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Abstract

Manifold regularization (Belkin, Niyogi, Sindhwani, 2004) is a ge-
ometrically motivated framework for machine learning within which
several semi-supervised algorithms have been constructed. Here we
try to provide some theoretical understanding of this approach. Our
main result is to expose the natural structure of a class of problems
onwhichmanifold regularizationmethods are helpful. We show that
for such problems, no supervised learner can learn effectively. On
the other hand, a manifold based learner (that knows the manifold
or “learns” it from unlabeled examples) can learn with relatively few
labeled examples. Our analysis follows a minimax style with an em-
phasis on finite sample results (in terms of n: the number of labeled
examples). These results allow us to properly interpret manifold reg-
ularization and its potential use in semi-supervised learning.

1 Introduction

A learning problem is specified by a probability distribution p onX×
Y according to which labelled examples zi = (xi, yi) pairs are drawn
and presented to a learning algorithm (estimation procedure). We
are interested in an understanding of the case in which X = IRD,
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Y ⊂ IR but pX (the marginal distribution of p on X) is supported
on some submanifold M ⊂ X . In particular, we are interested in
understanding how knowledge of this submanifold may potentially
help a learning algorithm1. To this end, we will consider two kinds
of learning algorithms:

1. Algorithms that have no knowledge of the submanifoldM but
learn from (xi, yi) pairs in a purely supervised way.

2. Algorithms that have perfect knowledge of the submanifold.
This knowledge may be acquired by a manifold learning pro-
cedure through unlabeled examples xi’s and having access to
an essentially infinite number of them. Such a learner may be
viewed as a semi-supervised learner.

Our main result is to elucidate the structure of a class of problems on
which there is a difference in the performance of algorithms of Type
1 and 2.
Let P be a collection of probability distributions p and thus de-

note a class of learning problems. For simplicity and ease of compar-
ison with other classical results, we place some regularity conditions
on P . Every p ∈ P is such that its marginal pX has support on a
k-dimensional manifoldM ⊂ X . Different p’s may have different
supports. For simplicity, we will consider the case where pX is uni-
form onM: this corresponds to a situation in which the marginal is
the most regular.
Given such a P we can naturally define the class PM to be

PM = {p ∈ P |pX is uniform onM}

Clearly, we have
P = ∪MPM

Consider p ∈ PM. This denotes a learning problem and the regres-
sion functionmp is defined as

mp(x) = E[y|x]when x ∈ M

1Some recent results (e.g. Bickel and Li, 2006 and Lafferty andWasserman, 2007) have
noted that in the setting in which data lives on a lower dimensional manifold, it may
be possible to achieve good rates of learning using classical methods that are suitably
adapted without actually knowing very much about the manifold in question. This ob-
servation, in part, motivates the question: are there cases when one needs to know the
manifold in order to reap the full benefit of the manifold structure? This paper is a re-
sponse to this question.
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Note that mp(x) is not defined outside ofM. We will be interested
in cases whenmp belongs to some restricted family of functions HM
(for example, a Sobolev space). Thus assuming a familyHM is equiv-
alent to assuming a restriction on the class of conditional probability
distributions p(y|x) where p ∈ P . For simplicity, we will assume the
noiseless case where p(y|x) is the probability mass function concen-
trated onmp(x), i.e., there is no noise in the Y space.
SinceX \M has measure zero (with respect to pX ), we can define

mp(x) to be anything we want when x ∈ X \M. We definemp(x) = 0
when x 6∈ M.
For a learning problem p, the learner is presented with a collec-

tion of labeled examples {zi = (xi, yi), i = 1, . . . , n} where each zi is
drawn i.i.d. according to p. A learning algorithm A maps the collec-
tion of data z̄ = (z1, . . . , zn) into a function A(z̄). Now we can define
the following minimax rate (for the class P) as

R(n,P) = inf
A

sup
p∈P

Ez̄||A(z̄) −mp||L2(pX)

This is the rate achieved by a learner that has no knowledge of the man-
ifoldM. We will contrast it with a learner that has oracle access en-
dowing it with knowledge of the manifold.
To begin, note that since P = ∪MPM, we see that

R(n,P) = inf
A

sup
M

sup
p∈PM

Ez̄||A(z̄) −mp||L2(pX)

By commuting infA and supM, we obtain

Q(n,P) = sup
M

inf
A

sup
p∈PM

Ez̄||A(z̄) −mp||L2(pX)

Note here that A is allowed knowledge of M and may modify its
estimate of the target function based on this knowledge. One may
formally denote this dependence by writing A(z̄,M) but we let this
dependence be implicit in our notation.

1.1 TheManifoldAssumption for Semi-supervised

Learning

So the question at hand is: for what class of problems P with the
structure as described above, might one expect a gap betweenR(n,P)
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and Q(n,P). This is a class of problems for which knowing the man-
ifold confers an advantage to the learner.
The assumption behind the manifold based approach to semi-

supervised learning is that the support of the probability distribution
is on some low dimensional manifold. But this is not all. It is fur-
ther assumed that harmonic analysis on this manifold makes sense,
the eigenfunctions of the Laplacian on this manifold form a distin-
guished basis, and that the target function (regression function) has a
compact representation in this basis in some sense. Thus, for a man-
ifoldM, let φ1, φ2, . . . , be the eigenfunctions of the manifold Lapla-
cian. Then,mp(x)may be related to this basis by

mp =
∑

i

αiφi

or
mp = sign(

∑

i

αiφi)

where the αi’s have a sharp decay to zero. For the intuitions sur-
rounding these ideas see the papers related to manifold regulariza-
tion.
Thus, the spaceHM is highly constrained. But knowledge ofHM

(equivalently knowledge of PM) only comes with knowledge ofM
and knowledge ofM is obtained through unlabeled examples alone.
It is possible, therefore, that a large number of unlabeled examples
provide knowledge ofM after which a small number of labeled ex-
amples pin down the target function inHM. On the other hand, with
labeled examples alone, it may take a long time for the learner to
acquire the target function. To illustrate this point, we will show
a specific construction where we will see that R(n) = Ω(1) while
limn→∞Q(n) = 0 at a fast rate. Thus the learner with knowledge
of the manifold learns easily while the learner with no knowledge
cannot learn at all.

2 A Prototypical Example: Embeddings

of the Circle into Euclidean Space

Let φ : S1 → X be an isometric embedding of the circle into Eu-
clidean space. Now consider the family of such isometric embed-
dings and let this be the family of one-dimensional submanifolds that
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we will deal with. Thus eachM ⊂ X is of the formM = φ(S1) for
some φ.
Let HS1 be the set of functions defined on the circle that take the

value +1 on half the circle and −1 on the other half. Thus in local
coordinates (θ denoting the coordinate of a point in S1), we can write
the class HS1 as

HS1 = {hα : S1 → IR |hα(θ) = sign(sin(θ + α));α ∈ [0, 2π)}

Now for eachM = φ(S1)we can define the class HM as

HM = {h : M → IR |h(x) = hα(φ−1(x)) for some hα ∈ HS1} (1)

This defines a class of regression functions (also classification func-
tions) for our setting. Correspondingly, in our noiseless setting, we
can now define PM as follows. For each, h ∈ HM, we can define
the probability distribution p(h) onX×Y by letting the marginal p

(h)
X

be uniform onM and the conditional p(h)(y|x) be a probability mass
function concentrated on two points y = +1 and y = −1 such that

p(h)(y = +1|x) = 1 ⇐⇒ h(x) = +1

Thus
PM = {p(h) |h ∈ HM}

In our setting, we can therefore interpret the learning problem as an
instantiation either of regression or of classification based on our in-
terest.
Now that PM is defined, the set P = ∪MPM follows naturally. A

picture of the situation is shown in fig. 1.
Remark. Note that HS1 and correspondingly HM as defined above
is not a Sobolev space. However, it is obtained by thresholding func-
tions in a Sobolev space. In particular, we can write

HS1 = {sign(h) |h = αφ+ βψ}

where φ(θ) = sin(θ) and ψ(θ) = cos(θ) are eigenfunctions of the
Laplacian∆S1 on the circle. These are the eigenfunctions correspond-
ing to λ = 1 and define the corresponding two dimensional eigenspace.
More generally one could consider a family of functions obtained by
thresholding functions in a Sobolev space of any chosen order and
clearlyHS1 is contained in any such family. Finally it is worth noting
that the arguments presented below do not depend on thresholding
and would work with functions that are bandlimited or in a Sobolev
space just as well.
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Figure 1: Shown are two embeddingsM1 andM2 of the circle in Euclidean
space (the plane in this case). The two functions, one from M1 → IR and
the other fromM2 → R are denoted by labelings +1,−1 corresponding to
half circles as shown.

2.1 Upper Bound on Q(n,P)

Let us begin by noting that if the manifoldM is known, the learner
knows the class PM. The learner merely needs to approximate one of
the target functions inHM. It is clear that the spaceHM is a family of
0− 1 valued functions whose VC-dimension is 2. Therefore, an algo-
rithm that does empirical risk minimization over the class HM will

yield an upperbound of O(

√

log(n)
n ) by the usual arguments. There-

fore the following theorem is obtained.

Theorem 2.1 Following the notation of Sec. 1, let HM be the family of
functions defined by eq. 1 and P be the corresponding family of learning
problems. Then the learner with knowledge of the manifold converges at a
fast rate given by

Q(n,P) ≤ 2

√

3 log(n)

n
)

and this rate is optimal.

Remark. If the classHM is a a parametric family of the form
∑p

i=1 αiφi
where φi are the eigenfunctions of the Laplacian, one obtains the
same parametric rate. Similarly, if the class HM is a ball in a Sobolev
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space of appropriate order, suitable rates on the family may be ob-
tained by the usual arguments.

2.2 Lower Bound on R(n,P)

We now prove the following

Theorem 2.2 Let P = ∪MPM where eachM = φ(S1) is an isometric
embedding of the circle intoX as shown. For each p ∈ P , the marginal pX is
uniform on someM and the conditional p(y|x) is given by the construction
in the previous section. Then

R(n,P) = inf
A

sup
p∈P

Ez̄||A(z̄) −mp||L2(pX) = Ω(1)

PROOF:Given n, choose a number d = 2n. Following Construction 1,
there exist a set (denoted by Pd ⊂ P) of 2d probability distributions
that may be defined. Our proof uses the probabilistic method. We
show that there exists a universal constantK (independent of n) such
that

∀A,
1

2d

∑

p∈Pd

Ez̄‖A(z̄) −mp‖L2(pX) ≥ K

from which we conclude that

∀A, sup
p∈Pd

Ez̄‖A(z̄) −mp‖L2(pX) ≥ K

Since Pd ⊂ P , the result follows.
To begin, consider a p ∈ P . Let z̄ = (z1, . . . , zn) be a set of i.i.d.

examples drawn according to p. Note that this is equivalent to draw-
ing x̄ = (x1, . . . , xn) i.i.d. according to pX and for each xi, drawing
yi according to p(y|xi). Since the conditional p(y|x) is concentrated
on one point, the yi’s are deterministically assigned. Accordingly, we
can denote this dependence by writing z̄ = z̄p(x̄).
Now consider

Ez̄||A(z̄) −mp||L2(pX)

This is equal to

∫

Zn

dP (z̄)||A(z̄) −mp||L2(pX) =

∫

Xn

dpnX(x̄)||A(z̄p(x̄)) −mp||L2(pX)
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(To clarify notation, we observe that dpnX is the singular measure on
Xn with support onMn which is the natural product measure cor-
responding to the distribution of n data points x1, . . . , xn drawn i.i.d.
with each xi distributed according to pX .) The above in turn is lower-
bounded by

≥
n
∑

l=0

∫

x̄∈Sl

dpnX(x̄)||A(z̄p(x̄) −mp||L2(pX)

where

Sl = {x̄ ∈ Xn| exactly l segments contain data and links do not}

More formally,

Sl = {x̄ ∈ Xn |x̄ ∩ ci 6= φ for exactly l segments ci and x̄ ∩B = φ}

Nowwe concentrate on lowerbounding
∫

x̄∈Sl
dpnX(x̄)||A(z̄p(x̄)−mp||L2(pX).

Using the fact that pX is uniform, we have that dp
n
X(x̄) = cd(x̄)

(where c is a normalizing constant and d(x̄) is the Lebesgue measure
or volume form on the associated product space) and therefore

∫

x̄∈Sl

dpnX(x̄)||A(z̄p(x̄))−mp||L2(pX) =

∫

x̄∈Sl

cd(x̄)||A(z̄p(x̄))−mp||L2(pX)

Thus, we have

Ez̄||A(z̄) −mp||L2(pX) ≥
n
∑

l=0

∫

x̄∈Sl

cd(x̄)||A(z̄p(x̄) −mp||L2(pX) (2)

Now we see that

1

2d

∑

p∈Pd

Ez̄||A(z̄p(x̄)) −mp||L2(pX) ≥
1

2d

∑

p∈Pd

n
∑

l=0

c

∫

x̄∈Sl

d(x̄)||A−mp||

≥
n
∑

l=0

c

∫

x̄∈Sl

(

1

2d

∑

p

||A−mp||

)

d(x̄)

By lemma 2.1, we see that for each x̄ ∈ Sl, we have

1

2d

∑

p

||A−mp|| ≥ (1 − α− β)
d− n

4d
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from which we conclude that

1

2d

∑

p

Ez̄||A(z̄) −mp||L2(pX) ≥ (1 − α− β)
d− n

4d

n
∑

l=0

∫

x̄∈Sl

cd(x̄)

Now we note that

n
∑

l=0

∫

x̄∈Sl

cd(x̄) = Prob (x̄ ∩B = φ) ≥ (1 − β)n

Therefore,

sup
p
Ez̄||A(z̄)−mp||L2(pX) ≥ (1−α−β)

d− n

4d
(1−β)n ≥ (1−α−β)

1

8
(1−β)n

(3)
Since α and β (and for that matter, d) are in our control, we can choose
them to make the righthand side of inequality 3 greater than some
constant. This proves our theorem. �

Construction 1

Consider a set of 2d manifolds where each each manifold has a
structure shown in fig. 2. Each manifold has three disjoint subsets: A
(loops), B (links), and C (chain) such that

M = A ∪B ∪ C

The chain C consists of d segments denoted by C1, C2, . . . , Cd such
that C = ∪Ci. The links connect the loops to the segments as shown
in fig. 2 so that one obtains a closed curve corresponding to an em-
bedding of the circle into IRD. For each choice S ⊂ {1, . . . , d} one
constructs a manifold (we can denote this byMS) such that the links
connectCi (for i ∈ S) to the “upper half” of the loop and they connect
Cj (for j ∈ {1, . . . , d}\S) to the “bottom half” of the loop as indicated
in the figure. Thus there are 2d manifolds altogether where eachMS

differs from the others in the link structure but the loops and chain
are common to all, i.e.,

A ∪ C ⊂ ∩SMS

For manifoldMS , let

l(A)

l(MS)
=

∫

A
p
(S)
X (x)dx = αS
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where p
(S)
X is the probability density function on the manifoldMS .

Similarly
l(B)

l(MS)
=

∫

B
p
(S)
X (x)dx = βS

and
l(C)

l(MS)
=

∫

C
p
(S)
X (x)dx = γS

It is easy to check that one can construct these manifolds so that

βS ≤ β; γS ≥ γ

Thus for each manifoldMS , we have the associated class of proba-
bility distributions PMS

. These are used in the construction of the
lower bound. Now for each such manifoldMS , we pick one proba-
bility distribution p(S) ∈ PMS

such that for every k ∈ S, we have

For all k ∈ S, p(S)(y = +1|x) = 1 for all x ∈ Ck

and for every k ∈ {1, . . . , d} \ S, we have

For all k ∈ {1, . . . , d} \ S, p(S)(y = −1|x) = 1 for all x ∈ Ck

Furthermore, the p(S) are all chosen so that the associated condition-
als p(S)(y = +1|x) agree on the loops, i.e., for any S, S′ ∈ {1, . . . , d},

p(S)(y = +1|x) = p(S′)(y = +1|x) for all x ∈ A

This defines 2d different probability distributions that satisfy for each
p (i) the support of the marginal pX includes A∪C, (ii) the support of
pX for different p have different link structures (iii) the conditionals
p(y|x) disagree on the the chain.

�

Lemma 2.1 Let x̄ ∈ Sl be a collection of n points such that no point belongs
to the links and exactly l segments contain at least one point.

1

2d

∑

p∈Pd

||A(z̄p(x̄) −mp||L2(pX) ≥ (1 − α− β)
d− n

4d

10



Loops (A) Loops (A)

C C C C C1 4 532

Links

Links

Figure 2: Figure accompanying Construction 1.

PROOF:Since x̄ ∈ Sl, there are d − l segments of the chain C such
that no data is seen from them. We let A(z̄p(x̄)) be the function hy-
pothesized by the learner on receiving the dataset z̄p(x̄). We begin by
noting that the family Pd may be naturally divided into 2l subsets in
the following way. Following the notation of Construction 1, recall
that every element of Pd may be identified with a set S ⊂ {1, . . . , d}.
We denote this element by p(S). Now let L denote the set of indices
of the segments Ci that contain data, i.e.,

L = {i |Ci ∩ x̄ 6= φ}

Then for every subset D ⊂ L, we have

PD = {p(S) ∈ Pd |S ∩ L = D}

Thus all the elements of PD agree in their labelling of the segments
containing data but disagree in their labelling of segments not con-
taining data. Clearly there are 2l possible choices forD and each such
choice leads to a family containing 2d−l probability distributions. Let
us denote these 2l families by P1 through P2l .
ConsiderPi. By construction, for all probability distributions p, q ∈

Pi, we have that z̄p(x̄) = z̄q(x̄). Let us denote this by z̄i(x̄), i.e.,
z̄i(x̄) = z̄p(x̄) for all p ∈ Pi.
Now f = A(z̄i(x̄)) is the function hypothesized by the learner on

receiving the dataset z̄i(x̄). For any p ∈ P and any segment ck, we

11



say that p “disagrees” with f on ck if |f(x)−mp(x)| ≥ 1 on a majority
of ck, i.e.,

∫

A
pX(x) ≥

∫

ck\A
pX(x)

where A = {x ∈ ck | |f(x) − mp(x)| ≥ 1}. Therefore, if f and p
disagree on ck, we have

∫

ck

(f(x) −mp(x))
2pX(x) ≥

1

2

∫

ck

pX(x) ≥
1

2d
(1 − α− β)

It is easy to check that for every choice of j unseen segments, there
exists a p ∈ Pi such that p disagrees with f on each of the chosen
segments. Therefore, for such a p, we have

‖A(z̄p(x̄) −mp‖
2
L2(pX) ≥

1

2

j

d
(1 − α− β)

Counting all the 2d−l elements of Pi based on the combinatorics of
unseen segments, we see (using the fact that ‖A(z̄p(x̄)) − mp‖ ≥
√

1
2
j
d(1 − α− β) ≥ 1

2
j
d(1 − α− β))

∑

p∈Pi

‖A(x̄p(x̄)−mp‖ ≥

d−l
∑

j=0

(

d− l

j

)

1

2

j

d
(1−α−β) = 2d−l(1−α−β)

d− l

4d

Therefore, since l ≤ n, we have

2l
∑

i=1

∑

p∈Pi

‖A(x̄p(x̄) −mp‖ ≥ 2d(1 − α− β)
d− n

4d

�

3 Discussion

Thus we see that knowledge of the manifold can have profound con-
sequences for learning. The proof of the lower bound reflects the
intuition that has always been at the root of manifold based methods
for semi-supervised learning. Following fig. 2, if one knows the man-
ifold, one sees that C1 and C4 are “close” while C1 and C3 are “far”.
But this is only one step of the argument. We must further have the
prior knowledge that the target function varies smoothly along the
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manifold and so “closeness on the manifold” translates to similarity
in function values (or label probabilities). However, this closeness is
not obvious from the ambient distances alone. This makes the task of
the learner who does not know the manifold difficult: in fact impos-
sible in the sense described in Theorem 1.
Some further remarks are in order;

1. While we provide a detailed construction for the case of dif-
ferent embeddings of the circle into IRN , it is clear that the ar-
gument is general and similar constructions can be made for
many different classes of k-manifolds. Thus ifM is taken to be
a k-dimensional submanifold of IRN , then one could letM be a
family of k-dimensional submanifolds of IRN and let P be the
naturally associated family of probability distributions that de-
fine a collection of learning problems. Our proof of Theorem 2.2
can be naturally adapted to such a setting.

2. Our example explicitly considers a class HM that consists of a
one-parameter family of functions. It is important to reiterate
that many different choices of HM would provide the same re-
sult. For one, thresholding is not necessary, and if the class HM
was simply defined as bandlimited functions, i.e., consisting of
functions of the form

∑p
i=1 αiφi (where φi are the eigenfunc-

tions of the Laplacian of M), the result of theorem 2.2 holds
as well. Similarly Sobolev spaces (constructed from functions
f =

∑

i αiφi where α
2
iλ

s
i < ∞) also work with and without

thresholding.

3. We have considered the simplest case where there is no noise
in the Y -direction, i.e., the conditional p(y|x) is concentrated at
one point mp(x) for each x. Considering a more general set-
ting with noise does not change the import of our results. The
upper bound of Theorem 2.1 makes use of the fact that mp be-
longs to a restricted (uniformly Glivenko-Cantelli) family HM.
With a 0 − 1 loss function defined as V (h, z) = 1[y 6=h(x)], the
rate may be as good as O∗( 1

n) in the noise-free case but drops
to O∗( 1√

n
) in the noisy case. The lower bound of Theorem 2.2

for the noiseless case also holds for the noisy case by immedi-
ate implication. Both upper and lower bounds are valid also for
arbitrary marginal distributions pX (not just uniform) that have
support on some manifoldM.

4. Finally, one can consider a variety of loss functions other than
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the L2 loss function considreed here. The natural 0 − 1-valued
loss function (which for the special case of binary valued func-
tions coincides with the the L2 loss) can be interpreted as the
probability of error of the classifier in the classification setting.

3.1 What does it mean to know the manifold?

In the discussion so far, we have implicitly assumed that an oracle can
provide perfect information about the manifold in whatever formwe
choose. We see that access to such an oracle can provide great power
in learning from labeled examples for classes of problems that have
a suitable structure. We now turn to the question of what it means to
“know the manifold”? How is the manifold represented? What sort
of information can the oracle provide and how is this represented?
For example, one can consider the following kinds of oracles that
provide different degrees of information about the manifold and in
different forms.

1. One could know the manifoldM as a set through some kind
of set-membership oracle (similar in spirit to the kinds of mem-
bership oracles used in the literature on volume estimation in
convex bodies). Since the submanifold is of lower dimension
than the Euclidean space IRN in which it is embedded, the set
M has measure 0. To deal with this complication, a member-
ship oracle that makes sense is of the following sort: given a
point x and a number r > 0, the oracle tells us whether x is in a
tubular neighborhood of radius r around the manifold.

2. One could know a system of coordinate charts on the manifold.
This would correspond to having maps of the form ψi : Ui →
IRD where Ui ⊂ IRk is an open set.

3. One could know in some explicit form the harmonic functions
on the manifold. In particular, one might know the Laplacian
∆M, the Heat Kernel Ht(p.q) on the manifold. Moreover, one
might know the eigenvalues λi and eigenfunctions φi of the
Laplace operator on the manifold.

4. One could know themanifold upto some geometric or topologi-
cal invariants. For example, one might know just the dimension
of the manifold. Alternatively, one might know the homology,
the homeomorphism or diffeomorphism type, etc. of the mani-
fold.
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5. One could have metric information on the manifold. One might
know the metric tensor at points on the manifold, one might
know the geodesic distances between points on themanifold, or
the Gromov-Haussdorff distance, or one might know the heat
kernel from which various derived distances (such as diffusion
distance) are obtained.

Depending upon the kind of oracle access we have, the task of
the learner might vary from simple to impossible. For example, in
the problem described in Sec. 2of this paper, the natural algorithm
that realizes the upper bound of Theorem 2.1 performs empirical risk
minimization over the class HM. To do this it needs, of course, to
be able to represent HM in a computationally efficient manner. In
order to do this, it needs to know the eigenfunctions (in the specific
example, only the first two, but in general some arbitrary number
depending on the choice of HM) of the Laplacian on theM. This is
immediately accessible from oracle 3. It can be computed from ora-
cle 2 but this computation may be nontrivial in general. There is a
closed formula for the value of the ∆f(p) for every point p ∈ M but
the eigenfunctions are a global quantity and need not have a straight-
forward representation. For certain special cases where the mani-
fold has a structure that may be exploited, the eigenfunctions have
been worked out. This includes the eigenfunctions on the sphere (the
spherical harmonics) and covers therefore the specific example we
provide in this paper. But this is far from typical. In fact, the eigen-
functions are typically computed numerically and this may itself in-
volve a triangulation of the manifold whichmay not be at hand. With
access to oracles that provide partial knowledge (oracles 4 and 5) the
eigenfunctions cannot be computed at all and so the learning algo-
rithm is unable to exploit the oracle to achieve the bound of Theo-
rem 2.1.
Oracles of the form in 4 and 5 provide partial information about

the manifold and while this is not enough for our specific problem,
this information may still be very useful for learning in other con-
texts. In fact many manifold based algorithms including classical al-
gorithms that may be adapted to a manifold setting sometimes need
to begin with knowledge of the dimension of the manifold. Access to
such an oracle then becomes significant in such a setting.
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3.2 Simulating the oracle: manifold learning

The significance ofmanifold basedmethods for semi-supervised learn-
ing is this: it may be possible to know the manifold by collecting
points on it, i.e., by collecting unlabeled data alone. This naturally
leads us to a crucial piece of our overall task. Which of the above
oracles can be simulated by unlabeled data? This question is of inde-
pendent algorithmic interest in its own right even outside the context
of our current discussion. One may ask: given a collection of points x̄
randomly sampled from a submanifoldM of Euclidean space, what
geometric and topological properties of this manifold may be esti-
mated from the point cloud?
There has been some concentrated activity in this direction over

the last several years. Considerable progress has been made in esti-
mating the dimension, various distance metrics, the Laplace operator
(and related operators), the homology, and so on. Much of this has
happened in the larger context of manifold learning and a signifi-
cant class of algorithms construct an adjacency graph from the data
and then use the graph and graph-theoretic operators as a proxy for
the underlying manifold and corresponding manifold-theoretic op-
erators. A unifying concept in this line of work is the relationship
between the Laplace-Beltrami operator on the manifold, the heat ker-
nel, harmonic functions, and the graph Laplacian. Let us recall the
following fundamental fact from Belkin and Niyogi (2005,2007) that
has some significance for the problem in this paper.
LetM be a compact, Riemannian submanifold (without bound-

ary) of IRN and let∆M be the Laplace operator (on functions) on this
manifold. Let x̄ = {x1, . . . , xm} be a collection ofm points sampled in
i.i.d. fashion according to the uniform probability distribution onM.
Then one may define the point cloud Laplace operator Ltm as follows:

Ltmf(x) =
1

t

1

(4πt)d/2
1

m

m
∑

i=1

(f(x) − f(xi)) e
− ‖x−xi‖

2

4t

The point cloud Laplacian is a random operator that is the natural
extension of the graph Laplacian operator to the whole space. For
any thrice differentiable function f : M → IR, we have

Theorem 3.1

lim
t→0,m→∞

Ltmf(x) = ∆Mf(x)
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Some remarks are in order:

1. Given x̄ ∈ M as above, consider the graph with vertices (let V
be the vertex set) identified with the points in x̄ and adjacency

matrix Wij = 1
mt

1
(4πt)d/2 e

− ‖x−xi‖
2

4t . Given f : M → IR, the re-

striction fV : x̄→ IR is a function defined on the vertices of this
graph. Correspondingly, the graph Laplacian L = (D−W ) acts
on fV and it is easy to check that

(Ltmf)|xi = (LfV )|xi

In other words, the point cloud Laplacian and graph Laplacian
agree on the data. However, the point cloud Laplacian is de-
fined everywhere while the graph Laplacian is only defined on
the data.

2. The quantity t (similar to a bandwidth) needs to go to zero at a
suitable rate (tmd+2 → ∞ ) so there exists a sequence tm such
that the point cloud Laplacian converges to the manifold Lapla-
cian asm→ ∞.

3. It is possible to show (see Belkin and Niyogi, Coifman and La-
fon, Hein et al, Gine and Koltchinski) that this basic conver-
gence is true for arbitrary probability distributions (not just the
uniform distribution as stated in the above theorem) in which
case the point cloud Laplcian converges to an operator of the
Laplace type thatmay be related to theweighted Laplacian (Grig-
oryan).

4. While the above convergence is pointwise, it also holds uni-
formly over classes of functionswith suitable conditions on their
derivatives (Belkin and Niyogi, Gine and Koltchinski).

5. Finally, and most crucially (see Belkin and Niyogi, 2006), if λ
(i)
m

and φ
(i)
m are the ith (in increasing order) eigenvalue and corre-

sponding eigenfunction respectively of the operator Ltmm , then
with probability 1, asm goes to infinity,

lim
m→∞

|λi − λ(i)
m | = 0 (4)

and
lim
m→∞

‖φ(i)
m − φi‖L2(M) = 0 (5)
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In other words, the eigenvalues and eigenfunctions of the point
cloud Laplacian converge to those of the manifold Laplacian as
the number of data pointsm go to infinity.

3.3 What is manifold regularization?

Against this backdrop, one might now consider manifold regulariza-
tion to get some better understanding of when and why it might be
expected to provide good semi-supervised learning. First off, it is
worthwhile to clarify what is meant by manifold regularization. The
term “manifold regularization” was introduced in Belkin, Niyogi,
and Sindhwani (2004, 2005,2006) to describe a class of algorithms in
which geometrically motivated regularization penalties were used.
One unifying framework adopts a setting of Tikhonov regularization
over a Reproducing Kernel Hilbert Space of functions to yield algo-
rithms that arise as special cases of the following:

f̂ = arg min
f∈HK

1

n

n
∑

i=1

V (f(xi), yi) + γA‖f‖
2
K + γI‖f‖

2
I (6)

Here K : X × X → IR is a p.d. kernel that defines a suitable RKHS
(HK) of functions that are ambiently defined. The ambient RKHS
norm ‖f‖K and an “intrinsic norm” ‖f‖I are traded-off against each
other. Intuitively the intrinsic norm ‖f‖I penalizes functions by con-
sidering only fM the restriction of f toM and essentially consider-
ing various smoothness functionals. Since the eigenfunctions of the
Laplacian provide a basis for L2 functions intrinsically defined on
M, one might express fM =

∑

i αiφi in this basis and consider con-
straints on the coefficiens.
Remarks:

1. Various choices of ‖f‖2
I include (i) iterated Laplacian given by

∫

M f(∆if) =
∑

j α
2
jλ

i
j (ii) heat kernel given by

∑

j e
tλjα2

j (iii)

band limiting given by ‖f‖2
I =

∑

i µiα
2
i where µi = ∞ for all

i > p.

2. The loss function V can vary from squared loss to hinge loss to
the 0 − 1 loss for classification giving rise to different kinds of
algorithmic procedures.

3. While eq. 6 is regularization in the Tikhonov form, one could
consider other kinds of model selection principles that are in
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the spirit of manifold regularization. For example, the method
of Belkin and Niyogi (2003) is a version of the method of sieves
that may be interpreted as manifold regularization with ban-
dlimited functions where one allows the bandwidth to grow as
more and more data becomes available.

The point of these remarks is that manifold regularization admits a
variety of different algorithms that incorporate a geometrically mo-
tivated complexity penalty. Let us now consider one such canonical
algorithm for the class of problems considered in Sec. 2 of this paper.

3.3.1 Amanifold regularization algorithm for semi-supervised
learning

Let z̄ = (z1, . . . , zn) be a set of n i.i.d. labeled examples drawn accord-
ing to p and x̄ = (x1, . . . , xm) be a set of m i.i.d. unlabeled examples
drawn according to pX . Then a semi-supervised learner’s estimate
may be denoted by A(z̄, x̄). Let us consider the following kind of
manifold regularization based semi-supervised learner.

1. Construct the point cloud Laplacian operator Ltmm from the un-
labeled data x̄.

2. Solve for the eigenfunctions of Ltmm and take the first two (or-
thogonal to the constant function). Let these be φm and ψm re-
spectively.

3. Perform empirical risk minimization with the empirical eigen-
functions by minimizing

f̂m = arg min
f=αφm+βψm

1

n

n
∑

i=1

V (f(xi), yi)

subject to α2
i + β2

i = 1. Here V (f(x), y) = 1
4 |y − sign(f(x))|2 is

the 0 − 1 loss. This is equivalent to Ivanov regularization with
an intrinsic norm that forces candidate hypothesis functions to
be bandlimited.

Note that if the empirical risk minization was performed with the
true eigenfunctions (φ and ψ respectively), then the resulting algo-
rithm achieves the rate of Theorem 2.1. Since for large m, the empir-
ical eigenfunctions are close to the true ones by the result in Belkin
and Niyogi (2006), we may expect the above algorithm to perform
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well. Thus we may compare the two manifold regularization algo-
rithms (an empirical one with unlabeled data and an oracle one that
knows the manifold):

A(z̄, x̄) = sign(f̂m) = sign(α̂mφm + β̂mψm)

and
Aoracle(z̄,M) = sign(f̂) = sign(α̂φ+ β̂ψ)

We can now state the following:

Theorem 3.2 For any ǫ > 0, we have

sup
p∈PM

Ez̄‖mp−A‖
2
L2(pX) ≤

4

2π
(arcsin(ǫ))+

1

ǫ2
(‖φ−φm‖

2+‖ψ−ψm‖
2)+3

√

3 log(n)

n

PROOF:Consider p ∈ P and let mp = sign(αpφ + βpψ). Let gm =
αpφm + βbψm. Now, first note that by the fact of empirical risk mini-
mization, we have

1

n

∑

z∈z̄
V (A(x), y) ≤

1

n

∑

z∈z̄
V (sign(gm(x)), y)

Second, note that the set of functions F = {sign(f) |f = αφm + βφm}
has VC dimension equal to 2. Therefore the empirical risk converges
to the true risk uniformly over this class so that with probability >
1 − δ, we have

Ez[V (A(x), y)] −

√

2 log(n) + log(1/δ)

n
≤

1

n

∑

z∈z̄
V (A(x), y)

≤
1

n

∑

z∈z̄
V (sign(gm(x)), y) ≤ Ez[V (sign(gm(x)), y)]+

√

2 log(n) + log(1/δ)

n

Using the fact that V (h(x), y) = 1
4(y−h)2, we have in general for any

h

Ez[V (h(x), y)] =
1

4
Ez(y −mp)

2 +
1

4
‖mp − h‖2

L(pX)

fromwhichwe obtainwith probability> 1−δ (over choices of labeled
training sets z̄,

‖mp −A‖2 ≤ ‖mp − sign(gm)‖2 + 2

√

2 log(n) + log(1/δ)

n
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Setting δ = 1
n and noting that ‖mp − A‖2 ≤ 1, we have after some

straightforward manipulations,

Ez̄‖mp −A‖2 ≤ ‖mp − sign(gm)‖2 + 3

√

3 log(n)

n

Using lemma 3.1, we get for any ǫ > 0,

sup
p∈PM

Ez̄‖mp−A‖
2 ≤

4

2π
(arcsin(ǫ))+

1

ǫ2
(‖φ−φm‖

2+‖ψ−ψm‖
2)+3

√

3 log(n)

n

�

Lemma 3.1 Let f, g be any two functions. Then for any ǫ > 0,

‖sign(f) − sign(g)‖2
L2(pX) ≤ µ(Xǫ) +

1

ǫ2
‖f − g‖2

L2(pX)

where Xǫ,f = {x | |f(x)| > ǫ} and µ is the measure corresponding to the
marginal distribution pX .
Further, if f = αφ+βψ (α2+β2 = 1) and g = αφm+βψm where φ, ψ

are eigenfunctions of the Laplacian onM while φm, ψm are eigenfunctions
of point cloud Laplacian as defined in the previous developments. Then for
any ǫ > 0

‖sign(f)−sign(g)‖2
L2(pX) ≤

4

2π
(arcsin(ǫ))+

1

ǫ2
(‖φ−φm‖

2+‖ψ−ψm‖
2)

PROOF:We see that

‖sign(f)−sign(g)‖2
L2(pX) =

∫

Xǫ,f

|sign(f(x))−sign(g(x))|2+

∫

M\Xǫ,f

|sign(f(x))−sign(g(x))|2

≤ 4µ(Xǫ,f ) +

∫

M\Xǫ,f

|sign(f(x)) − sign(g(x))|2

Note that if x ∈ M \Xǫ,f , we have that

|sign(f(x)) − sign(g(x))| ≤
2

ǫ
|f(x) − g(x)|

Therefore,
∫

M\Xǫ,f

|sign(f(x))−sign(g(x))|2 ≤
4

ǫ2

∫

M\Xǫ,f

|f(x)−g(x)|2 ≤
4

ǫ2
‖f−g‖2

L2(pX)

This proves the first part. The second part follows by a straightfor-
ward calculation on the circle. �

Remarks:
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1. While we have stated the above theorem for our running ex-
ample of embeddings of the circle into IRD, it is clear that the
results can be generalized to cover arbitrary k-manifolds, more
general classes of functions HM, noise, and loss functions V .
Many of these extensions are already implicit in the proof and
associated technical discussions.

2. A corollary of the above theorem is relevant for the (m = ∞)
case that has been covered in Castelli and Cover. We will dis-
cuss this in the next section. The corollary is

Corollary 3.1 Let P = ∪MPM be a collection of learning problems
with the structure described in Section 2, i.e., each p ∈ P is such that
the marginal pX has support on a submanifoldM of IRD which corre-
sponds to a particular isometric embedding of the circle into Euclidean
space. For each such p, the regression function mp = E[p(y|x)] be-
longs to a class of functions HM which consists of thresholding ban-
dlimited functions onM. Then no supervised learning algorithm ex-
ists (Theorem 2) but the semi-supervised manifold regularization al-
gorithm described above (with infinite amount of unlabeled data) con-
verges at a fast rate as a function of labelled data. In other words,

sup
M

lim
m→∞

sup
PM

‖mp −A(z̄, x̄)‖2
L2(pX) = 3

√

3 log(n)

n

3. It is natural to ask what it would take to move the limitm→ ∞
outside. In order to do this, one will need to put additional
constraints on the class of possible manifolds M that we are
allowed to consider. But putting such constraints we can con-
struct classes of learning problems where for any realistic num-
ber of labeled examples n, there is a gap between the perfor-
mance of a supervised learner and the manifold based semi-
supervised learner. An example of such a theorem is:

Theorem 3.3 Fix any number N . Then there exists a class of learn-
ing problems PN such that for all n < N

R(n,PN ) = inf
A

sup
p∈PN

Ez̄‖mp −A(z̄)‖ ≥ 1/100

while

Q(n,PN ) = lim
m→∞

sup
p∈PN

‖mp −Amanreg(z̄, x̄)‖
2 ≤

√

3 log(n)

n
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However, asymptotically, R(n) andQ(n) have the same rate for
n >> N . SinceN can be arbitrarily chosen to be astronomically
large, this asymptotic rate is of little consequence in practical
learning situations. This suggests the limitations of asymptotic
analysis without a careful consideration of the finite sample sit-
uation.

3.4 The structure of semi-supervised learning

It is worthwhile to reflect on why the manifold regularization algo-
rithm is able to display improved perfomance in semi-supervised
learning. The manifold assumption is a device that allows us to link
the marginal pX with the conditional p(y|x). Through unlabeled data
x̄, we can learn the manifoldM thereby greatly reducing the class
of possible conditionals p(y|x) that we need to consider. More gen-
erally, semi-supervised learning will be feasible only if such a link is
make. To clarify the structure of problems on which semi-supervised
learning is likely to be meaningful, let us define a map π : p → pX
that takes any probability distribution p onX × Y and maps it to the
marginal pX .
Given any collection of learning problems P , we have

π : P → PX

where PX = {pX |p ∈ P}. Consider the case in which the structure
of P is such that for any q ∈ PX , the family of conditionals π

−1(q) =
{p ∈ P|pX = q} is “small”. For a situation like this, knowing the
marginal tells us a lot about the conditional and therefore unlabeled
data can be useful.

3.4.1 Castelli and Cover interpreted

Let us consider the structure of the class of learning problems consid-
ered by Castelli and Cover (1996). They consider a two-class problem
with the following structure. The class of learning problemsP is such
that for each p ∈ P , the marginal q = pX can be uniquely expressed
as

q = µf + (1 − µ)g

where 0 ≤ µ ≤ 1 and f, g belong to some class G of possible proba-
bility distributions. In other words, the marginal is always a mixture
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(identifiable) of two distributions. Furthermore, the class P of possi-
ble probability distributions is such that there are precisely two prob-
ability distributions p1, p2 ∈ P such that their marginals are equal to
q. In other words,

π−1(q) = {p1, p2}

where p1(y = 1|x) = µf(x)
q(x) and p2(y = 1|x) = (1−µ)g(x)

q(x) .

In this setting, unlabeled data allows the learner to estimate the
marginal q. Once the marginal is obtained, the class of possible con-
ditionals is reduced to exactly two functions. Castelli and Cover (1996)
show that the risk now converges to the Bayes’ risk exponentially
as a function of labeled data (i.e., the analog of an upper bound on
Q(n,P) is approximately e−n). The reason semi-supervised learn-
ing is successful in this setting is that the marginal q tells us a great
deal about the class of possible conditionals. It seems that a precise
lower bound on purely supervised learning (the analog of R(n,P))
has never been clearly stated in that setting.

3.4.2 Spectral Geometry and Semi-supervised learning

In its most general form, manifold regularization encompasses a class
of geometrically motivated approaches to learning. Spectral geome-
try provides the unifying point of view and the spectral analysis of
a suitable geometrically motivated operator yields a “distinguished
basis”. Since (i) only unlabeled examples are needed for the spectral
analysis and the learning of this basis, and (ii) the target function is
assumed to be compactly representable in this basis, the idea has the
possibility to succeed in semi-supervised learning. Indeed, the pre-
vious theorems clarify the theoretical basis of this approach. This,
together with the empirical success of algorithms based on these in-
tuitions suggest there is some merit in this point of view.
In general, let q be a probability density function on X = IRD.

The support of q may be a submanifold of X (with possibly many
connected components). Alternatively, it may lie close to a submani-
fold, it may be all of X , or it may be a subset of X . As long as q is far
from uniform, i.e., it has a “shape”, one may consider the following
“weighted Laplacian” (see Grigoryan) defined as

∆qf(x) =
1

q(x)
div(qgradf)
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where the gradient (grad) and divergence (div) are with respect to
the support of q (which may simply be all of X).
The heat kernel associated with this weighted Laplacian (essen-

tially the Fokker-Planck operator) is given by e−t∆q . Laplacian eigen-
maps and Diffusion maps are thus defined in this more general set-
ting.
If φ1, φ2, . . . .. represent an eigenbasis for this operator, then, one

may consider the regression functionmq to belong to the family (pa-
rameterized by s = (s1, s2, . . .) where each si ∈ IR ∪ {∞}.

Hs

q = {h : X → IR such that h =
∑

i

αiφi and
∑

i

α2
i si <∞}

Some natural choices of s are (i) ∀i > p, si = ∞ : this gives us ban-
dlimited functions (ii) si = λti where λi is the ith eigenvalue of ∆q :
this gives us spaces of Sobolev type (iii) ∀i ∈ A, si = 1, else si = ∞
where A is a finite set: this gives us functions that are sparse in that
basis.
The class of learning problems P(s) may then be factored as

P(s) = ∪qP
(s)
q

where
P(s)
q = {p |pX = q andmp ∈ Hs

q}

The logic of the geometric approach to semi-supervised learning
is as follows:

1. Unlabeled data allow us to approximate q, the eigenvalues and
eigenfunctions of∆q, and therefore the space H

s.

2. If s is such that π−1(q) is “small” for every q, then a small num-
ber of labeled examples suffice to learn the regression function
mq.

In problems that have this general structure, we expect manifold reg-
ularization and related algorithms (that use the graph Laplacian or
a suitable spectral approximation) to work well. Precise theorems
showing the correctness of these algorithms for a variety of choices
of s remains part of future work. The theorems in this paper establish
results for some choices of s and are a step in a broader understand-
ing of this question.
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4 Conclusions

We have considered a minimax style framework within which we
have investigated the potential role of manifold learning in learning
from labeled and unlabeled examples. We demonstrated the natu-
ral structure of a class of problems on which knowing the manifold
makes a big difference. On such problems, we see thatmanifold regu-
larization is provably better than any supervised learning algorithm.
Our proof clarifies a potential source of confusion in the literature

onmanifold learning. We see that if data lives on an underlyingman-
ifold but this manifold is unknown and belongs to a class of possible
smooth manifolds, it is possible that supervised learning (classifica-
tion and regression problems) may be ineffective, even impossible. In
contrast, if the manifold is fixed though unknown, it may be possible
to (e.g. Bickel and Li, 2006) learn effectively by a classical method
suitably modified. In between these two cases lie various situations
that need to be properly explored for a greater understanding of the
potential benefits and limitations of manifold methods and the need
for manifold learning.
Our analysis allows us to see the role ofmanifold regularization in

semi-supervised learning in a clear way. It provides a framework for
analysis and a justification for several algorithms that use manifold
and graph-basedmethods for semi-supervised learning that have seen
empirical success.
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