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Abstract

We propose a family of learning algorithms based on a new form
of regularization which allows us to incorporate both labeled and un-
labeled data in a general-purpose learner. Transductive graph learn-
ing algorithms and standard methods including SVM and Regular-
ized Least Squares can be obtained as special cases of our framework.

1 Introduction

The problem of learning from labeled and unlabeled data (semi-supervised
and transductive learning) has attracted considerable attention in recent years
(cf. [9, 5, 6, 13, 17, 18]). In this paper, we consider this problem within a new
framework for data-dependent regularization.

The idea of regularization has a rich mathematical history going back
to [15], where it is used for solving ill-posed inverse problems. Regulariza-
tion is a key idea in the theory of splines (e.g., [16]) and has been used in
machine learning (e.g., [8]). Many machine learning algorithms, including
Support Vector Machines, can be interpreted as instances of regularization.
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Our framework exploits the geometry of the probability distribution
that generates the data and incorporates it as an additional regularization
term. There are two regularization terms — one controlling the complexity
of the classifier in the ambient space and the other controlling the complex-
ity as measured by the geometry of the distribution. We consider in some
detail the special case where this probability distribution is supported on a
submanifold of the ambient space.

Within this general framework, we propose two specific families of al-
gorithms: the Laplacian Regularized Least Squares (hereafter LapRLS) and
the Laplacian Support Vector Machines (hereafter LapSVM). These are nat-
ural extensions of RLS and SVM respectively. In addition, several recently
proposed transductive methods (e.g., [18, 1]) are also seen to be special
cases of this general approach. Our solution for the semi-supervised case
can be expressed as an expansion over labeled and unlabeled data points.
Finally, it is worth noting that the problem of out-of-sample extension (see
also [4]) is naturally resolved in our setting.

This paper provides a short account of the framework, theorems, algo-
rithms, and experiments. A more extensive account with proofs and more
detailed elaborations of algorithms is contained in a forthcoming longer
paper that will be available as a technical report from The University of
Chicago (Computer Science Department).

2 The Semi-Supervised Learning Framework

Recall the standard framework of learning from examples. There is a prob-
ability distribution P on X ×R according to which examples are generated
for function learning. Labeled examples are (x, y) pairs generated accord-
ing to P . Unlabeled examples are simply x ∈ X drawn according to the
marginal distribution PX of P .

One might hope that knowledge of the marginal PX can be exploited
for better function learning (e.g. in classification or regression tasks). Of
course, if there is no identifiable relation between PX and the conditional
P(y|x), the knowledge of PX is unlikely to be of much use. Therefore, we
will make a specific assumption about the connection between the marginal
and the conditional. We will assume that if two points x1, x2 ∈ X are close in
the intrinsic geometry of PX , then the conditional distributions P(y|x1) and
P(y|x2) are similar. In other words, the conditional probability distribution
P(y|x) varies smoothly along the geodesics in the intrinsic geometry of PX .

We utilize these geometric ideas to extend an established framework for
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function learning. A number of popular algorithms such as SVM, Ridge
regression, splines, Radial Basis Functions may be broadly interpreted as
regularization algorithms with different empirical cost functions and com-
plexity measures in an appropriately chosen Reproducing Kernel Hilbert
Space (RKHS).

For a Mercer kernel K : X × X → R, there is an associated RKHS HK

of functions X → R with the corresponding norm ‖ ‖K . Given a set of
labeled examples (xi, yi), i = 1, . . . , l the standard framework estimates an
unknown function by minimizing

f∗ = argmin
f∈HK

1

l

l∑
i=1

V (xi, yi, f) + γ‖f‖2
K (1)

where V is some loss function, such as squared loss (yi − f(xi))
2 for RLS

or the soft margin loss function for SVM. Penalizing the RKHS norm im-
poses smoothness conditions on possible solutions. The classical Represen-
ter Theorem states that the solution to this minimization problem exists in
HK and can be written as

f∗(x) =
l∑

i=1

αiK(xi, x) (2)

Therefore, the problem is reduced to optimizing over the finite dimensional
space of coefficients αi, which is the algorithmic basis for SVM, Regularized
Least Squares and other regression and classification schemes.

Our goal is to extend this framework by incorporating additional in-
formation about the geometric structure of the marginal PX . We would
like to ensure that the solution is smooth with respect to both the ambient
space and the marginal distribution PX . To achieve that, we introduce an
additional regularizer:

f∗ = argmin
f∈HK

1

l

l∑
i=1

V (xi, yi, f) + γA‖f‖
2
K + γI‖f‖

2
I (3)

where ‖f‖2
I is an appropriate penalty term that should reflect the intrinsic

structure of PX . Here γA controls the complexity of the function in the am-
bient space while γI controls the complexity of the function in the intrinsic
geometry of PX . Given this setup one can prove the following representer
theorem:
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Theorem 2.1. Assume that the penalty term ‖f‖I is sufficiently smooth with
respect to the RKHS norm ‖f‖K . Then the solution f∗ to the optimization problem
in Eqn 3 above exists and admits the following representation

f∗(x) =

∫
M

α(y)K(x, y) dPX(y) +
l∑

i=1

αiK(xi, x) (4)

where M = supp{PX} is the support of the marginal PX .

To get a sense of why the theorem is true, let S be the closure of span{Kx |x ∈
M} in HK . For any f ∈ HK , its projection fS to S satisfies (i) ‖f‖I =
‖fS‖I (ii) f(xi) = fS(xi) and (iii) ‖f‖K ≥ ‖fS‖K . Therefore it is easy to see
that f∗ ∈ S. We observe that functions as in right-hand side of Eqn 4 lie in
S. Additional steps are required to show that f ∗ has that form.

However, in most applications we do not know PX . Therefore we must
attempt to get empirical estimates of ‖f‖I . Note that in order to get such
empirical estimates it is sufficient to have unlabeled examples.

A case of particular recent interest (e.g., see [11, 14, 2, 7] for a discus-
sion on dimensionality reduction) is when the support of PX is a com-
pact submanifold M ⊂ X = R

n. In that case, a natural choice for ‖f‖I

is
∫
M 〈∇Mf,∇Mf〉. The optimization problem becomes

f∗ = argmin
f∈HK

1

l

l∑
i=1

V (xi, yi, f) + γA‖f‖
2
K + γI

∫
M

〈∇Mf,∇Mf〉

The term
∫
M 〈∇Mf,∇Mf〉 may be approximated on the basis of labeled

and unlabeled data using the graph Laplacian ([1]). Thus, given a set of l

labeled examples {(xi, yi)}
l
i=1 and a set of u unlabeled examples {xj}

j=l+u
j=l+1 ,

we consider the following optimization problem :

f∗ = argmin
f∈HK

1

l

l∑
i=1

V (xi, yi, f) + γA‖f‖
2
K +

γI

(u + l)2

l+u∑
i,j=1

(f(xi) − f(xj))
2Wij

= argmin
f∈HK

1

l

l∑
i=1

V (xi, yi, f) + γA‖f‖
2
K +

γI

(u + l)2
f̂T Lf̂ (5)

where Wij are edge weights in the data adjacency graph, f̂ = [f(x1), . . . , f(xl+u)]T ,
and L is the graph Laplacian given by L = D − W . Here, the diagonal ma-
trix D is given by Dii =

∑l+u
j=1 Wij . The normalizing coefficient 1

(u+l)2
is the
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natural scale factor for the empirical estimate of the Laplace operator. On a
sparse adjacency graph it may be replaced by

∑l+u
i,j=1 Wij .

The following simple version of the representer theorem shows that the
minimizer has an expansion in terms of both labeled and unlabeled exam-
ples and is a key to our algorithms.

Theorem 2.2. The minimizer of optimization problem 5 admits an expansion

f∗(x) =
l+u∑
i=1

αiK(xi, x) (6)

in terms of the labeled and unlabeled examples.

The proof is a variation of the standard orthogonality argument.
Remarks : (a) Other natural choices of ‖ ‖I exist. Examples are (i) heat ker-
nel (ii) iterated Laplacian (iii) kernels in geodesic coordinates. The above
kernels are geodesic analogs of similar kernels in Euclidean space. (b) Note
that K restricted to M (denoted by KM) is also a kernel defined on M with
an associated RKHS HM of functions M → R. While this might suggest
‖f‖I = ‖f |M‖KM

(f |M is f restricted to M) as a reasonable choice for ‖f‖I ,
it turns out, that for the minimizer f ∗ of the corresponding optimization
problem we get ‖f∗‖I = ‖f∗‖K , yielding the same solution as standard
regularization, although with a different γ.

3 Algorithms

We now present solutions to the optimization problem posed in Eqn (5).
To fix notation, we assume we have l labeled examples {(xi, yi)}

l
i=1 and u

unlabeled examples {xj}
j=l+u
j=l+1 . We use K interchangeably to denote the

kernel function or the Gram matrix.

3.1 Laplacian Regularized Least Squares (LapRLS)

The Laplacian Regularized Least Squares algorithm solves Eqn (5) with the
squared loss function: V (xi, yi, f) = (yi − f(xi))

2. Since the solution is of
the form given by (6), the objective function can be reduced to a convex dif-
ferentiable function of the (l + u)-dimensional expansion coefficient vector
α = [α1, . . . , αl+u]T :

α∗ = argmin
α∈Rl+u

1

l
(Y − Kα)T J(Y − Kα) + γAαT Kα +

γI

(u + l)2
αT KLKα

5



where K is the (l + u) × (l + u) Gram matrix over labeled and unlabeled
points; Y is an (l+u) dimensional label vector given by - Y = [y1, . . . , yl, 0, . . . , 0]
and J is an (l+u)×(l+u) diagonal matrix given by J = diag(1, . . . , 1, 0, . . . , 0)
with the first l diagonal entries as 1 and the rest 0. The minimizer can be
easily obtained by solving the linear system.

α∗ = (JK + γAI +
γI

(u + l)2
LK)−1Y (7)

Note that when γI = 0, Eqn (7) gives zero coefficients over unlabeled data.
The coefficients over labeled data are exactly those for standard RLS.

3.2 Laplacian Support Vector Machines (LapSVM)

For standard SVM classification, the optimization problem 1 is solved
with the soft margin loss function - V (xi, yi, f) = max(0, 1 − yif(xi)), yi ∈
{−1, +1}. Introducing slack variables, using standard Lagrange Multiplier
techniques, and the form of the solution given by 2, we can arrive at the
following quadratic program in dual variables β :

β? = max
β∈Rl

l∑
i=1

βi −
1

2
βT Qβ subject to :

l∑
i=1

yiβi = 0, 0 ≤ βi ≤
1

l
i = 1, ..., l

where Q = Y ( K
2γ )Y , Y is the diagonal matrix Yii = yi and K is the Gram

matrix over the labeled data. The optimal expansion coefficient vector can
be obtained by the relation α∗ = Y β∗

2γ . SVM practitioners may be more
familiar with a re-parametrized formulation that uses a C parameter as the
weight on the hinge loss. In this formulation, C appears as an upper bound
on βi in the quadratic program; the relationship between the expansion
coefficients and the Lagrange Multipliers is simpler: α∗ = Y β∗ and Q =
Y KY . The two parameterizations are related by C = 1

2γl .
LapSVM solves the optimization problem 5 with the soft margin loss

function. Utilizing the same techniques used for deriving SVM, we can
arrive at a similar quadratic program in l variables with

Q = Y JK(2γAI + 2
γI

(u + l)2
LK)−1JT Y (8)

where Y, as before, is the diagonal matrix Yii = yi, K is the Gram matrix
over both the labeled and the unlabeled data; L is the data adjacency graph
Laplacian; and J is an l × (l + u) matrix given by Jij = 1 if i = j and xi is a
labeled example, and Jij = 0 otherwise.
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To obtain the optimal expansion coefficient vector α∗ ∈ R
(l+u) , one has

to solve the following linear system :

α∗ = (2γAI + 2
γI

(u + l)2
LK)−1JT Y β? (9)

Note that when γI = 0, the SVM QP and Eqns (8,9), give zero expansion
coefficients over the unlabeled data. The expansion coefficients over the
labeled data and the Q matrix are as in standard SVM, in this case.

The Manifold Regularization algorithms and some connections are pre-
sented in the table below. For Graph Regularization and Label Propagation
see [10, 3, 18].

Manifold Regularization Algorithms
Input: l labeled examples {(xi, yi)}

l
i=1, u unlabeled examples

{xj}
l+u
j=l+1

Output: Estimated function f : R
n → R

Step 1 ´ Construct data adjacency graph with (l + u) nodes using,
e.g, k nearest neighbors. Choose edge weights Wij , e.g. bi-
nary weights or heat kernel weights Wij = e−‖xi−xj‖

2/4t.
Step 2 ´ Choose a kernel function K(x, y). Compute the Gram ma-

trix Kij = K(xi, xj).
Step 3 ´ Compute graph Laplacian matrix : L = D − W where D

is a diagonal matrix given by Dii =
∑l+u

j=1 Wij .
Step 4 ´ Choose γA and γI .
Step 5 ´ Compute α∗ using Eqn (7) for squared loss (Laplacian

RLS) or using Eqns (8,9) together with the SVM QP solver
for soft margin loss (Laplacian SVM).

Step 6 ´ Output function f ∗(x) =
∑l+u

i=1 α∗
i K(xi, x).

Connections to other algorithms
γA ≥ 0 γI ≥ 0 Manifold Regularization
γA ≥ 0 γI = 0 Standard Regularization (RLS or SVM)
γA = 0 γI > 0 Out-of-sample extension for Graph Regularization (RLS or SVM)
γA = 0 γI → 0 Out-of-sample extension for Label Propagation (RLS or SVM)
γA → 0 γI = 0 Hard margin (RLS or SVM)

7



4 Experiments

We performed experiments on a synthetic dataset and two real world clas-
sification problems arising in visual and speech recognition. Comparisons
are made with inductive methods (SVM, RLS) and Transductive SVM (e.g.,
[9]). All software and datasets used for these experiments will be made
available at:
http://manifold.cs.uchicago.edu/manifold regularization/manifold.html.

For all experiments, we constructed adjacency graphs with 6 nearest
neighbors.

4.1 Synthetic Data : Two Moons Dataset

The two moons dataset is shown in Figure 1. The best decision surfaces
across a wide range of parameter settings are also shown for SVM, Trans-
ductive SVM and Laplacian SVM. The dataset contains 200 examples with
only 1 labeled example for each class. The SVM solution is fixed by the lo-
cation of the two labeled points. Transductive SVM use the inductive SVM
to label the unlabeled data and then iteratively solve SVM quadratic pro-
grams, at each step switching labels so that the margin improves. Figure 1
demonstrates how TSVM fails to find the optimal solution. The Laplacian
SVM decision boundary seems to be intuitively most satisfying.

Figure 1: Two Moons Dataset: Best decision surfaces using RBF kernels for
SVM, TSVM and Laplacian SVM. Labeled points are shown in color, other
points are unlabeled.
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4.2 Handwritten Digit Recognition

In this set of experiments we applied Laplacian SVM and Laplacian RLSC
algorithms to 45 binary classification problems that arise in pairwise clas-
sification of handwritten digits. The first 400 images for each digit in the
USPS training set (preprocessed using PCA to 100 dimensions) were taken
to form the training set. The remaining images formed the test set. 2 images
for each class were randomly labeled (l=2) and the rest were left unlabeled
(u=398). Following [12], we chose to train classifiers with polynomial ker-
nels of degree 3, and set the weight on the regularization term for inductive
methods as γl = 0.05(C = 10). For manifold regularization, we chose to
split the same weight in the ratio 1 : 9 so that γAl = 0.005, γI l

(u+l)2
= 0.045.

The observations reported in this section hold consistently across a wide
choice of parameters. In Figure 2, we compare the error rates of Lapla-
cian algorithms, SVM and TSVM, at the precision-recall breakeven points
in the ROC curves for the 45 binary classification problems. These results
are averaged over 10 random choices of labeled examples. The following
comments can be made: (a) Manifold regularization results in significant
improvements over inductive classification, for both RLS and SVM, and
either compares well or significantly outperforms TSVM across the 45 clas-
sification problems. Note that TSVM solves multiple quadratic programs in
the size of the labeled and unlabeled sets whereas LapSVM solves a single
QP in the size of the labeled set, followed by a linear system. This resulted
in substantially faster training times for LapSVM in this experiment. (b)
Scatter plots of performance on test and unlabeled data sets confirm that
the out-of-sample extension is good for both LapRLS and LapSVM. (c) Fi-
nally, we found Laplacian algorithms to be significantly more stable with
respect to choice of the labeled data than the inductive methods and TSVM,
as shown in the scatter plot in Figure 2 on standard deviation of error rates.

4.3 Spoken Letter Recognition

This experiment was performed on the Isolet database of letters of the En-
glish alphabet spoken in isolation (available from the UCI machine learning
repository). The data set contains utterances of 150 subjects who spoke the
name of each letter of the English alphabet twice. The speakers are grouped
into 5 sets of 30 speakers each, referred to as isolet1 through isolet5. For the
purposes of this experiment, we chose to train on the first 30 speakers (iso-
let1) forming a training set of 1560 examples, and test on isolet5 containing
1559 examples (1 utterance is missing in the database due to poor record-
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Figure 2: USPS Experiment - Error Rates at Precision-Recall Breakeven
points for 45 binary classification problems
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ing). We considered the task of classifying the first 13 letters of the English
alphabet from the last 13. The experimental set-up is meant to simulate a
real-world situation: we considered 30 binary classification problems cor-
responding to 30 splits of the training data where all 52 utterances of one
speaker were labeled and all the rest were left unlabeled. The test set is
composed of entirely new speakers, forming the separate group isolet5.

We chose to train with RBF kernels of width σ = 10 (this was the best
value among several settings with respect to 5-fold cross-validation error
rates for the fully supervised problem using standard SVM). For SVM and
RLSC we set γl = 0.05 (C = 10) (this was the best value among several set-
tings with respect to mean error rates over the 30 splits). For Laplacian RLS
and Laplacian SVM we set γAl = γI l

(u+l)2
= 0.005. In Figure 3, we compare

these algorithms. The following comments can be made: (a) LapSVM and
LapRLS make significant performance improvements over inductive meth-
ods and TSVM, for predictions on unlabeled speakers that come from the
same group as the labeled speaker, over all choices of the labeled speaker.
(b) On Isolet5 which comprises of a separate group of speakers, perfor-
mance improvements are smaller but consistent over the choice of the la-
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Figure 3: Isolet Experiment - Error Rates at precision-recall breakeven
points 30 binary classification problems

beled speaker. This can be expected since there appears to be a systematic
bias that affects all algorithms, in favor of same-group speakers.
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