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Abstract

In machine learning, high dimensional data generally should have a

high degree of freedom. However, recent experiments in machine learn-

ing show that real world data in high dimensions is usually governed

by a surprisingly low dimensions. We believe that in high dimensions,

geometry information, for example, the “shape” of data distribution,

can help learning algorithms to perform better. A geometric trans-

form of high dimensions targeted for learning is attractive for high

dimensional machine learning problems.

In this paper, we gave an empirical evaluation by experiments

comparing how geometric information of high dimensional data can

improve learning. We consider two geometric transforms, Laplacian

Eigenmaps and Diffusion maps as our general geometric transforms.

Distance in spaces after the transform is discussed. We compared

classification results from data in original spaces to a new represen-

tation of the data after geometric transforms in various application

areas, including image, text, acoustic signals, microarray data, and

artificial data sets. Results showed that learning algorithms can take

advantage of geometric information for most real world data in high

dimensions. When labeled examples are extremely few, geometric

transforms showed great improvement in learning. We also found cases

when these geometric transforms fail in artificial data sets. General

conditions when the transforms can result in better classifications are

discussed.
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1 Introduction

People are facing more and more areas where computers has to learn from

data in extremely high dimensional spaces. For example, image, text, acoustic

signals, and microarray data. Dimensions of these data can be as high as

tens of thousand. However, in many cases, the high dimensional data is only

governed by a few degrees of freedom. Dimension reduction can then be used

to find the low dimensional representation, which not only makes algorithms

practical and help visualize high dimensional data, but also improves learn-

ing results. In this paper, we consider a general transform of data, which

transforms data from original space data lives in into another space, and

in this new space learning algorithms perform better than in original space.

Note that new space does not necessarily have fewer dimensions, although

dimension reduction methods reduce number of dimensions. Particularly, we

are interested in geometry motivated transforms.

1.1 Geometry for Learning in High Dimensions

What is geometry?

In general, geometry studies size, shape, and relative position of figures and

with properties of space. However, in machine learning, since we are con-

cerned with problems of learning, or specifically, classification of patterns,

we focus more on aspects of geometry which influences machine learning

the most. In recent study, relationships between data points are extremely

important for clustering and classification. For example, L2 distance rela-

tionship between points is the basis for k nearest neighbor classifier, and is

4



also the key of the success of several classifiers. Therefore, by geometry, we

mean the relationships between data points, in particular, we are interested

in various distance measures between points in Euclidean space.

Why does geometry help learning?

In machine learning, a wildly used assumption is that, similar inputs should

give similar outputs. Distance is a typical measure we use to define “similar”.

The more we know about relationships between data points, the more precise

we can describe data, which in turn results in a better learned output. Recent

works on how to model data by “must-link” and “can not link” [1] is one

example of this idea. In classification, let us consider one extreme case, if we

are told by some oracle that all the data points from the same class should

be connected, and points from different classes must not be connected. Then

we only need one point per class to get a perfect classification in noiseless

case.

What geometry information we used in this paper?

We consider geometric transforms that transform data from one space into

another one, and hope these transforms can reveal more information about

the geometry of data points. Various transforms were developed for dimen-

sion reduction, which can be viewed as our transforms. For example, Locally

Linear Embedding [10], Isomap [13], MVU [15], Laplacian Eigemaps [2], and

Diffusion maps [6]. Different algorithms have different goals, which lead the

algorithm design. We are interested in how these transforms can help clas-

sification in high dimensions. In this paper, we only consider two geometry

motivated methods: Laplacian Eigenmaps and Diffusion maps.
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Laplacian Eigenmaps assume that data in high dimensional spaces approx-

imately lies on or near a low dimensional manifold, which is the manifold

assumption. However, experimental results suggested that when the low

dimensional manifold structure of data is not clear, low dimension represen-

tation of data after this transform also improves classification. This suggests

that learning in high dimensions is different from in low dimensions, and

motivates the idea that learning in high dimensions can be as effective as

in low dimensions if we can transform high dimensional data in some way

targeted for learning. We also use Diffusion maps because these two methods

are closely related to each other, which is explained in Section.(2).

We first demonstrate the idea of geometric transforms using a toy data set,

two moons data used in [12]. In Figure(1), left panel is the two dimen-

sional data in original space R2. From classification point of view, under

cluster assumption, it is clearly two clusters which should be classified into

two separated classes. The right panel is data in 3 dimensions after being

transformed recursively 4 times by Diffusion maps using unweighted kNN

graph with k = 8. The transform almost perfectly redistributes two clusters

into two perpendicular lines in three dimensions, except one red diamond

point is mispositioned among black round points. In this case, a single di-

mension in new space is enough to classify all the data. On one hand, this

transform preserves local information among points, which can be seen that

points in the same cluster are aligned in a straight line. On the other hand,

two clusters are transformed in such a way that it is almost the easiest task

for classification. Note that the transform does not preserve pairwise dis-

tance between points, but it is this feature that makes it successful for such
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a nonlinear classification task.
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Figure 1: Two moons data demonstration.

From above toy example, intuitively, transforms that bring data points in the

same class closer, while keeping the distance between data points in differ-

ent classes the same or further, should give better classification. Therefore,

based on cluster assumption 1, when dimension of data increases higher and

higher, we believe that the intrinsic dimension of the data needed for clas-

sification or learning is actually much smaller. This means we need much

fewer dimensions to achieve a comparable or even better classification. Note

that this argument is only meaningful for learning. In other areas, above

hypothesis is not necessarily true.

From Bayes rule, classification is to estimate P (y|x), which can be further

computed as:

P (y|x) =
P (x|y)P (y)

P (x)
(1)

where P (x) and P (y) are marginal distribution for x and y. Knowing P (x)

and P (y) does not directly lead us to knowing P (x|y). This shows that

even we know P (x) perfectly we can still be wrong in classification. Relation

1Data points within the same class are distributed continuously in relatively high den-
sity regions, and different classes are separated by relatively low density regions. This is
also called low density separation assumption.
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between P (x) and P (x|y) is critical for learning algorithms. Under assump-

tions, like manifold or cluster assumption, knowing P (x) is almost equivalent

to knowing P (x|y), since we assume that low density separates clusters. All

the left work is to find which cluster (clusters) correspond to which class.

These assumptions work well in practice, so we expect that better descrip-

tions of relationships between data points can improve classification.

1.2 Related Works

There are several famous transforms, including PCA, LLE, Isomaps, Lapla-

cian Eigenmaps, MVU, LDA and Diffusion maps, The motivations are dif-

ferent for different transforms. For example, PCA tries to keep dimensions

in which the variance are maximized. MVU tries to preserve the distances

and angles between points and their neighbors[15]. However, in this paper,

we are interested in transforms that can improve classification.

One example that considers class information in transforms is LDA (Linear

Discriminant Analysis). The objective of LDA is to perform dimensionality

reduction while preserving as much of the class discriminatory information as

possible. It seeks to find directions along which the classes are best separated.

This is contrast to PCA, which does not consider class discriminatory infor-

mation. However, LDA needs label information to transform data. Although

this can be estimated using training data, this needs more training data to

obtain a better estimate. When labeled examples are few, class information

is difficult to estimate.

Laplacian eigenmaps and Diffusion maps are both constructed by solving
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a quadratic problem which tries to assign nearby data with similar function

values. This can be treated as a way of learning functions. Since classification

is also learning functions, therefore, these two transforms can be used to

exploit class discriminatory information.

1.3 Notation

Let all data points be {(xi, yi) : i = 1, · · · , n}, X = {xi : i = 1, · · · , n}, where

xi ∈ Rd and are drawn i.i.d. from distribution p, and Y = {yi : i = 1, · · · , n},
where yi ∈ R. Since the transform we consider falls into semi-supervised

learning setting, we further define XL = {xi : i = 1, · · · , l}, XU = {xi : i =

l + 1, · · · , l + u}, and YL = {yi : i = 1, · · · , l}, YU = {yi : i = l + 1, · · · , l + u}
where n = l + u. Let G(V, E) be a graph with vertices set V and edge

set E. By associating each xi with one vertex vi, and a similarity function

value wij between xi and xj as weight on edge eij, we build a weighted graph

representation of X based on pairwise similarities between points. Then Y is

a function on vertices of graph G. Let weight matrix (wij) be W , and D be

diagonal matrix with Dii =
∑

j∈V wij. Then graph Laplacian is L = D−W .

Graph G can be unweighed or weighed. For weighted graph, W can be a

kernel matrix, e.g. Gaussian kernel.

Let classification function be f(x) ∈ R, where x ∈ Rd and y ∈ R. Our goal is

to infer f(x) given X and YL. When p is known, it is a much easier problem

than the cases when p is unknown. In machine learning, instead of knowing

p, we are given a sample set of data point X drawn i.i.d. from p. Given

sample X and YL, we want to learn a function to approximate y = f(x)
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on labeled data set XL, and generalization error of f(x) is also small on

unlabeled data set XU . From now on, we let original space be Rd1 , and the

space after transform be Rd2 . The latter is called map space.

In Section.2, we review Laplacian Eigenmaps and Diffusion maps. We also

show that Laplacian Eigenmaps is equivalent to Diffusion maps when Markov

transition probability matrix 2 P is used. Distance in Rd2 after transforms is

also explained. We also introduce measures we used to show the differences

of data before and after transforms. In Section.3, we describe various data

sets we used for evaluations and experiment setup. Section.4 presents results

and analysis for experiments on various data sets. Conclusion and questions

for future works are given in Section.5.

2 Algorithms and Measures

In this section, we introduce tools we used in this paper to evaluate our

hypothesis. We use Laplacian Eigenmaps and Diffusion maps as geometric

transform, and compare several classifiers on data sets before and after the

transforms. We also introduce measures we used to evaluate differences of

data before and after the transforms.

2.1 Laplacian Eigenmaps and Diffusion maps

We first review Laplacian Eigenmaps and Diffusion maps, then take a close

look at the connection and differences between them.

2We use p to denote a probability distribution, as P as the transition matrix for a
Markov chain.

10



Laplacian Eigenmaps:

Given data set X with element xi, where xi ∈ Rd1 (i = 1, · · · , n), Laplacian

Eigenmaps find another set Z with element zi, where zi (i = 1, · · · , n) is

the data set in Rd2 . Laplacian Eigenmaps are constructed by solving the

following eigenproblem.

Lv = λDv (2)

After solving above problem, we have n eigenvectors v1,v2, · · · ,vn
3, where

vi ∈ Rn. Then zi → (v1(i),v2(i), · · · ,vd2(i)). vi(j) means the jth coordinate

of the ith eigenvector. Note that we can at most have n dimensions in map

space (d2 ≤ n), where d2 is the number of dimensions we needed for new

space.

Diffusion maps:

Given a similarity matrix W of data X, we define a Markov chain on graph

G with transition matrix P = D−1W . Diffusion maps can be constructed

by symmetric positive semi-definite kernel matrix W , or Markov transition

matrix P . In this paper, we use matrix P which has a better explanation

discussed later.

Although the existence of a spectral theory for a general Markov transition

matrix is not guaranteed, matrix P defined on a connected graph with a

connection matrix W does have a spectral decomposition [6].

3Assume eigenvalues are in increasing order.
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Pv = λv (3)

Since P is a Markov transition matrix, we can define a random walk by P t

(t = 1, 2, · · ·), which has eigenvalue λt and the same eigenvector v. So diffui-

son maps compute a series of new points z
(t)
i in map space Rd2 with different

t: z
(t)
i → (λt

1v1(i), λ
t
2v2(i), · · · , λt

d2
vd2(i)). Eigenvalues are in increasing order

here. Parameter t then defines a diffusion process at different scale.

Therefore, Laplacian Eigenmaps and Diffusion Maps are constructed using

eigenvectors from different eigen problems with different matrices. Interest-

ingly, eigenvectors in building Laplacian Eigenmaps and Diffusion Maps are

the same vectors, which are discussed by [7] in normalized graph cut problem.

It can be shown as follows: let λD and vD be eigenvalues and eigenvectors

for Diffusion Maps and λL and vL for Laplacian Eigenmaps .

LvL = λLDvL

D−1LvL = λLvL

D−1(D −W )vL = λLvL

(I − P )vL = λLvL

PvL = (1− λL)vL

Together with equation(3), we conclude that λD = 1−λL and vD = vL. This

connects spectral decomposition of both problems. The eigenvalue 0 for L

corresponds to eigenvalue 1 for P , and both eigenvectors are constant.

The construction of Laplacian Eigenmaps and Diffusion Maps share a similar

algorithm:
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Step.1 Construct adjacency graphs: kNN or εNN

Step.2 Compute weights on the edge of Graphs

Step.3 Solve eigen problems of some matrices of graphs in Step 2.

The main difference is what matrix is used in step 3, and Diffusion Maps

results in a series of new representation indexed by a single parameter t,

while Laplacian Eigenmaps is only one representation.

Euclidean distance in map space Rd2

Diffusion distances between two points x and y given parameter t is denoted

by Dt(x, y) [6], which is the Euclidean distance of Diffusion Maps .

Dt(x, y)2 = ||z(t)
x −z(t)

y ||2 =
∑

i

λ2t
i (vi(x)−vi(y))2 = ||pt(x, ·)−pt(y, ·)||2 (4)

Where z
(t)
x is the vector for data point x in new space with parameter t,

and pt(x, ·) is the row probability vector for x with parameter t in matrix

P . For a Markov chain on graph G, Dt(x, y) will be small if there is a large

number of short paths connecting x and y, which means the probability of

transition between x and y is large. If we view pt(x, ·) as a bump centered

at x, from equation (4), small Dt(x, y) also means vertices x and y share a

lot of neighbors and weights on corresponding edges are also similar. Since

Laplacian Eigenmaps is the same as Diffusion Maps when t = 0, we can

generalized Diffusion Maps 4 to t = 0, and also expect Euclidean distance of

Laplacian Eigenmaps have similar meaning.

Diffusion distance is important to machine learning, particularly for cluster-

4Generally speaking, t >= 1 for Diffusion Maps .
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ing and classification. Because if points are highly connected in a graph,

their diffusion distance will be much smaller than the actual distance in orig-

inal space, which emphasizes the notion of clusters. This is exactly what

we need for a transform to improve classification. Furthermore, since this

distance considers all paths connecting two points, it is more robust to noise

and depends less on graph construction. In Section(4), we can see how this

distance behaves compared to distance in original space.

In our experiments, we use unnormalized and normalized Laplacian Eigen-

maps and Diffusion Maps with different t as our transforms.

2.2 Classifiers

Since geometry based transforms emphasize the distance by connectivity be-

tween points, we use distance based classification method k nearest neighbor

classifier (kNN) and ridge regression version of linear least square (LSQ)

classifier. The solution is in the form of w = (XT X + rI)−1XT Y , where X

is data matrix whose rows are data point vectors, Y is column vectors of

labels, w is the weight for least square problem, and r is a free parameter.

On the other hand, since each eigenvector contains useful information for

clusters, we want to test how each of them contributes to the final classifica-

tion in a different way from kNN or LSQ. In order to achieve this goal, we

use AdaBoost using decision stumps (AdaBoostStump, ABS). With decision

stumps, also know as one node decision tree, AdaBoost picks one dimension

of data set together with a threshold value at one round. Here each dimension

is exactly one eigenvector. Balls centered at example points are also used as
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base learner for AdaBoost (AdaBoostBall, ABB). Inside and outside of a ball

form a natural binary classification. For multiple class classification problem,

one-versus-all scheme and maximum value prediction are used. Therefore,

we use four classifiers, kNN, LSQ, AdaBoostStump, and AdaBoostBall 5 to

classify data before and after different transforms.

Classifiers in transformed space

Since distance in map space emphasizes the notion of cluster, all distance

based classifiers will have new interpretations. For kNN classifier, distance

between two examples is based on densities of data distribution. In original

Euclidean space, if two points have a longer distance but are connected by

a high density region, in map space, they will have much shorter distance.

In ideal case, each cluster will continuously deform into an isotropic ball, or

point. Then classifiers like kNN can give a perfect classification. This is also

true for Balls base classifier in map space.

For LSQ classifier, a hyperplane is computed to separate data in map space.

In original space, this corresponds to a curve lying in a continuous low density

region. For example, in our toy two moons data in Figure(1), separating plane

in the right figure corresponds to the low density “S” shape low density region

in the left figure.

AdaBoostStump is different from above distance based classifiers. For Diffu-

sion Maps , although eigenvalue λ provides a weight λt with parameter t for

each eigenvector, this weight has no influence for AdaBoostStump. Consider

a series of maps index by t, z
(t)
i → (λt

1v1(i), λ
t
2v2(i), · · · , λt

d2
vd2(i)). For the

jth eigenvector, which is the jth dimension in map space, the weight is the

5All four classifiers are wildly known, so we omit detailed descriptions.
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same across all data points. This is to say no matter what value λ is, it will

change each elements of corresponding eigenvector equally. For example, if

we have a decision stump z(j) > a on the jth dimension, then for any t ≥ 0,

decision stump for λt
jz(j) is z(j) > a

λt
j
. The produces the same base learner

for AdaBoot. So different t values actually result in the same ensemble of

base learners with the same weights.

AdaBoostStump in map space has another feature that it combines different

eigenvectors as base learner with different weights. If the second eigenvector

gives a partition of the whole data set, and higher order eigenvectors give

recursive partitions, then AdaBoostStump gives an ensemble of base learners

which combines different scale information of the same data set with different

weights.

2.3 Geometric Measures

Besides classification accuracy, we also want to evaluate how these transforms

change relationships between data points, we employ two measures to show

the geometric changes brought by the transforms.

1. Graph cut

Graph cut can measure how well two clusters are separated. We use normal-

ized cut (NCut)[11]. Meila and Shi [7] show an interesting result:

NCut(A, Ā) = Cut(A, Ā)(
1

vol(A)
+

1

vol(Ā)
) = P (Ā|A) + P (A|Ā) (5)

Where A and Ā are partition of a graph, vol(A) is the volume of set A on
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graph G, which is
∑

i∈A Dii, cut(A, Ā) is the ordinary graph cut for parti-

tion (A, Ā), which is
∑

i∈A,j∈Ā wij, and P (A|Ā) and P (Ā|A) are defined by

stationary probabilities of Markov chain on graph G. For a given station-

ary distribution, P (A|Ā) is the probability of jumping to any point in set

A, conditioning on that the random walk starts from any point of Ā. From

equation (5), NCut is also the probability of transition from one class to

the other starting from stationary distribution. So it is a fair measure for

different graphs.

2. Pairwise distance

Since the transforms is expected to bring points which are heavily connected

closer, we want to see how the transforms behave in changing the distance.

In order to make the comparison fair, we compare pairwise distance distrib-

utions before and after transforms. The distribution is defined for the points

in the same class and between classes separately.

3 Experiments Setup

Data Set

In order to test how geometry information improves learning, we performed

experiments on data sets in various application areas. In image classification,

we use MNIST, USPS, and COIL20 data sets. MNIST and USPS are hand-

written digits data sets, which have been used in machine learning wildly.

COIL20 data set [8] contains 20 objects, each of which is shot from different

angles.
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For text data, we used aut-avn and real-sim from SRAA 6, which are UseNet

articles from four discussion groups, simulated auto racing, simulated avia-

tion, real autos, real aviation. We also used Reuters news stories data sets

ccat and gcat, and pcmac from 20newsgroups. Each of these four classifi-

cation task is binary. For computation reason, we only randomly select a

subset of the original data set.

For acoustic data, we used phoneme and vowel7, and tone data sets. Phoneme

data contains 5 classes in 256 dimension, which are “aa ao dcl iy sh”, and

vowel data contains 11 classes in 10 dimensions. Tone data set [14] contains

4 classes in 33 dimensions, each of which represents one tone in Chinese

language.

For microarray data, we used benchmarks used by Pochet et al.[9]. See

Table(A) for data description. All these tasks are binary classification.

Besides these real world data set, we also use artificial data set which can be

designed to satisfy our assumption or mislead transforms. We used high di-

mensional Gaussian data sets g10n, g50c [5], g241c and g241n [4]. For g10n

and g50c, the data are generated from two standard normal multi-variate

Gaussians. In g50c, the labels correspond to the Gaussians, and the means

are located in 50-dimensional space such that the Bayes error is 5%. In con-

trast, g10n is a deterministic problem in 10 dimensions, where the decision

function traverses the centers of the Gaussians, and decision boundary de-

pends on only two of the input dimensions. For g10n, the cluster assumption

does not hold. We also used two other higher dimensional data sets g241c

6http://www.cs.umass.edu/∼mccallum/code-data.html
7http://www-stat.stanford.edu/∼tibs/ElemStatLearn/
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and g241n. g241c was generated such that the cluster assumption holds, i.e.

the classes correspond to clusters, but the manifold assumption does not.

First, 750 points were drawn from each of two unit-variance isotropic Gaus-

sians, the centers of which had a distance of 2.5 in a random direction. The

class label of a point represents the Gaussian it was drawn from. Finally,

all dimensions are standardized, i.e. shifted and rescaled to zero-mean and

unit variance. g241n was constructed to have potentially misleading clus-

ter structure, and no manifold structure. First 375 points were drawn from

each of two unit-variance isotropic Gaussians, the centers of which have a

distance of 6 in a random direction; these points form the class +1. Then

the centers of two further Gaussians for class +1 were fixed by moving from

each of the former centers a distance of 2.5 in a random direction. Again, the

identity matrix was used as covariance matrix, and 375 points were sampled

from each new Gaussian. See Table(A) in Appendix for data sets description

summary.

Classification Setting

For AdaBoost, we set the maximum round T ∈ {50, 100, 200}, including for

both AdaBoostStump and AdaBoostBall. Stopping condition is either no

improvement by base learner or maximum round is reached. No improve-

ment means the minimum weighted error of all base learner is greater than

0.5. For linear least square classifier (LSQ), we use ridge regression setting,

where parameter r ∈ {1, 10, 100}. For kNN classifier, we set k ∈ {1, 3, 5}.
Therefore, the parameters in original space are T for AdaBoost, r for linear

least square, and k for kNN classifier.
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In new space, besides above parameters, we also have k in kNN graphs8,

σ for Gaussian weight, t for diffusion maps, and d2 the dimension for new

space. In practice, k, d2, and σ can be set by heuristics empirically. We use

validation set to select these parameters in this paper.

We divide all the data into three disjoint sets: X = XL ∪ XV ∪ XU , where

XL is labeled data set, XV is holdout set for validation, and XU is unlabeled

test set. All parameters are set by validation on XV , including parameters

in original space and new space. We tried 10 random splits for each setting,

and report the average accuracy together with the standard deviation.

4 Results and Analysis

4.1 Artificial Data

We first test Laplacian Eigenmaps and Diffusion Maps on artificial data sets:

mixture of Gaussians. g50c has a mixture of two well separated Gaussians,

and in g241c, two Gaussians are closer than g50c. Two-dimension projections

are in Figure(2). In g50c and g241c, the clusters are well formed and sepa-

rated by a clear low density region. This is similar to the toy example as in

Figure(1). Similarly, g10n and g241n are also mixture of Gaussians, but they

are arranged in a more difficult way for classification. g10n is a mixture of

two Gaussians, but different from g50c, the decision boundary traverses the

centers of Gaussians. g241n has four Gaussians. Two-dimension projections

of g10n and g241n are shown in Figure(3). In order to see how each of para-

8Note that we use kNN method to build a neighborhood graph, while kNN classifier
uses neighbors to classify new data.
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meters k, σ, t, and d2 influences classification, we examine four parameters

one by one while keeping others fixed on g50c.
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Figure 2: Two-dimensional PCA projection of g50c and g241c.

4.1.1 Parameter Selection

k in kNN graph construction

Different values of k change the structure of graph greatly. Smaller k tends

to capture the local neighborhood information well, while larger k tends to

capture the global information of all the data. One difficulty in choosing k

for graph-based learning algorithms is that we do not know which k is the

best for learning.
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Figure 3: Two-dimensional PCA projection of g10n and g241n.
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g50c
k 10 50 100 500 550 Rd1

ABS 87.8(10.0) 87.9(13.6) 92.7(2.4) 92.0(4.1) 92.0(1.2) 62.4(6.4)
ABB 63.4(3.9) 69.7(7.5) 66.6(3.4) 62.5(5.1) 60.7(1.2) 65.0(6.6)
LSQ 77.8(4.3) 82.3(5.4) 80.6(6.2) 75.8(4.2) 78.7(1.2) 84.6(1.7)
kNN 75.4(4.1) 75.8(6.2) 75.0(6.3) 69.8(7.7) 71.8(1.2) 75.5(8.9)

Table 1: Classification accuracy for different k, with |XL| = 10, σ = 160,
t = 0, and d2 = 10. Each cell reports accuracy % of classification with
standard deviation % in the following bracket.

Table(1)9 is the classification result for mixtures of Gaussians g50c with dif-

ferent value k. The last column is the result in original space. From Table(1),

we have following observations:

1. Different classifiers prefer different values of k

AdaBoostStump tends to prefer larger k, while others prefer smaller k.

2. Complete graph can perform well for some classifiers.

An interesting result is that larger k or even complete graph gives much

better results by AdaBoostStump.

σ in Gaussian weight for edges in kNN graph

Given a connected kNN graph built from data set X, when σ → 0 in Gaussian

weight, wij → 0 for xi 6= xj, and W → I 10. When σ →∞, wij → 1 between

all points. In these two cases, we lose all geometric information among data

points. So the value of σ should be kept away from above two extreme

cases. Table(2) is the classification result for a larger range of σ, while Table

(3) is the result for a smaller range. From these results, we have following

9In tables of all classification results, each cell reports accuracy % with standard devi-
ation % in the following bracket.

10I is identity matrix.
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observations:

g50c
σ 4 40 400 4000 40000 Rd1

ABS 82.1(5.5) 87.4(12.8) 87.4(12.9) 87.3(13.1) 87.3(13.1) 59.3(7.8)
ABB 73.3(4.2) 61.3(5.0) 62.8(4.0) 63.5(4.2) 63.2(4.1) 67.7(7.4)
LSQ 75.8(6.8) 75.2(5.7) 74.7(5.9) 74.5(5.7) 74.6(5.7) 82.9(4.4)
kNN 81.9(2.5) 75.8(5.4) 75.3(5.5) 74.5(6.0) 74.5(6.0) 73.8(6.5)

Table 2: Classification accuracy for different σ, with |XL| = 10, k = 10,
t = 0, and d2 = 10.

g50c
σ 40 80 160 320 640 Rd1

ABS 89.5(5.7) 90.2(4.3) 87.8(10.0) 89.1(6.4) 90.1(4.2) 62.4(6.4)
ABB 64.3(4.0) 64.0(4.0) 63.4(3.9) 62.8(4.4) 61.9(6.7) 65.0(6.6)
LSQ 77.4(4.3) 77.6(4.3) 77.8(4.3) 75.8(5.4) 76.3(4.0) 84.6(1.7)
kNN 76.6(4.5) 75.5(4.5) 75.4(4.1) 71.6(5.4) 72.4(5.5) 75.5(8.9)

Table 3: Classification accuracy for different σ, with |XL| = 10, k = 10,
t = 0, and d2 = 10.

1.Different algorithms prefer different σ.

AdaBoostStump tends to prefer larger σ, while other three classifiers prefer

relatively smaller σ. This pattern is similar to the influence of k.

2.Within a proper range, σ changes classification little.

When wij is away from 0 and 1, for instance 0.1 < wij < 0.9, result is not

sensitive for different σ. This can be seen from Table(3), where σ is set to

be in a finer range.

d2 for new space

For fixed k, σ and t, generally larger d2 tends to decrease classification accu-

racy, as shown in Table(4). This is observed for any k and σ we tried. How-

ever, for a larger t, the performance decrease for distance-based classifiers is
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negligible. As shown in Talbe(5), all settings for d2 give large improvement

for distance-based classifiers, and furthermore, the variance of classification

is also small. This is the result that larger t in Diffusion distance results in a

robust distance measure that emphasizes the notion of cluster as explained in

previous section. But this is not the case for AdaBoostStump, since different

t does not change results of AdaBoost with stumps.

g50c
d2 10 20 30 40 50 Rd1

ABS 87.8(10.0) 83.9(15.1) 83.9(15.1) 82.0(18.5) 82.2(17.9) 62.4(6.4)
ABB 63.4(3.9) 60.3(2.0) 58.6(3.0) 54.7(3.6) 52.8(3.3) 65.0(6.6)
LSQ 77.8(4.3) 71.2(4.8) 68.3(4.4) 64.6(3.5) 63.3(3.7) 84.6(1.7)
kNN 75.4(4.1) 70.6(6.7) 67.5(7.8) 62.9(6.1) 63.8(5.2) 75.5(8.9)

Table 4: Classification accuracy for different d2, with |XL| = 10, k = 10,
t = 0, and σ = 160.

g50c
d2 10 20 30 40 50 Rd1

ABS 87.8(10.0) 83.9(15.1) 83.9(15.1) 82.0(18.5) 82.2(17.9) 62.4(6.4)
ABB 90.4(3.0) 90.5(3.0) 90.5(3.0) 90.5(3.0) 90.5(3.0) 65.0(6.6)
LSQ 92.5(0.6) 92.5(0.6) 92.5(0.6) 92.5(0.6) 92.5(0.6) 84.6(1.7)
kNN 92.5(0.6) 92.6(0.6) 92.6(0.6) 92.6(0.6) 92.6(0.6) 75.5(8.9)

Table 5: Classification accuracy for different d2, with |XL| = 10, k = 10,
t = 8, and σ = 160.

t in Diffusion maps

Different from k and σ, changes in t do not change the structure of graphs.

By Markov random walk on graphs, t reflects degree of diffusions. We can

also interpret influence of t by examining Diffusion distance. As t increases,

the notion of cluster is emphasized more and more.

1. As expected, different t does not change result for AdaBoostStump.
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g50c
t 0 1 2 4 8 Rd1

ABS 87.8(10.0) 87.8(10.0) 87.8(10.0) 87.8(10.0)) 87.8(10.0) 62.4(6.4)
ABB 63.4(3.9) 68.7(5.0) 78.8(6.6) 90.0(4.1) 90.4(3.0) 65.0(6.6)
LSQ 77.8(4.3) 87.7(2.1) 91.6(1.0) 92.6(0.6) 92.5(0.6) 84.6(1.7)
kNN 75.4(4.1) 84.5(2.0) 89.8(1.0) 91.9(0.9) 92.5(0.6) 75.5(8.9)

Table 6: Classification accuracy for different t, with |XL| = 10, k = 10,
d2 = 10, and σ = 160.

2. All distance based classifiers favors relatively larger t.

3. Improvement by choosing a good t is much larger than other parameters.

4. Larger t gives smaller variance of the results for LSQ and kNN.

Summary

Parameter k and σ are directly related to graph structure, t defines the degree

of diffusion on the graph and d2 defines the approximation in new space.

From experimental results, we know that different classifiers favor different

k and σ, and all prefers smaller d2 and larger t. AdaBoostBall, LSQ, and

kNN prefer smaller k with appropriate σ. On the contrary, AdaBoostStump

prefers larger k, and has loose requirements for σ. Larger t allows a larger

range for k, σ and d2 while keeping comparable results. This is the result of

diffusion on graphs, which makes diffusion distance a robust distance measure

for data points.

In summary, for mixture of two Gaussians g50c,

1. Different classifiers have different preferences for different parameters.

2. Larger t can relax the requirements for all other three parameters.

3. Better t alone gives the largest improvement on mixtures of Gaussians.

4. AdaBoostStump behaves differently from other three classifiers.
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4.1.2 Classification on Mixture of Gaussians

Based on above observations, for Rd2 we choose k ∈ {10, f} for kNN graph,

where f means complete graph. We choose a small d2 = 10 to favor all

algorithms we used, and σ from six different values for each data set such

that (∀i, j) wij is away from 0 and 1, for instance 0.1 < wij < 0.9, and

t ∈ {0, 1, 2, 4, 8}. The size of validation set is |XV | = 100. See Table(7) for

classification settings in Rd2 . Parameters in Rd1 are the same as previous,

k ∈ {1, 3, 5} for kNN, r ∈ {1, 10, 100} for LSQ, and T ∈ {50, 100, 200} for

AdaBoost.

DataSet kNN σ t d2 |XV |
g10n 10 f 8 ∼ 256 0 1 2 4 8 10 100
g50c 10 f 40 ∼ 1280 0 1 2 4 8 10 100
g241c 10 f 200 ∼ 6400 0 1 2 4 8 10 100
g241n 10 f 200 ∼ 6400 0 1 2 4 8 10 100

Table 7: Classification parameters setting for artificial data sets. f means
complete graph. Domain of σ is six different log scale values in the given
range.

Results of g50c and g241c are presented in Table(8). There is a clear im-

provement for all size of labeled examples. Particularly, in g50c LSQ only

need 10 labeled examples to achieve accuracy 94% with a small variance.

This result follows the spirit of Figure(1). Similar patterns also happen for

g241c. As a result of closer mean of Gaussians, new representation of g241c

gives improvement less than g50c.

For data sets g10n and g241n, whose two-dimension projection is shown in
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g50c
Labeled Examples 10 20 50 100

Rd1

ABS 62.4(6.4) 68.7(5.1) 78.7(2.7) 82.6(2.4)
ABB 65.0(6.6) 77.7(4.7) 85.0(3.4) 88.9(1.6)
LSQ 84.6(1.7) 87.3(3.0) 91.0(2.4) 92.1(1.8)
kNN 75.5(8.9) 82.1(3.2) 84.2(3.2) 84.8(2.4)

Rd2

ABS 92.0(5.8) 94.2(1.6) 94.9(1.1) 95.0(0.8)
ABB 92.0(4.4) 93.2(3.0) 94.9(0.9) 94.3(1.0)
LSQ 94.4(1.1) 94.8(0.5) 95.2(0.4) 94.5(0.8)
kNN 94.9(0.9) 95.3(0.3) 95.3(0.6) 95.0(0.7)

g241c
Labeled Examples 10 20 50 100

Rd1

ABS 51.0(2.1) 57.0(3.1) 62.5(2.1) 65.7(1.9)
ABB 54.2(3.3) 57.0(2.2) 60.7(2.5) 67.3(1.5)
LSQ 61.6(2.9) 65.2(1.7) 71.9(2.4) 75.1(0.8)
kNN 57.5(2.5) 58.3(2.3) 62.7(2.9) 64.1(2.6)

Rd2

ABS 75.5(11.3) 81.0(5.4) 83.3(2.9) 84.5(1.5)
ABB 80.3(3.7) 85.3(1.4) 84.5(2.2) 84.7(1.2)
LSQ 87.6(0.2) 87.3(0.1) 87.5(0.3) 87.3(0.3)
kNN 84.8(2.4) 86.4(1.6) 85.6(1.5) 83.1(2.5)

Table 8: Artificial: Two well separated Gaussians classification result.

Figure(3), the results are different. In g10n, the decision boundary traverses

the centers of two Gaussians, which is designed to violate cluster assumption.

In g241n, the situation is slightly better, each Gaussian is separated into two

Gaussians next to each other. Decision boundary lies between the closer

two Gaussians. The result of g10n shows that geometric transform does not

improve classification, instead gives worse result.In Figure(4), we plot the

second and third eigenvectors of unweighted graph with k = 8 kNN graph

for g10n. Since the two classes are in fact in the separate two same clusters,

the transform “blend” all the data together, which makes the data difficult to

separable. For g241n, although Gaussians are closer, there does exist a low

density region separating two classes. Therefore, we see a clear improvement
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given by transforms.

g10n
Labeled Examples 10 20 50 100

Rd1

ABS 67.6(10.9) 73.8(5.4) 84.7(2.7) 88.9(1.9)
ABB 59.0(5.9) 65.0(5.9) 75.1(3.0) 85.3(1.8)
LSQ 73.5(6.3) 81.3(6.9) 87.3(3.0) 92.3(1.8)
kNN 65.6(4.5) 68.6(3.7) 74.2(3.4) 77.0(2.8)

Rd2

ABS 56.4(8.8) 57.7(3.5) 56.5(2.7) 61.1(2.0)
ABB 56.8(7.7) 57.7(2.5) 55.6(3.7) 60.0(2.7)
LSQ 58.8(9.4) 61.6(5.7) 63.5(1.7) 61.6(1.9)
kNN 57.3(7.8) 57.6(4.8) 57.2(3.1) 58.0(4.1)

g241n
Labeled Examples 10 20 50 100

Rd1

ABS 51.8(2.4) 55.0(1.4) 59.6(2.1) 64.9(2.2)
ABB 53.3(2.4) 56.0(2.5) 60.1(3.3) 64.1(2.2)
LSQ 58.0(2.7) 63.1(2.8) 68.5(1.8) 74.2(3.1)
kNN 57.0(1.9) 60.8(2.4) 64.1(2.2) 66.6(2.6)

Rd2

ABS 77.1(14.6) 83.3.0(5.1) 84.3.0(1.8) 86.0(1.2)
ABB 63.6(6.1) 68.3(4.4) 84.2(1.9) 87.4(1.5)
LSQ 69.0(4.4) 77.2(4.8) 82.5(2.4) 84.6(1.7)
kNN 71.4(10.2) 78.1(3.5) 85.3(1.2) 87.3(2.0)

Table 9: Artificial: Two badly separated Gaussians classification result.

Experiment results of artificial data sets show that how two clusters are

separated, or the degree of overlap of two clusters changes the behaviors of

Laplacian eigenmaps and Diffusion maps greatly. Therefore, one important

question is: what conditions should two Gaussians have in order to guaran-

tee Laplacian eigenmaps or Diffusion maps to work or fail? Further more,

in general, what conditions should point clouds have to take advantage of

geometric transforms?

We calculate normalized graph cut (NCut) for graphs constructed from data

in Rd1 and Rd2 separately in Table(10). The label used in NCut are true class

label. Although lower NCut values do not guarantee a better classification,

28



−0.1 −0.05 0 0.05 0.1

−0.1

−0.05

0

0.05

0.1

0.15
Two dimension Laplacian Eigenmaps for g10n

Figure 4: Two-dimensional Laplacian Eigenmaps for g10n.

lower values mean two clusters are better separated. This can be seen from

NCut values for g50c, g241c, and g241n before and after the transforms. Since

higher NCut value means more “overlapped” two clusters become, transforms

make g10n even harder to classify. When cluster assumption holds, this result

shows that appropriate transforms can produce a better cut, which is the case

for g50c, g241c and g241n.

In Table(11), we also give NCut values with different d2 values after the

transforms. As d2 increases, NCut value actually increases. This shows that

lower order eigenvectors11 are more important than higher order eigenvectors

for classification.

In Figure(5), we show the distribution of all pairwise distance between points.

The left two figures are distribution shift for each class of g50c separately,

11Lower order eigenvectors means eigenvectors corresponding to larger eigenvalues for
Diffusion maps and smaller eigenvalues for Laplacian Eigenmaps except constant eigen-
vectors. Similar description for higher order eigenvectors. We assume eigenvalues are
sorted.
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and the right most one is the distribution for distance of data points between

two classes. Although the distribution of distance between classes shifts to-

wards left, which means the distance between data points of different classes

are shorter on average, the shift within each class is much larger. Consider

Markov random walk on graphs, since graph is connected, there is always

paths connecting points of different classes, as a result, distance between

classes are shorter after the random walk moves forward. Since the proba-

bility to to stay within class is higher, the distance within class is shorten

much larger.

Distance distribution shifts and normalized graph cut value changes show

how the transforms influence data sets from different aspects. This is also

consistent with classification result: large improvement when cluster assump-

tion holds and no improvement or worse when it does not hold.
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Figure 5: Distance distribution shift for g50c, k = 10 and d2 = 10.
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Figure 6: Distance distribution shift for g10n, k = 10 and d2 = 10.
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g50c g241c g10n g241n
NCut in Rd1 0.44 0.79 0.56 0.73
NCut in Rd2 0.35 0.74 0.61 0.61

Table 10: NCut for Artificial data sets, k = 10 and d2 = 10.

d2 10 50 100 200 NCut in Rd1

NCut in Rd2 0.35 0.48 0.53 0.58 0.44

Table 11: NCut for g50c, k = 10.

4.2 Real World Data

We tested Laplacian Eigenmaps and Diffusion Maps on image, text, acoustic

and microarray data sets. All the classification settings and results for real

world data sets are presented in Appendix.

In images, similarity between images is well measured by Euclidean distance

between image vectors. Therefore, similar transforms as in Figure(1) are

expected in image classification. Table(16) shows that map representations

in Rd2 provide big improvement of classification across almost all size of

labeled examples, and especially when labeled examples are quite few. Since

geometric transforms emphasize cluster notion, which make different clusters

better separated, just as in Figure(1), it needs much fewer examples to learn

the classification. Notice that in some cases, geometric transforms also reduce

variance greatly, which shows again that diffusion distance is robust to noise.

Although the shape of handwritten digits images are different from writer to

writer, they share roughly the same shape or topological structure. This can

be viewed as an isotropic high dimensional Gaussians, so binary handwritten

digits classification has similar results from artificial data sets. In this case
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all four classifiers give comparable performance. However, in data sets that

are not isotropic and have multiple class, classifiers behave differently. After

transforms, different clusters tend to “shrink” towards themselves and “push”

each other away. In this case, kNN is the best choice. Depending degree

of nonlinear distribution, results of LSQ varies from data set to data set.

Therefore, in USPS and COIL20 multiclass classification problems, LSQ on

USPS is much better than its result on COIL20, while kNN give much stable

results on both data sets.

When the size of labeled examples is too small, variance of AdaBoost is large.

This is closely related to base learner. In multiclass problem, maximum value

selection one-versus-all scheme is not proper for AdaBoost. Since the value of

final classifiers only provide a relative belief between two classes, comparing

results of different binary classifications may be biased greatly by imbalanced

class. Therefore, in multiclass problem, AdaBoost performs worse than LSQ

and kNN.

Similar improvements are observed in text, acoustic signals, and microarray

data. One exception is Tone data set. The reason is that the data set is still

being tested and improved, and is hard to separate.

Different from artificial data set results, in multi-class classification prob-

lems, the improvements are less than in binary case. One reason is due to

different classifiers. For instance, AdaBoost is designed for binary classifica-

tion. Without modification, AdaBoost is not a good choice for one-versus-all

scheme, since the results of different binary class are not comparable, par-

ticularly for imbalanced classes. Another reason is due to the difficulty of

multi-class classification itself.
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4.3 What we learned

1. For classification in high dimensions, only a surprisingly low

dimension is needed to achieve good performance.

This is shown by artificial and real world data sets. Although a lots of data

has thousands of dimensions, by geometric transforms, we only need as few

as 10 or even fewer dimensions to achieve a surprisingly high classification

performance. Since we use graph representation of data, the number of

dimension is in fact irrelevant to graph. As long as we can capture the

relationships of data points, by a proper transform, most simple algorithms

can produce good results.

2. For learning, geometry motivated transforms can work much

better than using the data in original spaces.

In original space, on one hand, it is impractical for some algorithms, for

example, LSQ needs inverse of a matrix of size equal dimensions of data;

on the other hand, data sets are too sparse for traditional algorithms to

learn. Geometric transforms not only can reduce dimension, but also improve

classification.

3. Laplacian eigenmaps and Diffusion maps also fail in some cases.

When original data sets have too much overlapped part with each other,

Laplacian Eigenmaps and Diffusion Maps do not produce a better represen-

tation. From g10n we know that these too methods actually “blend” data

points from different cluster together.

4. Possible improvement.
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As we observed from experimental results, how we connect data points is

critical for Laplacian Eigenmaps and Diffusion Maps , by careful building

graphs, we can improvement classification. For example, we should never

connect labeled examples from different classes. Moreover, we can connect

the labeled examples of the same class no matter how far they are.

5 Conclusion and Future Works

Our findings on artificial and real world data sets shows that geometric trans-

forms can improve classification. Particularly in cases where labeled examples

are few but there are much more unlabeled examples.

For data points that are distributed in such a way that low density regions

separate high density different classes, Laplacian eigenmaps and Diffusion

maps work surprisingly well. When data points of different classes overlap to

some unknown degree, these transforms begin to degrade quickly, and give

worse results than without the transforms. From the meaning of distance in

map spaces, and normalized cut, changes on distances by the transforms, we

found that the improvement depends on how the graph is constructed, and

whether the diffusion process diffuse “over” into wrong classes. From this

observation, a series of questions are raised.

1. Given a sample set, for mixture Gaussians, what is the sep-

aration condition for Laplacian eigenmaps and Diffusion maps to

work? What about general point clouds?

Consider data set g50c, we know that its true Bayes error is 5%, which means
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they are well separated. As we move these two Gaussians closer and closer,

Laplacian Eigenmaps and Diffusion Maps will work worse and worse. This

is already observed from g241n to g10n. So what is the relation between

distance of two Gaussians and performance of these geometric transforms?

We can generalize this question into mixture of Gaussians, multiple classes,

and arbitrary shapes of data point clouds.

2. Given a separation condition, how many sample we need for

Laplacian eigenmaps and Diffusion maps to work within a given

precision?

Consider two Gaussians again, given the distance between two means, as we

have more and more data, the graph representation reflect the distribution

better and better, we can reasonably expect the transforms will work. How

many data points do we need to recover the classification by the transforms

within a given precision is critical for the geometric transforms.

3. How can we measure data point cloud in order to take advan-

tage of Laplacian eigenmaps and Diffusion maps or other geometric

transforms?

Since the transforms do not work well in some cases, therefore, in practice,

given a set of data, we should be able to judge whether the data set can take

advantage of these geometric transforms. In order to do this, what measures

do we need to evaluate the data sets.

4. How can we learn at multiple scale?

Parameter t in Diffusion maps define a natural scale for data, which reflects

information from fine to coarse, local to global scale. We believe this structure
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forms a natural analogy to human’s learning. This feature fits the learning

task for multiple classes with tree structure well. For example, at a coarse

level, we want to distinguish IT articles and History articles, and at a finer

level, we want to distinguish PC and Mac, Eastern and Western history

articles.

5. Prediction for unseen data

Since these transforms are built on graph representations of data, when un-

seen data comes, generally graph will be rebuilt to retrain the algorithms.

Although there are several techniques to solve this incremental learning prob-

lem for graph-based learning methods [3], it is still an interesting topic for

us to learn a learner in original space, but with the help from learners in

transformed spaces.

One straightforward way to combine data presentation in original space and

transformed space is co-learning. Another is to combine optimization prob-

lems in different space together. Chapter 12 in [4] describes such a technique

which combines regularization in both spaces.
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A Results for Real World Data

Classification setting for all data sets are listed in Table(13), which includes

parameter k in kNN graphs, σ in Gaussian kernels, and t in Diffusion maps.

We set d2 = 10 for all data sets, although more choice will improve classifica-

tion. This not only saves computation, but also allows us focus on the lower

order eigenvectors. k is chosen between a small value to ensure the graph

is connected and complete graph. If we encounter a disconnected graph, we

simple skip that parameter. σ is chosen from six different values to make

sure wij is away from 0 and 1. σ = 0 means unweighted graph for some

graphs. t = {0, 1, 2, 4, 8}, where t = 0 corresponds to Laplacian Eigenmaps.

For text classification and microarray, because the dimension is too high to

use LSQ classifier 12, we did not provide results. |XV | = 100 for all data sets

except that for vowel |XV | = 110. For microarray data, because the size of

data sets is too small, we simply select the best test result on unlabeled sets.

We tried 10 random splits for each setting, and report the average accuracy

on XU together with the standard deviation.

12Matrix operation exceeds maximum memory.
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DataSet Class d1 XL |X| Type
MNIST 2 754 10 20 50 100 2000 Image
USPS 10 256 10 20 60 100 2007 Image

COIL20 20 1024 40 60 80 100 1440 Image
aut-avn 2 20707 10 20 50 100 1500 Text
real-sim 2 20958 10 20 50 100 1500 Text

ccat 2 47236 10 20 50 100 1500 Text
gcat 2 47236 10 20 50 100 1500 Text

pcmac 2 7511 10 20 50 100 1946 Text
phoneme 5 256 10 20 50 100 1500 Acoustic

vowel 11 10 22 44 66 99 990 Acoustic
tone 4 33 16 32 64 100 2000 Acoustic
MA1 2 2000 6 10 20 62 Bioinfo
MA2 2 7129 6 10 20 72 Bioinfo
MA3 2 7129 6 10 20 60 Bioinfo
MA4 2 12625 6 10 20 50 Bioinfo
MA5 2 12600 6 10 20 136 Bioinfo
MA6 2 24188 6 10 20 97 Bioinfo
g10n 2 10 10 20 50 100 550 Artificial
g50c 2 50 10 20 50 100 550 Artificial
g241c 2 241 10 20 50 100 1500 Artificial
g241n 2 241 10 20 50 100 1500 Artificial

Table 12: Data sets description. MA for microarray.
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DataSet k in kNN σ |XV |
MNIST 10 f 2000000 ∼ 64000000 100
USPS 10 f 40 ∼ 1280 100
COIL20 70 f 16000000 ∼ 128000000 100
all text 10 f 0 2 4 8 16 100
phoneme 10 f 1600 ∼ 12800 100
vowel 10 f 4 8 16 32 110
tone 10 f 16 32 64 128 100
MA1 5 10 20 108 ∼ 64× 108 0
MA2 5 10 20 30 2× 109 ∼ 128× 109 0
MA3 5 10 20 30 8× 108 ∼ 256× 108 0
MA4 5 10 20 30 108 ∼ 64× 108 0
MA5 35 40 50 60 2× 107 ∼ 128× 107 0
MA6 5 10 20 50 800 ∼ 51200 0

Table 13: Classification parameters setting for all data sets. f means com-
plete graph. Domain of σ is six different log scale values in the given range.

pcmac
Labeled Examples 10 20 50 100

Rd1

ABS 69.4(12.6) 77.1(8.0) 83.4(2.3) 86.4(2.8)
ABB 62.5(5.0) 72.8(5.9) 79.9(3.6) 84.7(2.0)
LSQ - - - -
kNN 70.6(2.8) 72.9(2.8) 78.0(3.4) 81.9(3.1)

Rd2

ABS 87.1(10.5) 90.5(2.7) 91.5(3.2) 92.6(1.5)
ABB 84.9(7.9) 88.5(2.9) 92.4(0.9) 92.3(1.5)
LSQ 93.2(0.8) 93.1(0.7) 93.7(0.6) 94.1(1.1)
kNN 92.3(1.2) 92.0(1.4) 92.0(1.5) 91.7(1.5)

Table 14: Text classification result: Part I
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gcat
Labeled Examples 10 20 50 100

Rd1

ABS 59.4(4.4) 67.3(5.4) 74.2(4.1) 80.0(2.8)
ABB 65.3(7.7) 70.6(4.9) 78.4(2.8) 83.4(1.5)
LSQ - - - -
kNN 72.3(5.6) 77.0(4.5) 83.4(1.8) 85.7(1.4)

Rd2

ABS 71.7(9.9) 78.2(7.8) 81.4(2.0) 84.1(2.0)
ABB 71.3(6.9) 77.2(4.8) 84.1(2.7) 84.0(1.5)
LSQ 81.8(4.9) 83.8(4.2) 86.1(1.2) 87.0(0.5)
kNN 80.5(5.8) 84.9(2.5) 85.4(0.9) 86.9(1.8)

aut-avn
Labeled Examples 10 20 50 100

Rd1

ABS 61.1(7.6) 63.7(8.2) 78.0(3.7) 84.4(2.1)
ABB 63.4(6.2) 66.1(4.6) 76.9(1.9) 82.1(3.7)
LSQ - - - -
kNN 70.7(2.3) 75.6(2.7) 84.5(2.0) 84.8(2.4)

Rd2

ABS 89.6(3.4) 90.0(2.9) 90.9(1.5) 91.8(1.1)
ABB 86.2(4.9) 89.2(3.7) 89.9(1.6) 91.1(0.9)
LSQ 91.4(2.1) 91.8(1.3) 91.6(1.5) 93.0(0.3)
kNN 91.4(1.5) 91.3(3.1) 91.3(1.5) 91.8(1.4)

real-sim
Labeled Examples 10 20 50 100

Rd1

ABS 56.7(6.3) 67.2(5.5) 76.4(2.9) 81.6(2.4)
ABB 62.2(6.6) 68.6(5.1) 76.9(5.9) 85.6(1.3)
LSQ - - - -
kNN 71.1(3.0) 79.4(1.9) 85.7(2.0) 88.7(1.5)

Rd2

ABS 83.2(9.0) 89.1(5.2) 92.0(1.6) 93.0(0.9)
ABB 80.8(5.9) 86.6(3.9) 90.5(1.7) 92.2(1.0)
LSQ 93.2(1.9) 92.9(1.2) 93.4(1.2) 93.4(0.9)
kNN 91.8(2.0) 92.5(1.5) 92.8(1.2) 92.4(1.3)

ccat
Labeled Examples 10 20 50 100

Rd1

ABS 56.4(5.0) 63.2(6.9) 70.8(2.9) 74.8(1.9)
ABB 56.2(4.9) 61.3(4.4) 68.4(3.3) 74.0(2.4)
LSQ - - - -
kNN 62.6(5.4) 67.4(4.2) 71.5(3.6) 75.8(1.6)

Rd2

ABS 65.0(7.8) 68.5(3.9) 72.1(2.4) 76.0(2.7)
ABB 60.7(8.5) 64.2(5.7) 72.0(4.1) 76.4(2.1)
LSQ 64.5(10.1) 68.9(4.7) 73.2(2.1) 75.5(2.3)
kNN 62.0(5.5) 69.9(4.3) 73.4(3.5) 78.3(1.9)

Table 15: Text classification result: Part II
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MNIST 3 vs 8
Labeled Examples 10 20 50 100

Rd1

ABS 71.3(10.5) 81.6(7.7) 89.0(0.7) 90.9(1.1)
ABB 71.8(6.0) 76.1(4.9) 85.1(2.6) 89.4(1.4)
LSQ 85.1(4.1) 86.6(2.5) 89.1(1.7) 90.0(1.5)
kNN 71.5(3.9) 83.2(3.0) 89.2(1.8) 91.5(0.9)

Rd2

ABS 86.8(7.6) 89.7(1.6) 92.0(2.8) 94.9(1.1)
ABB 80.0(5.1) 85.5(4.8) 92.2(2.2) 93.9(1.0)
LSQ 92.1(2.0) 93.1(1.2) 94.4(1.4) 94.2(1.5)
kNN 93.3(1.4) 93.3(1.6) 94.8(0.6) 94.8(0.7)

USPS
Labeled Examples 10 20 50 100

Rd1

ABS 25.0(5.2) 35.8(7.5) 66.0(4.9) 78.0(1.5)
ABB 20.8(6.4) 46.3(3.9) 62.7(4.6) 76.8(1.6)
LSQ 55.4(6.8) 68.8(3.4) 78.8(3.0) 83.0(1.4)
kNN 52.6(6.5) 63.1(4.9) 75.9(2.9) 81.7(1.4)

Rd2

ABS 41.9(7.1) 63.3(6.0) 80.4(4.6) 86.0(1.7)
ABB 49.0(11.1) 63.2(9.6) 80.1(3.3) 86.7(1.9)
LSQ 75.9(3.4) 79.2(4.4) 84.0(1.3) 84.4(0.5)
kNN 73.4(5.1) 76.5(6.6) 86.2(1.8) 88.6(1.6)

COIL20
Labeled Examples 40 60 80 100

Rd1

ABS 39.7(4.3) 55.1(3.9) 64.7(3.8) 71.8(2.8)
ABB 59.6(4.6) 65.9(3.2) 71.7(3.1) 77.2(2.0)
LSQ 66.1(3.8) 70.8(2.8) 75.9(2.2) 78.6(2.1)
kNN 73.0(2.4) 78.2(2.1) 82.1(1.4) 84.1(1.3)

Rd2

ABS 59.4(4.9) 62.2(1.9) 69.7(2.4) 72.7(3.0)
ABB 61.1(4.0) 67.2(3.1) 73.5(3.0) 78.0(1.0)
LSQ 63.8(2.7) 64.4(3.2) 64.9(2.4) 66.0(1.8)
kNN 74.6(3.4) 79.5(2.2) 82.5(1.9) 84.1(1.4)

Table 16: Image classification result.
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Phoneme
Labeled Examples 10 20 50 100

Rd1

ABS 41.6(6.8) 59.9(7.2) 76.4(5.5) 87.7(1.7)
ABB 63.4(7.0) 72.4(4.2) 81.0(3.7) 85.2(1.8)
LSQ 81.7(1.7) 81.8(3.1) 85.1(3.3) 86.7(1.3)
kNN 82.9(1.8) 83.9(2.8) 86.7(2.0) 86.7(2.0)

Rd2

ABS 77.1(4.4) 82.1(3.5) 83.6(2.4) 86.3(1.8)
ABB 78.7(3.3) 77.9(3.3) 80.4(1.7) 86.0(2.2)
LSQ 84.1(4.8) 85.0(2.9) 88.7(1.9) 89.3(1.3)
kNN 83.6(1.9) 84.5(2.2) 86.9(2.1) 87.9(1.9)

Vowel
Labeled Examples 22 44 66 99

Rd1

ABS 28.2(3.4) 36.7(4.5) 44.1(2.2) 49.7(2.9)
ABB 34.9(3.1) 48.7(2.9) 55.0(3.4) 61.9(1.6)
LSQ 24.4(2.1) 28.1(1.5) 31.1(1.9) 31.9(2.3)
kNN 39.8(2.5) 49.6(2.4) 57.6(2.1) 63.8(2.4)

Rd2

ABS 36.0(4.8) 46.7(3.9) 54.3(2.8) 59.7(1.9)
ABB 38.2(3.5) 48.6(3.6) 54.6(3.8) 61.9(2.4)
LSQ 32.5(2.7) 37.3(2.0) 41.3(2.7) 42.0(2.6)
kNN 42.7(2.1) 52.0(3.3) 59.2(4.0) 67.1(0.8)

Tone
Labeled Examples 16 32 64 100

Rd1

ABS 40.1(8.0) 45.4(4.1) 50.8(2.5) 54.5(2.8)
ABB 38.7(4.3) 38.1(2.7) 43.3(3.1) 45.6(3.2)
LSQ 43.5(4.7) 46.4(4.4) 52.5(2.5) 54.9(1.6)
kNN 42.0(4.9) 39.5(3.6) 43.7(3.4) 44.1(2.9)

Rd2

ABS 39.6(6.8) 44.4(4.5) 48.1(3.4) 50.5(2.6)
ABB 37.5(4.9) 39.3(2.8) 44.1(2.7) 47.6(1.6)
LSQ 44.5(5.3) 43.2(4.0) 50.5(2.6) 53.4(1.6)
kNN 41.4(5.6) 38.8(3.0) 42.7(3.0) 44.8(2.3)

Table 17: Acoustic signal classification result.
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Alon
Labeled Examples 6 10 20

Rd1

ABS 57.1(6.4) 58.1(11.3) 70.5(8.3)
ABB 53.1(12.8) 67.4(6.8) 73.3(9.8)
LSQ - - -
kNN 69.8(12.6) 75.5(7.9) 77.6(6.5)

Rd2

ABS 67.9(14.9) 75.0(4.9) 79.5(9.7)
ABB 66.2(9.9) 76.9(8.7) 80.0(7.2)
LSQ 85.0(4.9) 86.9(2.0) 88.1(3.9)
kNN 80.7(8.4) 84.3(3.0) 85.7(3.4)

Golub
Labeled Examples 6 10 20

Rd1

ABS 59.2(10.9) 60.0(12.6) 83.1(10.7)
ABB 55.6(17.2) 68.8(9.2) 76.2(5.7)
LSQ - - -
kNN 76.7(14.7) 81.0(6.7) 90.6(3.6)

Rd2

ABS 79.2(16.0) 92.7(1.5) 93.5(2.3)
ABB 79.6(10.7) 87.1(4.5) 88.5(3.0)
LSQ 89.2(4.5) 90.4(4.0) 92.9(2.9)
kNN 93.7(3.5) 92.7(3.0) 94.4(2.1)

Lizuka
Labeled Examples 6 10 20

Rd1

ABS 58.0(6.5) 46.7(11.2) 53.0(9.8)
ABB 50.5(9.5) 48.0(10.9) 51.7(8.7)
LSQ - - -
kNN 54.7(9.9) 56.5(9.6) 54.0(7.5)

Rd2

ABS 60.2(8.1) 59.5(10.7) 60.5(9.1)
ABB 62.3(11.8) 56.3(11.5) 58.0(5.7)
LSQ 58.5(10.9) 61.5(6.5) 59.5(5.7)
kNN 71.5(5.0) 75.3(0.8) 72.0(7.7)

Table 18: Microarray classification result: Part I.
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Nutt
Labeled Examples 6 10 20

Rd1

ABS 54.7(10.2) 51.3(14.3) 65.3(8.6)
ABB 46.3(11.5) 59.7(5.1) 59.0(9.4)
LSQ - - -
kNN 58.3(12.9) 64.3(6.7) 69.0(8.0)

Rd2

ABS 60.7(10.4) 64.3(7.9) 64.7(8.2)
ABB 55.7(11.6) 64.0(8.3) 64.7(10.6)
LSQ 60.3(9.7) 67.0(9.5) 71.3(4.8)
kNN 69.3(7.7) 69.0(7.2) 72.0(5.3)

Singh
Labeled Examples 6 10 20

Rd1

ABS 53.8(11.1) 61.9(10.1) 69.8(11.3)
ABB 59.5(7.4) 65.7(11.7) 71.2(4.2)
LSQ - - -
kNN 65.8(7.5) 75.7(4.3) 78.4(4.5)

Rd2

ABS 65.9(5.1) 75.3(3.8) 76.9(6.1)
ABB 66.7(5.4) 72.5(7.3) 72.2(6.5)
LSQ 71.4(7.4) 75.9(4.8) 80.9(2.5)
kNN 72.0(4.9) 76.4(5.7) 79.4(4.1)

Vantveer
Labeled Examples 6 10 20

Rd1

ABS 54.3(9.2) 49.7(5.1) 57.5(5.0)
ABB 52.2(5.7) 50.4(6.4) 58.7(7.0)
LSQ - - -
kNN 55.4(6.5) 56.9(3.9) 57.5(6.8)

Rd2

ABS 57.0(9.4) 57.9(5.3) 64.6(5.5)
ABB 60.3(7.6) 60.1(6.8) 61.6(4.0)
LSQ 64.0(5.8) 66.7(2.8) 68.7(4.4)
kNN 64.6(4.9) 64.0(4.2) 65.2(3.7)

Table 19: Microarray classification result: Part II.

44



References

[1] S. Basu, M. Bilenko, and R. Mooney. A probabilistic framework for semi-

supervised clustering. In Proc. 10th Intl. Conf. on Knowledge Discovery

and Data Mining, 2004.

[2] M. Belkin and P. Niyogi. Laplacian eigenmaps for dimensionality reduc-

tion and data representation. Neural Comp, 15(6):1373–1396, 2003.

[3] Y. Bengio, J. francois Paiement, P. Vincent, O. Delalleau, N. L. Roux,

and M. Ouimet. Out-of-sample extensions for lle, isomap, mds, eigen-

maps, and spectral clustering. In Annual Advances in Neural Informa-

tion Processing Systems 16: Proceedings of the 2003 Conference, pages

177–184. MIT Press, 2004.

[4] O. Chapelle, B. Schölkopf, and A. Zien. Semi-Supervised Learning. The

MIT Press, Cambridge, Massachusetts, 2006.

[5] O. Chapelle and A. Zien. Semi-supervised classification by low den-

sity separation. In Proceedings of the Tenth International Workshop on

Artificial Intelligence and Statistics, pages 57–64, 2005.

[6] R. R. Coifman and S. Lafon. Diffusion maps. Applied and Computational

Harmonic Analysis, 21(1):5–30, 2006.

[7] M. Meila and J. Shi. Learning segmentation by random walks. In Neural

Information Processing Systems 13, pages 873–879, 2000.

[8] S. A. Nene, S. K. Nayar, and H. Murase. Columbia object image library

(coil-20). Technical Report CUCS-005-96, February 1996.

45



[9] N. Pochet, F. D. Smet, J. A. K. Suykens, and B. L. R. D. Moor. System-

atic benchmarking of microarray data classification: assessing the role

of nonlinearity and dimensionality reduction. Bioinformatics, 20:3185–

3195, 2004.

[10] S. T. Roweis and L. K. Saul. Nonlinear dimensionality reduction by

locally linear embedding. Science, 290(5500):2323–2326, 2000.

[11] J. Shi and J. Malik. Normalized cuts and image segmentation. IEEE

Transactions on Pattern Analysis and Machine Intelligence, 22(8):888–

905, 2000.

[12] M. Szummer and T. Jaakkola. Partially labeled classification with

markov random walks. In Neural Information Processing Systems

(NIPS), volume 14, 2001.

[13] J. B. Tenenbaum, V. de Silva, and J. C. Langford. A global geo-

metric framework for nonlinear dimensionality reduction. Science,

290(5500):2319–2323, 2000.

[14] S. Wang and G.-A. Levow. Mandarin chinese tone recognition with

landmarks. In Interspeech 2008 Brisbane, Australia, page 1101, 2008.

[15] K. Q. Weinberger and L. K. Saul. Unsupervised learning of image man-

ifolds by semidefinite programming. International Journal of Computer

Vision, 70(1):77–90, 2006.

46


