult to accurately predict fluid flow in subsurface systems, some nu-
merical methods are available. Simulation of multiphase fluid flow in the subsurface is much
more challenging because of the large density and/or viscosity ratios found in important applica-
tions (for example water/air in the vadose zone; water/oil, water/gas, gas/oil, and water/oil/gas in
hydrocarbon reservoirs; and gas/molten rock in volcanic systems. There remains a need for im-
provement in the numerical simulations of fluid flow in fractured media besides the usual tools of
Lattice Boltzmann methods, particle methods (molecular dynamics, dissipative particle dynamics
and smoothed particle hydrodynamics) and traditional grid-based Eulerian schemes coupled with
interface tracking, as well as a need for more effective models such as for moving contact lines and
angles.

2.10 Integration with energy issues

Assessment of the remaining amounts of fossil fuel and other valuable mineral resources is a
crucial topic. Prediction of the oil remaining was first made by K. Hubbert in the 1950’s. Such
analysis can be better addressed with modern statistical, physical and filtering tools. Predicting the
trends of energy resources requires greater interaction between geophysicists versed in complex
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systems and statisticians armed with state-of-the-art tools. Such collaboration can attempt to better
answer many questions about the depletion of fossil fuels including the timeline, possible effects,
and their uncertainties.

2.11 Other areas

We could similarly list issues related to modeling rivers, flood plains, beach erosion, atmospheric–
ocean interactions, and air and water pollution.

3 Challenges in mathematics, statistics and computation

Although the examples presented illustrate a diverse range of different physical phenomena [59],
the challenges involved with their study share some common features. All involve a complex
system that evolves from the interaction of a number of physical processes at a large range of
spatial and temporal scales. Describing these processes and their interactions requires descriptions
of incredible complexity and detail, yet we are able to observe and measure only certain aspects
of these systems at a limited range of scales, with limited precision, and with observational error.
Likewise, we understand some of the component processes well in isolation, but have much less
understanding of the complete picture.

Moreover, studies of these different examples share some common goals. Perhaps the most impor-
tant in practical terms is the need to predict the future behavior of the system. Those predictions
are needed to mitigate the potentially devastating consequences of natural hazards. For example,
improved earthquake and hurricane hazard assessments can save billions of dollars by applying
resources wisely where they will do the most good. More precisely, there are two separate issues
to be addressed: improving prediction of the occurrence and consequences of specific events and
improving probabilistic hazard assessment for a distribution of potential events.

Mathematics, statistics, and computation enter into every phase of these studies. They are crucial
for describing basic phenomena, modeling of data and processes, synthesizing experimental and
modeling results, computation and simulation, data analysis, predicting unobserved behavior, and
uncertainty quantification. Each of these topics involves new technical challenges whose impor-
tance reflects the significance of the underlying geoscientific problem.

We provide here a glimpse of the mathematical, statistical and computational challenges that arise
in the context of interactions with geoscience applications. While we have focused previously
on ways in which mathematical, statistical and computational research can contribute to the geo-
sciences, we now describe why the collaboration can be beneficial to the collaborators who work
mainly in these areas.

3.1 Data issues

Over the past two decades, the earth sciences have acquired a wealth of high quality data from
new and greatly improved observing systems. For example, GPS can measure ground deforma-
tion at rates below 1 mm/yr. Broadband digital seismic systems record ground motion data with
previously unimaginable fidelity and with unprecedented spatial sampling that virtually captures
the entire wave field. Satellite imaging radars show how deformation around volcanoes evolves
with space and time. Space-based altimetry and other technologies yield clear views of previously
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unobservable oceanographic processes.

Distinctive challenges arise from the very nature of geoscientific data. Characteristic features of
these data include the following.

• The data composition is often complex, e.g. there may be highly nonlinear dependencies
between different sources of data and observations and the data may be from moving sources.
• Investigating a geoscientific system involves analysis that integrates different types of data

from different component processes acting at different scales.
• Data may be irregularly sampled in space or time, and many data may be missing (censored)

or corrupted.
• Data are often high dimensional.
• Data are typically obtained from indirect observations, e.g. remote sensing and imaging

techniques, and at different scales, and the data must undergo significant processing, e.g.
dimension reduction, to be used for study of the underlying physical system.

Much of modern statistical research is driven by the challenges of analyzing data with these char-
acteristics. The fairly new field of machine learning, which bridges computer science and statistics,
has largely emerged in response to the growing ubiquity of large, high-dimensional datasets.

The challenge is not one of mere computational power. Powerful computations based on existing
techniques are incapable of resolving these issues. Instead, we need to develop new conceptual
approaches to describe the complexities of natural systems as expressed in the data collected from
diverse sources and at diverse spatio-temporal scales. Essentially, we need to characterize systems
that vary strongly in space and time in ways not accounted for in current paradigms.

Historically, solutions to such difficulties have arisen from the application of mathematical and sta-
tistical methods not previously adapted to geoscience issues. Many examples could be given, but in
seismic exploration alone advances in data quality since the 1950s have driven the highly success-
ful application of previously unused mathematical techniques including Wiener filtering, inverse
scattering, and Radon transforms. Treatment of future geoscientific data will require utilization
of even more novel mathematical techniques and will stimulate the development of complex and
novel tools from mathematics, statistics and computer science.

One example from among many is the emerging use of geometric techniques in statistical analysis
of large data sets. Tensors provide a natural representation for complex, high-dimensional data
[53]. The study of the mathematical properties of tensors is an exciting new field. Even the most
basic questions are not fully resolved [16]. Tensors generalize vectors and matrices, and concepts
like tensor eigenproblems have important applications [25]. There are actually two different ten-
sor eigenvalue problems that arise naturally [63, 64]. Tensor decompositions provide important
insight for data summarization and analysis [50]. One major challenge is how to compute de-
compositions efficiently with high-dimensional, sparse data. Despite the fact that there is enough
memory to store both the input tensors and the factorized output tensors, memory overflows oc-
cur during the tensor factorization process, since tensor decomposition is far more complex than
matrix decomposition. Further advances in these basic mathematical questions and related algo-
rithmic developments can be expected to have lasting impact on the geosciences and other fields.
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3.2 Modeling issues

Modeling lies at the center of the interaction between the geosciences and mathematical sciences.
Successful modeling requires many subtle choices, which often makes model-building as much art
as science. However, approximating solutions of a mathematical model, checking that it reliability
describes the underlying physical system, and using the model to make predictions of quantities
of interest on which scientific conclusions can be drawn, puts modeling squarely into the realm of
the mathematical sciences.

Models can be characterized by the extent to which the physics and interactions of component
processes are resolved or described. Physical models in geoscience involve fluids, solids, radiation,
and indeed everything under the sun, coupled into incredibly complex systems. The geosciences
push physical modeling to its extremes. For a few examples, consider the following.

• Understanding the formation of craters on Earth’s surface requires the study of extreme
behavior of materials.
• The formation of clouds is pivotal for both climate models and daily weather forecasts, yet

the fundamental physics is still being revealed.
• Climate models need to extend over time scales on the order of several millennia to address

possible anthropogenic impacts, yielding a novel challenge to understand the reliability of
long time predictions.
• Mantle convection is a determining factor in both earthquakes and volcano eruptions, but the

properties of the materials involved are poorly understood.
• Rheological models have a long history, yet mathematical understanding of them is still

being developed actively.

Addressing these problems will create research opportunities in statistics, mathematics and com-
puting that will benefit the cores of these disciplines and not just their interfaces with the geo-
sciences.

The science of useful models Deterministic mathematical models used in science and engineer-
ing are constructed primarily based on physical arguments. Many stochastic models, such as stan-
dard models for earthquake occurrences and their magnitudes, also have a firm physical basis. The
underlying physical intuition can be strong, leading modelers to expect that a mathematical model
built on sound physical principles must also be mathematically sound. At a minimum, this means
that the mathematical problem based on a given model yields unique solutions that change contin-
uously with the data and parameters in the problem. In general, scientific application also demands
models that can be approximated computationally. Yet, it is well known in the mathematical com-
munity that some plausible looking mathematical equations lack even the most basic credibility,
i.e., local solvability. The danger of this happening increases dramatically in the context of novel
physics or when constructing complicated models of very complex multiphysics systems. One
example at the leading edge of mathematical understanding are rheological models [37].

Thus, the issues of existence, uniqueness, and well-posedness of mathematical problem based
on given models, their asymptotic behavior, and other fundamental mathematical properties are of
paramount importance to modeling in geosciences. In classic mathematical theory, these issues are
studied in a setting where the model is supposed to represent all relevant variables unambiguously,
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and the pointwise space-time behavior, measured in a norm in suitable solution spaces, is of central
interest.

The actual use of models in any science is far more complicated. The famous statistician George
E. P. Box put this succinctly,

“. . . all models are approximations. Essentially, all models are wrong, but some are
useful. However, the approximate nature of the model must always be borne in mind
. . .” [11]

For one thing, processes including weather, earthquakes, turbulence, and tsunamis are too complex
physically to allow inclusion of all relevant aspects in a model. Consequently, any practical model
involves some level of simplification and/or elimination of complexity. Often complex models are
constructed by combining simpler models of physical processes operating at some restricted range
of scales or for some range of parameter values.

The modeling process is complicated by computational limitations. The most complex models,
e.g. involving differential, integral, or computationally intensive discrete models, generally require
discretizations sufficiently refined to approximate solutions to represent the physics implicit in the
models. However, computational limitations often restrict the discretization levels that can be used.
For example, in global climate models run on century-long time scales, there is no pretense that
the mesh size is sufficiently small to obtain a solution that is close to the solution of the weather
models lying at the heart of the climate model. Similarly, daily forecasts typically do not resolve
the physics of cloud formation. Simulations for earthquake behavior often lack full details of the
material descriptions of the Earth.

As a result, reduced models are created to compute particular aspects of Earth systems. The goal
may be to describe the behavior of a system pointwise over some region in space over some time
period, but more often what is desired is information about important trends or bulk behavior.
Modeling such specific information may not require detailed local information about the system.
For example, we may describe groundwater flow accurately over regions of the size of counties
without computing flow accurately at scales of the soil particles.

These issues raise many interesting, challenging mathematical questions: What features do ap-
proximate models get right and how accurate are they? Does a model accurately represent the
sensitivity of the physical system? What can we prove about relationships between models? If
we add more physics, but then need to restrict discretization resolution, are we gaining or losing
ground? Are there demonstrable advantages in combining results from different models and/or
different approximations? Are there new types of hybrid approximations that are more robust with
respect to discretization?

These mathematical issues are illustrated by several areas of active modeling:

Multiscale modeling Multiscale modeling, e.g. constructing mathematical descriptions of sys-
tems composed of physical processes acting and interacting through a wide range of scales, has
become prominent. In such cases, model properties depend critically on mechanisms used to cou-
ple models at different scales, how information is passed between scales, how physical processes
are described, and the actual physics of coupling. Often, models at one scale involve significant
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simplification. For example, fine scale processes are often “parameterized” in some relatively sim-
ple fashion, and the parameterization is then used in models at other scales. In other applications,
we pose constitutive relations at scales with little or no information on how to construct those rela-
tions. In many situations, the level of detail about fine scale processes depends on the discretization
resolution. Derivation of sub-grid scale closures, methodologies for non-linear data assimilation
using model outputs and observations at multiple scales, and deriving conceptual models that can
reproduce scale invariance or self-similarity observed in many natural processes are still lacking.

Stochastic models of nonstationary processes Analogous issues are also relevant for stochastic
models. Statistics for space-time processes is a rapidly growing area in statistics that is largely
driven by geoscience applications [20]. Statistical inference requires some notion of replication
of circumstances over which averages make sense. For random processes, replication is a con-
sequence of stationarity. Many geophysical processes are obviously nonstationary in space (e.g.,
earthquake occurrences, ozone concentrations in the stratosphere) but may often be approximately
stationary in time (within a season for processes with seasonal effects), so that by observing the
system over a sufficiently long time period, one can infer its statistical properties. Also, some fea-
tures of a complex system may be stationary even though the underlying system does not behave
that way.

Statistical approaches for processes that are stationary in neither time nor space are not well devel-
oped. However, the need is clear in many applications, especially as the increasing availability of
high frequency data in fields such as meteorology and pollution monitoring make the shortcomings
of models that are stationary in time apparent. This need for new models and methods to take ac-
count of nonstationarity in time applies both to random fields (e.g., Gaussian processes) and point
process models, such as for the propensity of earthquakes to occur along some faults, which ap-
pears to vary over long time scales. Fitting nonstationary models is already a major challenge, but
prediction or forecasting, which is often of paramount interest (e.g., in short-term wind forecasts
for wind power generation [41]), is made especially challenging by nonstationarities in time and
requires models in which one can make a statistical assessment of the state of the system in the
future. Mathematical frameworks for studying the properties of statistical procedures for space-
time processes that are nonstationary in both space and time need to be developed. Ongoing work
on nonstationary time series (e.g., [21, 56]) and nonstationary spatial processes (e.g., [2, 43, 67])
could serve as a launching point for the advances required.

Combining stochastic and deterministic models Extremely challenging mathematical questions
about the meaning of models arise when stochastic and deterministic models are combined. In-
deed, the very meaning of coupling such models requires investigation, since they often provide
fundamentally different descriptions of the same phenomena. This subject is absolutely essential
to modeling in geosciences, yet because it lies between mathematics and statistics, it has its own
interdisciplinary challenges. To illustrate here, we describe stochastic sensitivity analysis briefly.

Stochastic sensitivity analysis seems ideally suited to deal with the problem of climate sensitivity,
as outlined in Section 2.6. To see this note that, in the geosciences, there have been two dominant
paradigms for modeling evolution problems and for predictability studies: the nonlinear determin-
istic one ([55, 70, 66]) and the linear, stochastic one ([27, 40]). Clearly, the atmosphere, oceans and
other evolving parts of the Earth system are neither deterministic nor stochastic: only our models
are. It is thus important to develop an integrated modeling and sensitivity framework that allows
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for both nonlinearity and stochasticity [3, 34].

In this framework of random dynamical systems (RDS), the strange attractors of the nonlinear
deterministic approach for autonomous systems become random attractors that evolve themselves
in time. Such time-dependent, attracting objects are well adapted to capturing the behavior of
forced systems, like the climate system or other Earth systems. The mathematically interesting,
as well as geoscientifically useful character of random attractors is illustrated in Figure 5 for the
randomly perturbed Lorenz [55] model.

Figure 5: Four snapshots of the stochastically perturbed Lorenz
[55] model’s random attractor A(ω) and the invariant measure
ν(ω) supported on it. Notice the complex, interlaced filament
structures between highly (yellow) and moderately (red) populated
regions [18].

Sensitivity theory in this setting
studies the invariant measures on
these random attractors and the
Wasserstein distance between them.
Figure 6 illustrates — in a highly
simplified, idealized way — how
the response of the climate system
might differ, depending on its be-
ing in equilibrium or not. In prin-
ciple, studying the sensitivity of a
fixed point only requires classical
linearization methods while that of
a limit cycle requires only Floquet
theory. But an out-of-equilibrium
behavior that is more complicated
than periodic requires the type of
RDS approach outlined herein [17,
34].

In certain cases, the invariant mea-
sures are very sharply peaked in the
model’s phase space, with the peak
moving in a fairly regular, smooth
manner along the strange attractor
[17]. This result holds consider-
able hope for extended predictabil-
ity across several scales of motion.

Model verification and validation The issues of simulation verification, validation (where ap-
propriate) and evaluation are relevant here. Verification relates to the discretization accuracy (and
the software correctness) on which the simulations are based. Validation describes how well the
model simulations actually describe the intended physics. In settings in which full validation of a
model for some of its intended uses is not realistic, e.g., general circulation models (GCMs) for
predicting climate change, a process of model evaluation is still essential in advancing the science.
It is important to consider model experiments that can be used to calibrate simulation codes. For
example, experiments with granular materials can be done on a benchtop, yet they challenge exist-
ing computational methodology [80]. Simulations of the extreme physical conditions of impacts,
e.g., in planetary formation and asteroid collision with planets, can potentially be calibrated using

16



laboratory experiments for code verification. Uncertainty quantification (Section 3.6) will play a
significant role here.

Figure 6: Climate sensitivity for (a) an equi-
librium model and (b) a nonequilibrium, os-
cillatory model: as a forcing parameter (atmo-
spheric CO2 concentration, dash-dotted line)
changes suddenly, global temperature (heavy
solid) undergoes a transition. In (a) only the
mean temperature (still heavy solid) changes;
in (b) the oscillations amplitude can also de-
crease (upper panel), increase (lower panel)
or stay the same, while the the mean (light
dashed) adjusts as it does in panel (a). From
[33].

Model validation is also critically important in the
construction of models. When a model is derived to
be valid over a particular range of parameters, it is im-
portant to know if the resulting model achieves these
goals [9]. Similarly, different models may be available
to model the same phenomena, and it can be possible
to compare the models using analytical tools that clar-
ify their relation [10].

3.3 Inverse problems

Many scientific problems in the geosciences can be
expressed as an inverse problem for a mathematical
or statistical model, and the formulation and solution
of inverse problems is a critically important subject
for the geosciences. This is also an interdisciplinary
area of research that lies squarely between mathe-
matics, science, and statistics, and a driving need for
the establishment of mechanisms to support interdis-
ciplinary research.

The abstract mathematical formulation of an inverse
problem for a map between an input space and an out-
put space is to determine the possible inputs that cor-
respond to a given output value of the map. In many
situations, the physical quantities that characterize a
system are often not directly observable, but instead
are related through some, possibly unknown, map to
quantities that can be observed and measured. In this
context, the inverse problem is to infer information
about the desired physical quantities from data on the
observable quantities.

This latter application of inverse problems is particu-
larly relevant to geosciences. For example, consider:

Determining porosity Inferring the porosity of the ground using data about how fluid flows through
the soil.

Fitting a model Determining the parameters in a model that produce the best fit to a given set of
data.

Locating the epicenter of an earthquake Determining the epicenter of an earthquake using seis-
mic data.

Structure of the earth Inferring the structure of the earth using observations about vibrations, e.g.
from seismic events and explosions.
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Image analysis Classifying regions of a satellite image of the earth according to areas of water,
forest, agricultural land, dessert, and urban developments.

There are many more examples. Indeed, it is hard not to discover an inverse problem at the heart
of nearly any scientific or engineering enterprise in general. The need to discover new ways to
analyze and solve inverse problems in the geosciences is becoming particularly urgent as new
measurement techniques and new data sets are becoming available at a rapid rate.

But the ubiquitous nature of inverse problems belie the very difficult computational, mathematical,
and statistical challenges associated with their formulation, analysis, and solution. The challenges
begin with the very nature of the solution of an inverse problem. A map between two spaces is
typically assumed to be a function, so that each input value corresponds to a unique output value.
Hence, the solution of the forward problem for a map raises no conceptual difficulties: the map
is evaluated for a given set of inputs. In contrast, however, different input values are generally
permitted to map to the same output value. Hence, there is a natural indeterminacy associated with
an inverse problems for a map as the solution of an inverse problem for a map is generally a set
or equivalence class of values. This is often labeled as nonuniqueness. Indeed, in many cases, the
input and output spaces are of different dimensions, e.g. the forward map is commonly “many-to-
one” meaning it maps a relatively high dimensional input space to a one dimensional output space,
or the input and output spaces may be infinite dimensional, e.g. spaces of functions with different
properties. Another serious complication is the fact that in most situations of practical interest, the
forward map is determined implicitly, e.g. by solving a differential or integral equation.

Inverse problems may be interpreted and formulated both from mathematical and statistical points
of view, with notation, language, and solution techniques that vary considerably between the two.
Moreover, in both disciplines, there are many variations of inverse problems that arise in geosci-
entific applications. Hence, the exact nature of an inverse problem, the technical and practical
difficulties it raises, and the form of a solution depends critically on the underlying scientific prob-
lem, the nature of the map or model involved, and the kinds of data and information about the data
that is available.

The purely disciplinary approaches to the formulation and solution of inverse problems, e.g., reg-
ularization, Bayesian inference, and frequentist approaches, struggle in the face of the realities of
the typical inverse problems encountered in the geosciences. These realities include such issues as
the following.

• All data are noisy in nature, both because of inherent stochastic nature and due to errors
and uncertainty, e.g., from measurement. The relationship between measurements and the
physical quantity of interest may involve nonlinearities depending on unobserved aspects
of the system and complex spatial and temporal dependencies. Measurements taken using
remote sensing instruments are especially prone to these types of complexities.
• Models are only approximate and there may be systematic biases introduced from the mod-

eling process.
• Model evaluation generally involves expensive numerical approximation, which may intro-

duce additional biases.
• Models may yield highly nonlinear maps that induce complex stochastic structure on the

solution space.

18



• Models may have a stochastic nature in addition to the stochastic input data.
• Input and output domains may include singularities and critical points where model behavior

changes drastically or abruptly.
• Inverse problems are often ill-conditioned, meaning that small changes in the provided data

can lead to large changes in the solution. This is related to the issue of nonuniqueness of
solutions.

Overcoming challenges such as these requires an interdisciplinary approach making use of all
possible mathematical and statistical tools and ways of thinking.

3.4 Fusing data with models

The problem of investigating and predicting the behavior of a geoscientific system is affected by
several practical issues:

• We generally only have models for some component processes of the system and observa-
tions and data for some other processes. We can neither write down a full mathematical
description of the complete system, nor can we gather data about all aspects of the system at
all scales.
• Often, only indirect observations of the system are available, so we cannot collect data on

the quantities that can be modeled.
• In some cases, we can only gather sparse amounts of data or compute a relatively low number

of model solutions.

For this reason, investigation of a geoscientific system often requires combining (“fusing”) math-
ematical models with experimental and observational data [1].

For example, the problem of data assimilation is aimed at combining partial and inaccurate infor-
mation from observing the evolution of a system with equally incomplete and imperfect, semi-
empirical models of the evolution of one or several components of the system. The need for such a
combination in the earth sciences became apparent in the late 1960s, once the first meteorological
satellites were able to provide observations in continuous time, rather than in the previously es-
tablished “synoptic” mode, at noon and midnight Greenwich time [5]. Short “video loops” of the
atmosphere generated by assimilating data over several hours or several days have been used now
for several decades in numerical weather prediction. Two complementary approaches have been
popularized in this setting: the sequential estimation or “Kalman filtering” approach [5, 35] and
the variational or adjoint-method approach [23]. These two approaches have been applied to other
parts of the Earth system, like the oceans [36] or the Van Allen radiation belts [51]. In doing so,
they have been extended to “full-length movies” of the climate over several months or years of the
medium in motion, as well as to estimating model parameters that cannot be directly observed —
like the coupling parameters between ocean and atmospheric models — rather than just the state
of the system.

The general problem of data-model fusion opens up difficult mathematical, statistical, and com-
putational research problems. Hence, it is an area where interdisciplinary research is especially
critical. Promising approaches to data-model fusion are based on extending statistical or math-
ematical techniques to treat complex geosciences systems. While such ideas have a strong intu-
itional foundation, it can be very difficult to prove that the techniques work, making reliability of
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the approaches a serious issue.

3.5 Rare events

Rare events may refer to events that are unlikely to occur during the time scale of observation
or simulation of a system, or events that are unlikely to be seen over any single observation of a
system. In many cases, rare events are of interest either because they are associated with huge so-
cietal costs or because, despite their rarity on the observation or simulation time scale, they occur
relatively frequently on the larger time scales over which important system behavior occurs. Rare
events present themselves in an extensive array of geoscience-related problems. Examples include
global warming, hazard prediction for CO2 and nuclear waste storage, prediction of extreme geo-
logical events like earthquakes and volcanic eruptions, prediction of extreme weather events like
hurricanes, prediction of extreme climate events like droughts, deep time analysis (analysis of the
geologic record), and discovery of extra terrestrial life and life in extreme environments. In most
of these problems, a rare event is precisely the characteristic of the system that is of most interest.
In many cases these events cannot be reliably modeled. For example, the nucleation of a hurricane
is not yet well understood. Further, even in situations where accurate models are available, sim-
ulation of the rare event of interest may be computationally infeasible. Thus a full understanding
of the physical mechanism behind a particular rare event or even just some skill in predicting the
event elude straightforward simulation.

Treatment of rare events in geoscience applications involves a set of unique challenges, and signif-
icant effort will be required to develop rare event tools to solve these (for a geophysical application
of rare event tools see [76]). Recent advances in rare event simulation and analysis techniques
offer the promise of overcoming some of the computational challenges posed by rare events in
geoscience applications (see e.g. [26, 79, 42, 75, 30]). These techniques fall into two basic cate-
gories: path finding techniques and simulation techniques. Path finding techniques (see e.g. [42])
search for a trajectory or collection of trajectories by which a dynamical system is most likely
to undergo a particular rare transition. These methods provide important information about the
mechanism of a rare transition but do not directly provide statistical information like the rate at
which one can expect the event to occur. Rare event simulation methods seek to bias a system so
that the event of interest becomes more frequent in a way that allows one to accurately estimate
characteristics of the original (unbiased) system (see e.g. [13, 75]). Careful design and analysis of
these methods requires sophisticated mathematical tools.

3.6 Risk analysis and uncertainty quantification

Natural disasters, such as earthquakes, tsunamis, hurricanes, and extreme flooding, strike often
without, or with very short, warning, causing great loss of life and property damage amounting
to billions of dollars. During this past decade, we have witnessed the great magnitude 9.3 In-
dian Ocean earthquake and tsunami of 2004, Hurricane Katrina (2005), the tsunami of September
2009 at American Samoa after a magnitude 8.0 earthquake, the March 2011 Japanese earthquake
and tsunami that tragically damaged a nuclear reactor facility, and the 2011 Thailand flooding
which, in addition to the resulting death and destruction, had worldwide impacts on supply chains.
An important and yet unresolved issue is how to realistically assess the probability of such rare
events, especially when the probability is changing in time as well as space, as may be the case

20



for hurricanes or earthquakes. Additionally, the probability of future destructive weather events
is complicated by the fact that climate is non-stationary and any probability estimate would need
to account for changes in behavior due to climate change. Developing policies to mitigate such
disasters is crucial for the public, government, and the insurance industry.

Advances in modeling can provide high fidelity numerical simulations of earthquakes, tsunami
wave propagation, hurricanes and tornadoes. These are crucial for assessing the nature and magni-
tude of the risks in different areas. These modeling efforts are connected to advances in forecasting
and sensor technology, as well as web technology for public information availability.

Uncertainty quantification (UQ) research must be a systematic component of any geosciences re-
search. Its basic goal is to quantify the effects of uncertainty and error on simulated or predicted
behavior of earth systems. It may involve forward deterministic and stochastic sensitivity analysis,
inverse problems for parameter/data determination, and data assimilation and prediction, in order
to treat the effects of error and stochastic variation in data and parameters. It should also treat any
source of deterministic or stochastic discretization error, as numerical error is always significant in
complex geoscientific simulations. Finally, UQ must also treat model error, including errors that
arise from a lack of knowledge about the system. The latter sources of uncertainty are devilishly
difficult to quantify. It is important that UQ be applied to the information of interest to be computed
from a model, often some nonlinear functional of the model output.

Uncertainty quantification for complex numerical models is a burgeoning field with broad applica-
bility throughout the geosciences. For example, uncertainty quantification for climate projections
based on GCMs is one of the most critical societal problems faced by the scientific community.
Because we are asking the models to tell us about the climate at levels of greenhouse gases for
which we have no direct observations, comparing model output to observations is an inadequate
tool for assessing model veracity. A statistical approach to assessing this uncertainty is to study
variations in output across climate models [71], but such an approach ignores errors due to com-
mon problems across all models and does not address some mathematical issues. Because any
purely empirical approach to uncertainty quantification for severe extrapolations from observed
conditions will have the same problem, it is essential to apply new theoretical approaches to inves-
tigating possible ranges of errors in climate projections.

Another area in which further uncertainty quantification is desperately needed is assessing earth-
quake hazards. Earthquake hazard maps are used to specify building codes for earthquake-resistant
construction. However, we know little about the uncertainties of such maps beyond the fact that
they often fail to predict what actually occurs. The corresponding approach for tsunami modeling
faces many of the same issues [39, 31].

3.7 Computational issues

The vast majority of future theoretical studies in the geosciences will rely heavily on computational
solution of models. However, numerical solution of these models is one of the most computation-
ally daunting challenges in science and engineering. As a result, geoscience applications have
been one of the main drivers for research in computational mathematics and high performance
computing [19, 49].

Geoscience models involve coupled physical processes acting through different scales on complex,
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heterogeneous domains and in mixtures of materials with markedly different properties, and this
greatly complicates numerical simulation [28]. Stability and convergence analysis becomes much
more complicated; choosing suitable function spaces and operator formulation for analysis can
be very difficult, and the stability of a complex system depends on a subtle balance among the
stability properties of the various physical components. In addition, passing quantities between
model components may result in a loss of information or the artificial amplification of errors,
and the nonlinear nature of the interactions can make solving the discrete equations a delicate
issue. Treating the full complexity of physical domains leads to additional issues, such as solving
partial differential equations on manifolds, on domains with interfaces, or on domains with highly
irregular or implicitly defined boundaries.

Additional complications arise from strategies designed to circumvent the practical limits on nu-
merical resolution [15, 4]. Nonuniform and locally refined meshes are often used to provide locally
increased resolution in regions critical to accuracy. An important issue in these approaches is deter-
mining where increased resolution is needed. It is possible in model problems to predict the local
(numerical) errors and to guide mesh refinement to achieve optimal approximation. Although this
can complicate the development of optimal order numerical solution algorithms, these techniques
are being successfully co-designed [12].

Likewise, time integration methods may combine explicit, implicit, and semi-implicit methods.
It is common to use multiresolution integration techniques as well as numerical approaches that
involve coupling together different codes. Each of these choices can introduce additional numerical
errors. Dynamic adaptive mesh refinement and coarsening is important for simulating mantle
convection and the geodynamo for resolving evolving plume structures.

Another significant research issue in computational geosciences is the design of scalable (parallel)
preconditioners and solvers for the massive set of discrete equations that strive to provide optimal
simulation complexity. Although this is an area of very active development, including Newton-
Krylov, multigrid, and domain decomposition methods, significant challenges remain, especially
for evolution problems.

All of these computational issues become almost overwhelming when applying models to tackle
many scientific and engineering questions. Problems involving stochastic sensitivity analysis, in-
verse problems, uncertainty quantification, and optimization require computing multiple model
solutions in situations for which a single model solution may require a significant amount of com-
putational time. There is thus a need to design entirely new algorithms for such applications that
take the best advantage of modern computer architecture.

Keeping pace with the increasing complexity of numerical algorithms and computational plat-
forms, geoscientific software continues to increase in complexity. The barrier for developers and
users is raised significantly and increased collaboration with computer science is needed. As algo-
rithms and architecture become more complex, the corresponding software that implements them
becomes unmanageable without suitable paradigms. Both the largest computer systems and in-
dividual components continue to change in ways that force new implementation strategies. For
example, memory accesses are a more important issue today than floating point operations, and
parallelism at all scales continues to increase in importance. Similarly, computer architectures
continue to change in ways that force substantial changes in software. The recent emergence
of GPU’s is only one step in the continuing evolution of high-performance architecture. We are
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currently using petascale machines and thinking about exascale applications. For the foreseeable
future, there will always be a nextscale architecture to plan for.

A recent trend with significant success is the automatic generation of software based on the under-
lying mathematical structure of the models being used. This approach is utilized in finite element
methodology [54], wavelets [7] as well as in many other domains [62], and it provides essential
leverage to tame the complexity explosion resulting from the combination of novel models, so-
phisticated discretization techniques, efficient solution algorithms, and software implementation
on leading-edge computer systems.

4 Operations

To make significant advances on the problems outlined in this White Paper, novel funding and
interaction strategies are needed. Although single-investigator and small-group grants remain im-
portant, other approaches can provide critical leverage. We thus propose to create a more vibrant
community of active researchers based currently in the various disciplinary areas, and to foster a
new generation of scholars who begin their careers with a novel combination of skills that will
enable them to surpass their mentors and achieve far greater success.

We envisage a new type of institute organized to promote advances in these interface areas between
geosciences and statistics, mathematics and computation. The institute would be backed by a
consortium of participating universities, and it would have a central core site that would coordinate
activities and provide a base for many of the operations.

Several unique aspects of the proposed institute would make it different from current models. The
institute would include both postdocs and graduate students and form the basis for their research
and educational programs. Graduate students and postdocs would have multiple mentors repre-
senting both the informational sciences and geosciences. Unlike existing institutes, we anticipate
an organization that is largely distributed, with most graduate students and postdocs spending the
majority of time at their home institutions.

A persistent problem for the existing NSF mathematics centers is providing adequate mentoring of
postdoctoral members. With programs changing year to year, the host institutions cannot always
provide faculty with the requisite expertise. It is frequently difficult for senior faculty to visit often
enough to fill the role. We propose to address this issue by insuring that postdocs and graduate
students are closely linked with advisors who share a deep interest in their topics and their success.
Activities at the core institute site will bring together postdocs and graduate students frequently to
insure that the entire enterprise has a coherent agenda and can benefit synergistically from all of
the research. For example, summer programs, short courses, working groups, and academic-year
workshops will bring together institute members (and others) physically for periods of a few days
to a few weeks, e.g., in the summer to facilitate deeper connections among participants. Depending
on availability of facilities elsewhere, such activities need not always be organized at the core site.

Educational programs will address both graduate students and postdocs. They will utilize state-of-
the-art telecommunication systems, e.g., the Access Grid and potentially corresponding commer-
cial versions. Existing programs like the on-line masters program in applied math at the University
of Washington will be studied to gain insight regarding best practices. Students will be able to reg-
ister for courses taught by faculty at other institutions. One benefit will be that specialized courses
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can be given for a critical mass of students. This leads to an increase in efficiency of faculty ef-
forts, as well as improving the educational experience for both graduate students and postdocs.
The institute will resolve issues of credit and tuition for courses.

In addition to conventional, term-long courses, the institute will facilitate more flexible modes of
instruction. Short courses on focused areas will be encouraged. Team teaching will be fostered,
including topics in which a point-counterpoint style of presentation can be effective. The institute
will make all courses available via the Internet and thus be accessible to all interested parties.

The institute will also facilitate the hosting of on-line databases, simulation software, and descrip-
tions of test problems to be used to calibrate computational software. When appropriate, computa-
tional workshops will be arranged to clarify operating features of different software that attempts
to model similar issues. Such workshops are sometimes referred to as sweatshops, as they often
reveal weaknesses in different approaches that need to be improved, to the general benefit of all.

The institute will also provide funding for faculty to spend extended periods of time at the core fa-
cility, in order to participate in long-term programs and potentially develop new areas of expertise.
Emphasis will be placed on offering such opportunities to younger faculty and underrepresented
groups.

In addition to the core institute funding, we anticipate that conventional proposals will be submitted
to various NSF programs that would lead to collaborations with the institute. These proposals
would be reviewed as conventional NSF grants, but gain leverage by being associated with the
research network supported by the institute.

The management of the institute would be done by a governing board, similar to that of the IMA.
Other distributed institutes, like the Pacific Institute of Mathematical Sciences (PIMS) will be
studied to provide guidance regarding management.

Experience shows that some of the most influential work in statistics and applied mathematics
has been done by people who have been seriously engaged in specific scientific problems. These
people embody interdisciplinarity in their own approach. Ideally, the proposed institute will foster
the development of this type of individual. In addition, the institute will provide opportunities
for disciplinary scientists to interact across boundaries and benefit from the interactions, without
becoming fully immersed in both sides.

Interdisciplinary work has fundamental barriers that require special attention to overcome. It is
natural for each discipline to be inward looking. Creating an environment where interactions flour-
ish is a challenge, but it is easier to do this in the context of an institute, where the challenge can
be addressed directly and persistently, than in ad hoc one-on-one interactions.

It is important to realize that individuals from different disciplines come from different scholarly
cultures and often have different objectives. One key role of the institute will be to resolve this
inherent tension. We imagine the interaction between geoscientists on the one hand, and mathe-
maticians, statisticians, and computer scientists on the other, as being like the encounters at the
Genius Bar at an Apple Store. The geoscientist (customer) comes to the bar with a problem to
solve, and typically little interest in the method of solution. The bartender is mainly interested in
the techniques of solution but also gains by seeing what actual users find difficult, in an effort to
improve the overall product. This analogy is not perfect, but it illustrates how people with different
interests mutually benefit from the exchange. The institute will recognize the differing objectives
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of the participants and insure that both sides are well served.

Beyond the disciplinary divides with geosciences, mathematicians, statisticians, and computer sci-
entists often have too little interaction among themselves. The institute will thus make a substan-
tial contribution in drawing together these disparate fields in areas of common interest. Models
involving both partial differential equations and statistical elements that must be implemented on
high-performance computers draw on all three disciplines in a significant way. The software chal-
lenges of large simulation codes are daunting; code correctness is of paramount importance since
predictions are being made that often lead to policy decisions. It is a substantial challenge to bring
all these contributors together in a productive way, but an institute stands the best chance of doing
it in a reliable and cost-effective fashion.
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