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Abstract

We compare a nonlinear model for the dielectric effect with a stan-

dard discontinuous dielectric model. We also compare both with a

discontinuous dielectric model which has an intermediate value in a

region between the low dielectric and high dielectric regions in the

standard model. These results demonstrate that predictions of the

electrostatic environment near the surface of a protein depend strongly

on the behavior of the dielectric near the surface.

Continuum models of dielectric solvents surrounding molecules are es-
sential components in predictions of structural conformation and protona-
tion states [1, 15, 22, 28]. These models often are required to estimate the
change in electrostatic energy due to a change in charge at a single point at
the surface of a protein, e.g., in hydrogen exchange experiments [1, 15, 28].
However, the standard dielectric has a discontinuity at the protein boundary,
thus making such estimates delicate.

There is continuing research to identify the proper dielectric model. Sev-
eral models have been proposed to account for aspects of the dielectric ef-
fect that go beyond the original model of Debye [11, 22]. Two different
effects near a protein surface lead to suggestions for improvement to the
basic bulk dielectric model. The finite size of dielectric molecules implies
that they have reduced response to high-frequency electric fields, leading
to proposals for what is generally known as a nonlocal dielectric model
[4, 5, 6, 7, 8, 9, 10, 12, 20, 23, 24, 25, 26, 32]. Such effects are seen even
on the subatomic scale related to electronic polarization [18, 27]. Such high
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frequencies can be caused by two effects. In the directions parallel to the pro-
tein surface, large electric gradients near the surface are caused by charged
and polar sidechains. The scale of these changes in sign in polar sidechains
can be on the order of an Ångstrom. In the direction normal to the surface,
the rapid change in dielectric also causes potential high-frequencies (e.g., for
a discontinuous dielectric, the component of the electric field normal to the
surface will be discontinuous).

Similarly, large electric gradients near the surface could cause saturation
of the dielectric effect, leading to nonlinear models of the dielectric coefficient
[2, 3, 13, 19, 21, 24, 31, 33]. Proximity to hydrophobic groups on a protein
surface reduce water mobility and thus would tend to reduce the dielectric
effect in addition to these two effects, leading to a need to make the dielectric
coefficient dependent as well on proximity to the protein surface.

Models that involve variable dielectric coefficient approximations have
been proposed [29, 30, 35]. Approximations have also been proposed in which
a nonlocal dielectric coefficient is used in the solvent and a local dielectric
coefficient is used in the protein [16, 17, 34].

Another reason for modifying the basic Debye model has to do with the
behavior of an ionic solvent surrounding a protein [14]. We will ignore this
here. That is, we are considering only the dielectric, and not the ionic, effect.

1 Nonlinear versus nonlocal models

The dielectric effect can be easily described as follows. We consider a system
of charge distributions ρ and γ in which the former is based on fixed charged
groups but the latter is based on charged groups (with net zero charge) that
are free to rotate. The resulting electric potential φ satisfies

∆φ = ρ + γ, (1)

where for simplicity we have assumed that the dielectric constant of free
space is set to one. We can write φ = φρ + φγ, where for example

∆φγ = γ. (2)

The ansatz of Debye [11] was that the electric field Eγ = ∇φγ should be (on
average) parallel to (opposing) the resulting electric field E = ∇φ:

∇φγ = (1 − ε)∇φ. (3)
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Taking the divergence of (3) and using (1), we find

∆φγ = ∆φ −∇ · (ε∇φ) = ρ + γ −∇ · (ε∇φ). (4)

From (2), we thus find
∇ · (ε∇φ) = ρ. (5)

The interpretation of ε can be quite general. The manipulations leading to
(5) remain valid when we think of ε as an operator, even a nonlinear one.

It is known that a very good approximation is obtained in bulk water by
the assumption that ε is just a constant factor. The model

ε ≈ 87.74 − 40.00 τ + 9.398 τ 2 − 1.410 τ 3, (6)

where τ = T/100 and T is the temperature in Centigrade (for T > 0),
is supported by extensive experiments for liquid water [14]. Note that the
formula (6) is only intended to apply for water, hence τ ∈ [0, 1]. This result
is remarkable for many reasons. First of all, the fact that ε is much greater
than one is surprising, because this means that the strength of the opposing
field Eγ = ∇φγ is much greater than the field that induces it. It is also
surprising that ε increases with decreasing temperature. When water freezes,
it increases further: for ice at zero degrees Centigrade, ε ≈ 92. But this
model cannot hold when the spatial frequencies of the electric field ∇φ are
commensurate with the size of a water molecule, since the water molecules
cannot orient appropriately to align with the field. Thus frequency-dependent
versions of ε have been proposed, and these are often called ‘nonlocal’ models
since the operator ε must be represented either as a Fourier integral (in
frequency space), or as an integral in physical space with a nonlocal kernel
[8, 32].

Nonlinear models arise because the polarization field ∇φγ in the rela-
tionship (3) cannot continue to increase indefinitely for ∇φ arbitrarily large.
The field ∇φγ is due to the fortuitous orientation of the solvent charge groups
(e.g., water molecules), but once perfect alignment is achieved, no more im-
provement can result. (There is an additional effect due to the polarization
of the electron distribution of the individual solvent charge groups, but this
also will saturate with sufficiently large field strength.) We can write this
saturation property mathematically by taking a limit in (3), viz.,

lim
|∇φ|→∞

(1 − ε)∇φ = lim
|∇φ|→∞

∇φγ = C, (7)
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for some constant C depending only on the direction of ∇φ. Let us write ε
as a function of ∇φ by introducing a vector ξ = ∇φ. Then (7) becomes

lim
|ξ|→∞

(1 − ε(ξ))ξ = C. (8)

This constant can potentially depend on the direction of approach to in-
finity for a simple lattice, but in general it will be isotropic. The value of
C can be estimated by considering the case of perfect alignment of water
molecules. The dipole of water is 1.85 Debye, and the (maximum) density
of water corresponds to about one water molecule per 30 Ångstroms cubed
(Å3), corresponding to a box of side 3.1 Ångstroms. A more intuitive mea-
sure of dipole strength is qe–Å, where qe is the charge of an electron. Thus
the dipole of water is 0.386 qe–Å. Thus the maximum strength of the water
dipole in bulk is about 0.04qe–Å−2.

One simple model that satisfies (8) is

ε(x) = ε0 +
ε1

1 + λ|∇φ(x)| (9)

for some constants ε0, ε1, and λ. We will examine the model (9) in some
detail, but we do not intend to suggest it as a serious model. Rather it
should be viewed as a prototype nonlinear dielectric model, one that can
be easily analyzed and implemented in existing codes for the purposes of
software verification.

Both the nonlocal and nonlinear models of the dielectric response have
the effect of representing frequency dependence of the dielectric effect. The
gradient |∇φ(x)| provides a proxy for frequency content, although it will not
reflect accurately high-frequency, low-power electric fields. Thus a combina-
tion of nonlocal and nonlinear models for the dielectric response might need
to be used in general to capture the full effect.

2 The standard model

We first describe the standard model and give an example of how the solutions
behave in a simple geometry. We consider the case when a point charge is
at the center of a spherical cavity which contains one material (e.g., protein)
surrounded by a dielectric solvent, as depicted in Figure 1(a). The standard
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(a) (b)

Figure 1: Schematics of a point charge at the center of a spherical cavity
having a different dielectric properties from the surrounding dielectric. In
(a), the dielectric outside the sphere will be nonlinear. In (b), we consider
a piecewise constant dielectric, with the smallest value inside the smaller
sphere, and the largest value outside the largest sphere.

dielectric model supposes that

ε0(x) =

{

ε0 |x| ≤ 1

εb |x| > 1,
(10)

where ε0 could be chosen to be one, and then εb for water would be about
80, cf. (6). Using the techniques developed in Section 4, we can see that the
resulting electrostatic potential φ0 is spherically symmetric and given by

φ0(r) =

{

1
ε0r

+ 1
εb
− 1

ε0
r ≤ 1

1
εbr

r > 1,
(11)

where r = |x|. The main point to note is that the dielectric effect on the
potential is local. On either side of the jump, the potential variation is
governed by the value of the dielectric; there is no transition zone. Thus
the estimate ε ≈ εb in the dielectric solvent region governs the value of the
potential on the boundary {x ∈ R

3 : |x| = 1}, as well as the gradient of φ
(the electric field) up to the boundary. Thus if the estimate ε ≈ εb is wrong,
the predictions of the electrostatics near the boundary will be wrong. We
will see by just how much in Section 4.

5



To get an indication how a local dielectric change can effect the potential,
we depict in Figure 1(b) a scenario where there are three values of dielectric:

εd(x) =











ε0 |x| ≤ 1

ε1 1 < |x| ≤ 1 + α

εb |x| > 1 + α

, (12)

where ε1 is a third value intermediate between ε0 and εb, and α is the thickness
of the intermediate dielectric layer. The resulting electrostatic potential φd

is given by

φd(r) =











1
ε0r

− 1
ε0

+ 1
ε1

+ 1
(1+α)εb

− 1
(1+α)ε1

r ≤ 1
1

ε1r
+ 1

(1+α)εb
− 1

(1+α)ε1
1 < r ≤ 1 + α

1
εbr

r > 1 + α.

(13)

Thus we see that the electric field ∇φd depends only on the chosen dielectric
constants in each part of the domain. The value of the potential φd(1) on
the inner boundary is given by

φd(1) =
1

ε1
+

1

(1 + α)εb

− 1

(1 + α)ε1
=

1

(1 + α)εb

+
α

(1 + α)ε1
, (14)

so that (11) implies

φd(1)

φ0(1)
=

1

1 + α

(

1 + α
εb

ε1

)

≈ (1 − α)

(

1 + α
εb

ε1

)

≈ 1 + α

(

εb

ε1

− 1

)

,

(15)

for small α.

3 Nonlinear model: point charge

It is revealing to know the behavior of a dielectric model for a point charge
completely surrounded by a bulk dielectric solvent [32]. The isolated charge
structures the solvent, and thus reduces its capacity to provide as strong
a dielectric effect locally. The extent of the region of reduced effect is not
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known precisely, but for water it is expected to be on the order of a few
nanometers. We thus consider the model

ε(x) = ε0 +
εb − ε0

1 + λ|∇φ(x)| , (16)

where we can think of ε0 as either the dielectric coefficient of free space, or
the dielectric coefficient of some pervasive medium, and we think of εb as the
dielectric coefficient of the bulk solvent.

We seek the potential φ for a point (negative) charge at the origin, of
strength −4π. Then the equation for φ is

−∇ ·
((

ε0 +
εb − ε0

1 + λ|∇φ(x)|

)

∇φ

)

= 4πδ. (17)

We can express this variationally as

∫

R3

(

ε0 +
εb − ε0

1 + λ|∇φ(x)|

)

∇φ · ∇v dx = 4πv(0) (18)

for all sufficiently smooth v with compact support. Since φ is spherically
symmetric, this reduces to

∫ ∞

0

(

ε0 +
εb − ε0

1 + λ|φ′(x)|

)

φ′v′r2 dr = v(0), (19)

provided v is spherically symmetric. The equation
∫ ∞

0

uv′ dr = v(0) (20)

is solved by u ≡ −1, and thus we have

−
(

ε0 +
εb − ε0

1 + λ|φ′(r)|

)

φ′(r) =
1

r2
. (21)

We can write this as

f(φ′(r)) = − 1

r2
, (22)

where the function f is defined by

f(ξ) =

(

ε0 +
εb − ε0

1 + λ|ξ|

)

ξ, (23)
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where here ξ ∈ R. Note that

f(−ξ) = −f(ξ) (24)

for any real ξ. Such antisymmetry thus holds for the inverse function:

f−1(−y) = −f−1(y) for all y ∈ R. (25)

Since f(ξ) ≈ εbξ for ξ small, then

f−1(y) ≈ y

εb

as y → 0. (26)

This implies that

φ′(r) ≈ − 1

εbr2
as r → ∞. (27)

Thus we conclude that

φ(r) ≈ 1

εbr
as r → ∞. (28)

On the other hand, when ξ is large (and positive), we can write

f(ξ) =

(

ε0 +
εb − ε0

1 + λξ

)

ξ = ε0ξ +
εb − ε0

1/ξ + λ

≈ ε0ξ +
εb − ε0

λ

(

1 − 1

λξ

)

as ξ → ∞.

(29)

In particular,

f−1(y) ≈ y

ε0

− εb − ε0

λε0

as y → ∞. (30)

Thus as r → 0, we have from (25)

φ′(r) = f−1(−r−2) = −f−1(r−2) ≈ − 1

ε0r2
+

εb − ε0

λε0
(31)

as r → 0. Therefore, for some constant C, we have

φ(r) ≈ 1

ε0r
+

εb − ε0

λε0
r + C as r → 0. (32)

Thus we can define
w(r) = rφ(r) (33)
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Figure 2: Plot of 1/w(r) = r−1/φ(r) for εb = 80, ε0 = 1, and λ = 100.
The horizontal axis is r, and the vertical axis corresponds to the values of
1/w(r) = r−1/φ(r).

and we know that

w(r) ≈ 1

ε0

+ Cr as r → 0 and w(r) ≈ 1

εb

as r → ∞. (34)

A plot of
1

w(r)
=

r−1

φ(r)
=

1

rφ(r)
(35)

as a function of r for the parameters εb = 80, ε0 = 1 and λ = 100 is given in
Figure 2. Note that this is similar in shape to what is obtained via nonlocal
(frequency dependent) dielectric models [32]. We now explain how this curve
can be determined.

In general, we can write

φ(r) =

∫ ∞

r

f−1(−1/r2) dr ≈ 1

εbR
+

∫ R

r

f−1(−1/r2) dr. (36)

We can solve the equation (23) to determine ξ = f−1(y) in general as follows.
In view of (25), we can assume that both ξ and y are positive. We thus can
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write

y =

(

ε0 +
εb − ε0

1 + λξ

)

ξ. (37)

Clearing the denominator, we find

(1 + λξ)y = ξ(1 + λξ)ε0 + (εb − ε0)ξ

= ε0λξ2 + εbξ.
(38)

This yields a quadratic equation

0 = ε0λξ2 + (εb − λy)ξ − y, (39)

which we can solve to get

f−1(y) = ξ =
λy − εb +

√

(λy − εb)2 + 4ε0λy

2ε0λ

=
y

2ε0
− εb

2ε0λ
+

√

( y

2ε0
− εb

2ε0λ

)2

+
y

ε0λ
,

(40)

where we have rejected the ‘−’ solution since it would make ξ < 0. The
depiction of 1/w in Figure 2 is determined by solving (36) for φ using the
composite mid-point rule on a cubically graded mesh (near r = 0) using 103

points.
To understand how w depends on λ, we determined the points rλ where

1/w(rλ) = r−1
λ /φ(rλ) = 1

2
(εb + ε0), (41)

that is, the point where 1/w reaches the halfway point between its limiting
(minimum and maximum) values. The values of rλ are plotted in Figure 3.
We see that rλ is proportional to

√
λ.

4 Point charge in a spherical cavity

We now consider the case when a point charge is at the center of a spherical
cavity with a different material, as depicted in Figure 1(a). This material
could have no dielectric, or it could have a different dielectric from that of
the complement of the sphere. We can pose this variationally as

∫

R3

ε∇φ · ∇v dx = 4πv(0), (42)
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Figure 3: Plot of the point rλ (vertical axis) where 1
2
(εb + ε0) = r−1

λ /φ(rλ)
as a function of λ (horizontal axis), for εb = 80, ε0 = 1. Note that rλ is
proportional to

√
λ.

for all sufficiently smooth v with compact support, where ε is defined by

ελ(x) = ελ(∇φ(x)) =

{

ε0 |x| ≤ 1

ε0 + εb−ε0
1+λ|∇φ(x)|

|x| > 1.
(43)

Here we emphasize the dependence on the parameter λ. Note that if we
set λ = 0, we obtain the conventional piecewise constant dielectric that is
commonly used, cf. (10). Correspondingly, we will refer to the solution of
(42) as φλ.

Since φλ is spherically symmetric, (42) reduces to

∫ ∞

0

ε(φ′
λ(r))φ

′
λv

′r2 dr = v(0), (44)

provided v is spherically symmetric. This is again of the form (20), so we
have

ε(φ′
λ(r))φ

′
λ = − 1

r2
. (45)
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In the case ελ is defined by (43), this means that

φ′
λ(r) =

{

− 1
ε0r2 r ≤ 1

f−1
λ (−1/r2) r > 1.

(46)

Therefore

φλ(r) =

{

1
ε0r

+ γλ r ≤ 1
∫ ∞

r
f−1

λ (1/r2) dr r > 1,
(47)

where the constant γλ is chosen to make φ continuous at r = 1, so

1

ε0

+ γλ =

∫ ∞

1

f−1
λ (1/r2) dr. (48)

There is no constant of integration in the expression in (47) corresponding
to r > 1 since we must have φλ(r) → 0 as r → ∞. Note that the standard
piecewise constant model (10), which corresponds to taking λ = 0, would
yield φ0(1) = 1/εb. Thus

φλ(1)

φ0(1)
= εb

∫ ∞

1

f−1
λ (1/r2) dr =

εb

ε0
+ εbγ. (49)

Analogous to (36), we can write

εb

∫ ∞

1

f−1
λ (1/r2) dr ≈ εb

∫ R

1

f−1
λ (1/r2) dr +

1

R
. (50)

A plot of the ratio in (49), computed using (50) as described previously
regarding the graph in Figure 2, is given in Figure 4.

The asymptotic limits of the ratio (49) can be verified independently, as
follows. In the limit as λ → 0, ελ → ε0, as given in (10). Therefore φλ → φ0

in this case. The limit as λ → ∞ follows from the fact that ελ → εb in this
case.

The solution φ0 in the case λ = 0 is thus given by (11), so that φ0(1) =
1/εb. Our results show that for λ = 100, the nonlinear model can differ
from this at the surface of the cavity (protein) by an order of magnitude.
Moreover, Figure 2 indicates that for λ = 100, the size of the region where
the dielectric is depressed is of order one unit. For example, if we take the
spatial unit to be nanometers, then we expect this region to be of unit size,
and so the choice λ = 100 seems appropriate.
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Figure 4: Plot of the ratio (vertical axis) in (49) as a function of λ (horizontal
axis).

These techniques could be applied as well to a dielectric environment
given by

ε(x) = ε(∇φ(x)) =

{

ε0 + εp−ε0
1+λp|∇φ(x)|

|x| ≤ 1

ε0 + εb−ε0
1+λb|∇φ(x)|

|x| > 1,
(51)

where εp corresponds to the dielectric of the cavity, which we may think of
as being occupied by a protein, and λb and λp are possibly different values
inside and outside of the sphere. Due to the large number of coefficients, we
omit a detailed discussion here.

5 Uniform charge on a sphere

Unmatched charges in a protein are invariably found at the protein surface.
So we now consider the case when there is a uniform charge on the boundary
of a spherical cavity with a different material, as depicted in Figure 1(a). We
can pose this variationally as

∫

R3

ελ∇φλ · ∇v dx =

∫

|x|=1

v(x) ds, (52)
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for all sufficiently smooth v with compact support, where ds stands for the
usual measure on the unit sphere. Again ελ is defined by (43). Since φλ is
again spherically symmetric, (52) reduces to

∫ ∞

0

ε(φ′
λ(r))φ

′
λv

′r2 dr = v(1), (53)

provided v is spherically symmetric. This is similar to the form (20), namely,

∫ ∞

0

uv′ dr = v(1), (54)

which is solved by

u(r) =

{

0 r ∈ [0, 1]

−1 r > 1.
(55)

Thus we find

ε(φ′
λ(r))φ

′
λ =

{

0 r ∈ [0, 1]

− 1
r2 r > 1.

(56)

and

φ′
λ(r) =

{

− 1
ε0r2 r ≤ 1

f−1
λ (−1/r2) r > 1.

(57)

Therefore

φλ(r) =

{

∫ ∞

1
f−1

λ (1/r2) dr r ≤ 1
∫ ∞

r
f−1

λ (1/r2) dr r > 1.
(58)

For the standard piecewise constant model (10), which corresponds to taking
λ = 0, we find

φ0(r) =

{

1/εb r ≤ 1

1/εbr r > 1.
(59)

Thus again we find as in (49)

φλ(1)

φ0(1)
= εb

∫ ∞

1

f−1
λ (1/r2) dr. (60)

A plot of the ratio in (60) is thus the same as given in Figure 4.
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The same techniques can be applied to εd given by (12). In this case, we
find

φd(r) =











1
ε1

+ 1
(1+α)εb

− 1
(1+α)ε1

r ≤ 1
1

ε1r
+ 1

(1+α)εb
− 1

(1+α)ε1
1 < r ≤ 1 + α

1
εbr

r > 1 + α

(61)

for the electric potential corresponding to a uniform charge on a sphere. Thus
the error ratio (15) remains the same in this case.

The solutions for a uniform dipole on a sphere, in which the direction of
the dipole is always normal to the sphere, can be derived by taking differences
of the solutions found in this section with slightly different spherical radii.

6 Conclusions

We have shown that the choice of dielectric coefficients can have a signifi-
cant impact on the estimation of electrostatics near a protein surface. We
considered in detail two models. One involved a simple piecewise constant
model that allows a third dielectric approximation in a thin region around
the protein. The other was a nonlinear dielectric model. For the nonlinear
dielectric model, we studied the electrostatic response to an isolated point
charge, as well as the behavior when a charge occurs inside a protein.
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