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Abstract. In this paper, we generalize one part of the work of Bank and

Santos [SIAM J Numer. Anal., 30 (1993), pp. 1-18] to the case of theta-
weighted time discretizations. Their result is a symmetric error estimate (SEE)
for backward Euler for parabolic equations on a moving mesh. Our results

are given for the convective derivative formulation of Dupont-Liu [SIAM J
Numer. Anal., 40 (2002), pp. 914-927]. A particular case of the result here is
that there is a SEE for the trapezoidal rule time discretization for parabolic
Galerkin methods over moving meshes.

1. Introduction

Symmetric error estimates for parabolic Galerkin methods have been known for
some time [1, 4, 3, 6]. These estimates make a very simple statement that says
that, in a certain norm, the Galerkin approximation is quasi-optimal. Hence, if the
solution can be approximated well in the spaces provided, it will be approximated
well. In the context of adaptive methods these estimates help us understand why
adaptivity is effective. The analysis here is restricted to parabolic equations, but
this type of analysis can sometimes be carried out for other evolution equations [5].

In this note we show that one of the symmetric error estimates of Bank and
Santos [3] holds for a more general time discretization, albeit with an additional
constraint on the mesh movement. Bank and Santos noted the relationship of their
method to that of [2] in that the convective derivative played an important part in
the analysis. The role of the convective derivative was further explored in [6], and
that approach is closely followed here.

The insight that Bank and Santos used was that once the Galerkin solution
had been characterized as an element of a space time finite element space the
discrete-time method could be thought of as a collocation in time of the Galerkin
discretization in space. Here we allow a more general choice of the collocation point.

In section §2, the parabolic problem is given, the moving meshes allowed are
specified, and the function spaces that live on these meshes are defined. In section
§3, we define the finite-element approximation. In §4 we state and prove our result.
In §5 give some remarks.

2. The parabolic problem, mesh and function spaces

Let Ω denote a bounded domain in ℜn which is the interior of a closed polyhedron
Ω̄. We take a finite time interval J = (0, T ) and let Q = Ω×J . Suppose that u(x, t)
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is defined on Q is the solution of the foll lowing parabolic problem:

(2.1) ut −∇ · (a∇u) + v · ∇u+ cu = f, (x, t) ∈ Q,

(2.2) a∇u · ν = g, (x, t) ∈ ∂Ω× J,

(2.3) u(x, 0) = u0(x), x ∈ Ω,

where a, cv, f and g are smooth functions of space and time on Q̄ and ν is the
outward normal to ∂Ω. The function a is assumed positive: 0 < ao ≤ a(x, t) ≤ a1.
Suppose that |c(x, t)| ≤ c1.

The mesh on Ω is defined by a continuous transformation of a fixed mesh on a
reference domain E. Suppose that Ē =

⋃
Ei is a polyhedron and that the Ei’s are

simplices with nonempty interiors which are pairwise disjoint. We assume there is a
continuous mapping G from Ē×J̄ onto Ω̄ such that for each t G(·, t) is a one-to-one,
mapping of Ē onto Ω̄ which is piecewise linear with respect to the Ei’s. We will
use a partition of J̄ given by 0 = to < t1 < t2 < ... < tm = T . We require that
the mapping G be piecewise linear in t with respect to this partition. We assume
that G(∂E, t) = ∂Ω. Let Ωi(t) = G(Ei, t) be the images of the Ei’s under the
transformation G. The inverse of the mapping G(·, t) will be denoted as G−1(·, t)
which transforms Ω̄ back to Ē for a given t. We define D(t) as D(t) = |det(∇sG)|
on E, where
nablas is the derivative with respect to the spatial variables. On the interior of each
simplex, Ei, D(t) is defined and constant in space; it is a continuous and piecewise
polynomial in t. Here, we assume that D is always positive. We refer to the image
of a line L = {(y, t), t ∈ (̄J)} under G as a mesh characteristic.

We choose a finite dimensional subspace of H1(E) and call it ME . We let M(t)
be the finite element space on Ω, where M(t) = (φ(x, t) : φ(G(·, t), t) ∈ ME). Let
△tj = tj − tj−1. The space M denotes the collection of functions φ(x, t) defined
on Q̄ such that φ(·, t) ∈ M(t) for t ∈ J̄ and φ is affine on each (tj−1, tj) along
characteristics of the mesh, i.e. for t ∈ (tj−1, tj)

(2.4) φ(x, t) = sφ(G(G−1(x, t), tj) + (1− s)φ(G(G−1(x, t), tj−1)

where s =
tj−t

△tj
. The finite element mesh is advected with a flow given by

(2.5) ẋ(x, t) = Gt(G
−1(x, t), t).

The spaceM can be thought of as the transformation ofME tensor piecewise linears
in time that is induced by (x, t) going to (G(x, t), t).

We choose a continuous vector function w(x, t). With this function, we define a
particular directional derivative:

D

Dt
F (x, t) =

∂

∂t
F (x, t) + w · ∇xF (x, t).

The most interesting examples of w would be w = ẋ or w = v. The first choice gives
the derivative along the characteristics of the mesh, and the second one would be
the derivative along the streamlines. Of course, the simple choice of w = 0 would
just give the regular time derivative. In this paper we confine our attention to the
case w = ẋ

The norm on the Sobolev space H1(Ω) will be denoted as ‖ · ‖1. The notations
‖ · ‖ and (·, ·) will be used for the L2(Ω) norm and the inner product respectively.
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The ”− 1” semi-norm is defined by

(2.6) ‖u‖−1,M(t) = sup
0 6=Φ∈M(t)

|(u,Φ)|

‖Φ‖1
.

A weak formulation of this parabolic problem is

(2.7) (ut, ϕ) +B(u, ϕ) + (v · ∇u, ϕ) = (f, ϕ) + 〈g, ϕ〉,

for ϕ ∈ H1(Ω), where

B(φ, ϕ) =

∫
Ω

a∇φ∇ϕ+ cφϕ dx

and

〈g, ϕ〉 =

∫
∂Ω

gϕds.

3. Finite element approximation

Here we define the fully discrete scheme for approximating the solution of our
parabolic problem. For j = 1, . . . ,m let θj be in [0, 1] and set

tj,θ = (1− θj)tj−1 + θjtj .

We will write θ instead of θj when the index is clear from context. The finite
element approximation of u is a function U in M . At t = 0 U satisfies

(U(·, 0), ϕ) = (uo, ϕ),

for all ϕ ∈M(0). For each j = 1, . . . ,m U satisfies

(3.1) (Ut, ϕ) +B(U,ϕ) + (v · ∇U,ϕ) = (f, ϕ) + 〈g, ϕ〉,

at t = tj,θ for all ϕ ∈ M(tj,θ). If θ = 0 or 1, the time derivative is ambiguous; we
chose the limit from the interior of (tj−1, tj). Thus, θ = 0 and θ = 1 correspond to
the forward and backward Euler methods, respectively.

For functions ϕ(x, t) we will use the notations ϕj = ϕ(·, tj), ϕj(x) = ϕ(x, tj),
ϕj,θ = ϕ(·, tj,θ), and ϕj,θ(x) = ϕ(x, tj,θ).

4. Theorem and proof

Define a triple bar norm as follows:

(4.1) |||ϕ|||2 = max
0≤j≤m

‖ϕj‖
2 +

m∑
j=1

△tj(‖ϕj,θ‖
2
1 + ‖

Dϕ

Dt j,θ
‖2−1,M(tj,θ)

).

Theorem 4.1. Suppose that θj ∈ [ 12 , 1] for j = 1, . . . ,m. Assume there exist

positive constants c and d such that for each element in the mesh

(4.2)
D(tj,θ)−D(tj−1)

△tj
≤ cD(tj−1)

(4.3)
|D(tj,θ)−D(tj)|

△tj
≤ cD(tj)

and

‖v − ẋ‖∞ ≤ d.
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Then there exists a positive constants C and τ such that if △tj ≤ τ for 1 ≤ j ≤ m
then

|||u− U ||| ≤ C inf
v∈M

|||u− v|||,

where C and τ depend on c, d, a0, a1, c1 and T .

Note in particular that C does not depend on a bound for v(x, t).

Proof. For an arbitrary ψ ∈ M and let φ and η denote U − ψ, u − ψ respectively.
Once we show that |||φ||| ≤ C|||η|||, the triangle inequality gives the conclusion with
C replaced by C + 1.

Let x̃, x and ˜̃x denote the points on the same mesh characteristic at times tj−1,
tj,θ and tj respectively. Then

x̃(x) = x+ (1− θ)△tẋ = G(G−1(x, tj,θ), tj),

˜̃x(x) = x− θ△tẋ = G(G−1(x, tj,θ), tj−1)

where ẋ is given in (2.5). Note that ẋ is constant along the part of the mesh

characteristic joining x̃ and ˜̃x.
At t = tj,θ, we have, for ϕ ∈M(tj,θ),

(4.4) (
Dφ

Dt
, ϕ)+B(φ, ϕ)+((v− ẋ) ·∇φ, ϕ) = (

Dη

Dt
, ϕ)+B(η, ϕ)+((v− ẋ) ·∇η, ϕ).

With ϕ = φj,θ, we get

(4.5) (
Dφ

Dt
, φ)+B(φ, φ)+ ((v− ẋ) ·∇φ, φ) = (

Dη

Dt
, φ)+B(η, φ)+ ((v− ẋ) ·∇η, φ).

The first term on the left hand side of (4.5) can be written as
(4.6)

(
Dφ

Dt
, φ) =

∑
l

∫
Ωl(tj,θ)

(
φ(˜̃x, tj)− φ(x̃, tj−1)

△tj
)((1− θ)φ(x̃, tj−1) + θφ(˜̃x, tj)) dx.

From this we have

(4.7) (
Dφ

Dt
, φ) =

∑
l

∫
Ωl(tj,θ)

φ2(˜̃x, tj)dx−
∫
Ωl(tj,θ)

φ2(x̃, tj−1)dx

2△tj
+ d.t.,

where ”d.t.” on the right hand side is a dissipation term given by

(4.8)
∑
l

θ − 1
2

△tj

∫
Ωl(tj,θ)

[φ(˜̃x, tj)− φ(x̃, tj−1)]
2 dx ≥ 0.

Note that we have

(4.9)

∫
Ωl(tj,θ)

φ2(˜̃x, tj)dx =
D(tj,θ)

D(tj)

∫
Ωl(tj)

φ2(x, tj)dx

and

(4.10)

∫
Ωl(tj,θ)

φ2(x̃, tj−1)dx =
D(tj,θ)

D(tj−1)

∫
Ωl(tj−1)

φ2(x, tj−1)dx.

Equation (4.7) becomes
(4.11)

(
Dφ

Dt
, φ) =

∑
l

D(tj,θ)
D(tj)

∫
Ωl(tj)

φ2(x, tj)dx−
D(tj,θ)
D(tj−1)

∫
Ωl(tj−1)

φ2(x, tj−1)dx

2△tj
+ d.t.
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This is equivalent to

(4.12) (
Dφ

Dt
, φ) =

∑
l

D(tj,θ)
D(tj)

‖φj‖
2
L2(Ωl,tj

) −
D(tj,θ)
D(tj−1)

‖φj−1‖
2
L2(Ωl,tj−1

)

2△tj
+ d.t.

Using (4.2) and (4.3), we have

(4.13)
D(tj,θ)

D(tj−1)
≤ 1 + c△tj , 1− c△tj ≤

D(tj,θ)

D(tj)
≤ 1 + c△tj .

Equation (4.5) gives

(4.14)
(1− c△tj)‖φj‖

2 − (1 + c△tj)‖φj−1‖
2

2△tj
+B(φ, φ) + ((v − ẋ) · ∇φ, φ) ≤

(
Dη

Dt
, φ) +B(η, φ) + ((v − ẋ) · ∇η, φ).

Note that for δ > 0
(4.15)

B(φ, φ)+((v−ẋ)·∇φ, φ) ≥ ao‖∇φ‖
2−c1‖φ‖

2+((v−ẋ)·∇φ, φ) ≥ (ao−δ)‖∇φ‖
2−(c1+

‖v − ẋ‖2∞
4δ

)‖φ‖2.

Using δ = a0/4 we get

(4.16) B(φ, φ) + ((v − ẋ) · ∇φ, φ) ≥
3

4
a0‖φ‖

2
1 − Co‖φ‖

2.

Similarly we get that for any ǫ > 0 there exist C1 and C2 such that

(4.17) B(η, φ) + ((v − ẋ) · ∇η, φ) ≤ C1‖η‖
2
1 + ǫ‖φ‖21,

and

(4.18) (
Dη

Dt
, φ) ≤ C2‖

Dη

Dt
‖2−1,M(tj,θ)

+ ǫ‖φ‖21.

For small ǫ, we get
(4.19)
‖φj‖

2 − ‖φj−1‖
2

△tj
+ a0‖φ‖

2
1 ≤ C[‖

Dη

Dt
‖2−1,M(tj,θ)

+ ‖η‖21 + ‖φ‖2 + ‖φj‖
2 + ‖φj−1‖

2].

Note that the third term on the right hand side is the L2 norm at the θ-point. We
have to rewrite that term in terms of the L2 norms at the ”j”th and ”j−1”th levels.

‖φ‖2 =
∑
l

∫
Ωl(tj,θ)

[(1− θ)φ(x̃, tj−1) + θφ(˜̃x, tj)]
2dx

=
∑
l

[
D(tj,θ)

D(tj−1)
(1− θ)‖φj−1‖

2
L2(Ωl(tj−1))

+
D(tj,θ)

D(tj)
θ‖φj‖

2
L2(Ωl(tj))

]

≤ (1 + c△tj)(1− θ)‖φj−1‖
2 + (1 + c△tj)θ‖φj‖

2.

Since △tj ’s are bounded, we have that

‖φ‖2 ≤ C[‖φj‖
2 + ‖φj−1‖

2].

Thus (4.19) becomes

(4.20)
‖φj‖

2 − ‖φj−1‖
2

△tj
+ a0‖φ‖

2
1 ≤ C̃[‖η‖21 + ‖ηt‖

2
−1,M(tj,θ)

+ ‖φj‖
2 + ‖φj−1‖

2].
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Using a Discrete Gronwall Lemma [3]; we obtain

(4.21) max
0≤j≤m

‖φj‖
2 +

m∑
j=1

△tj‖φ‖
2
1 ≤ C[|||η|||2 + ‖φ0‖

2] ≤ C|||η|||2.

Now, we bound the ”− 1” norm. From (4.4), at t = tj,θ we have

(
Dφ

Dt
, ϕ) = −B(φ, ϕ)− ((v − ẋ) · ∇φ, ϕ) + (

Dη

Dt
, ϕ) +B(η, ϕ) + ((v − ẋ) · ∇η, ϕ).

for ϕ ∈M(tj,θ). Then

(4.22) ‖
Dφ

Dt
‖−1,M(tj,θ) ≤ C[‖φ‖1 + ‖η‖1 + ‖

Dη

Dt
‖−1,M(tj,θ)].

From (4.21) and (4.22) it follows that
(4.23)

m∑
j=1

△tj‖
Dφ

Dt
‖2−1,M(tj,θ)

≤ C

m∑
j=1

△tj [‖φ‖
2
1 + ‖η‖21 + ‖

Dη

Dt
‖2−1,M(tj,θ)

] ≤ C|||η|||2.

Combining (4.21)-(4.23) gives us that

|||φ||| ≤ C|||η|||.

5. Remarks

Discontinuous-in-time changes of the mesh and function space ME at the tj ’s
can be treated. These were allowed in [4] and [3], but were omitted here in the
interest of simplicity.

The case in which θj is always 1 the SEE given here reduces to Theorem 3 of [6].
It reduces to Theorem 3.1 of Bank and Santos [3] if the space ME is taken to be
continuous piecewise linears over E and the function w is taken to be zero instead
of ẋ. Note that in the case θj = 1 the hypothesis (4.3) is automatically satisfied.

�
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