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Abstract
Protein backbone helical structures have the same values of dihedral angles

ϕ and ψ from unit to unit and thus, can be uniquely determined by a pair
(ϕ,ψ). We focus our attention on two types of protein secondary structure α-
and 310-helices stabilized by 1-5 and 1-4 hydrogen bonding pattern respectively.
Even though both α- and 310-helices each represent a group of helices, various
studies show that dihedral angle pairs (−63◦,−43◦) and (−60◦,−25◦) character-
ize the most stable helices within each group respectively. Hydrogen bond has
geometrical constraints with respect to linearity, length and various associated
angles, that must influence the formation of most stable helices. The relation-
ship between hydrogen bond geometrical requirements and stability of various
protein secondary structures has been extensively studied by applying statisti-
cal analysis to protein experimental data. Here, we study this relationship via
mathematical optimization. Previously, mathematical optimization was only
applied to α-helix and considered just the linearity of a hydrogen bond. We
express other various geometrical parameters of a hydrogen bond as functions
of dihedral angles (ϕ,ψ) and study their influence on helical stability. In par-
ticular, we take two major hydrogen bond requirements: linearity and length
constraints and ask whether the most stable α- and 310-helix result from opti-
mization with respect to a linear combination of these two criteria. We show
that these criteria are not sufficient to explain the peaks. Moreover we show
that another hydrogen bond parameter plays an important role in the formation
of peaks.

1 Introduction
Proteins are biological molecules responsible for most of the tasks in a biological
cell. Each protein molecule can be viewed as a polypeptide chain, a chain of
amino acids chosen from over twenty different kinds. This is called a primary
protein structure. Polypeptide chain assumes some local regular sub-structure
called secondary structure, and then folds into a three dimensional shape, a
tertiary structure, allowing protein to perform its function. Some proteins join
each other and form more complicated molecules. Such structure is referred
as quaternary. The determination of the structure of proteins is an important
problem in connection with their biological activity. In this paper we study
questions related to protein secondary structure.
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Figure 1: Atoms O, C, N and H lie on the peptide plane. The peptide bond CN does
not allow rotation. Dihedral angles ϕ and ψ measure rotation along bonds N–Cα and
Cα–C respectively [6, Figure on page 25].
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Figure 2: Hydrogen bonding pattern from one turn of the helix to the next, for
different protein helices. The principal number in the helix notation denotes the
number of residues per turn and the subscript tells the number of atoms in the ring
formed by closing the hydrogen bond. Thus the α-helix is called the 3.613-helix. [6,
Figure on page 29].

The polypeptide chain has a flexibility to assume many local configurations.
When amino-acids are joined together the polypeptide chain has a regularly
repeating part, called the main chain or backbone, and a variable part, com-
prising the distinctive side chains (usually denoted by a letter R when a kind
of side chain is not specified) (see Figure 1). Atoms C and N form a covalent
peptide bond, such that atoms O,C,N and H lie on the same plane, called a
peptide plane (or amide plane). The peptide bond does not allow rotation,
but two other bonds N–Cα and Cα–C do. Angles ϕ and ψ measure rotation
along bonds N–Cα and Cα–C respectively, and are called dihedral or torsion
angles. The ability of dihedral angles to take a large variety of values allows
backbone to form many different configurations. Each configuration can be fully
characterized by a sequence of values (ϕ,ψ) for each peptide unit.

Only a small fraction of the local configurations of the polypeptide chain
are feasible due to many physiochemical constraints. Among those, only stable
structures can be found in real proteins in large amounts. The stable local con-
figurations of a polypeptide chain are stabilized by the formation of hydrogen
bonds N −H · · ·O = C between backbone groups CO and NH (see Figure 2).
The most stable configurations are the ones that can be characterized by a
regular hydrogen-bonding pattern. Such configurations are helical, meaning
the same values (ϕ,ψ) are repeated from unit to unit. On one hand, we can
fully specify a helical configuration by a single pair of values (ϕ,ψ). On the
other hand, a secondary structure is specified by hydrogen bonding pattern,
allowing different helical configurations to fall within the same type. In par-
ticular, we focus our attention on two types of secondary structures: α-helix
and 310-helix characterized by regular hydrogen bonding pattern of type 1-5
and 1-4 respectively (see Figure 3). Various studies show that dihedral angle
pairs (−63◦,−43◦) and (−60◦,−25◦) result in the most stable helices within
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each group respectively [13].
It is known that a hydrogen bond has specific geometrical requirements.

When considering regular hydrogen bonds N − H · · ·O = C formed by pro-
tein backbone in a protein helix, we can express its parameters as functions of
(ϕ,ψ). So, it is natural to study the relationship between preferred hydrogen
bond geometry and stability of protein helical structures. In particular, it is in-
teresting to find out whether two major hydrogen bond requirements: linearity
and length constraints serve as a major influence in formation of the most stable
α- and 310-helices. We show that these criteria are not sufficient. Moreover,
we show that another hydrogen bond parameter plays an important role in the
helical stability.

Helical parameters have been studied earlier, using different approaches in
[16, 25, 20, 7]. The hydrogen bond geometry has been studied using statistical
analysis of small organic molecule data in [22, 18] and globular protein data in
[5]. Only one study applied mathematical optimization to linearity property of
hydrogen bond in α-helix [7].

In Section 2 we consider all possible helical configurations of backbone
atoms in a chain of amino acids. We assume ideal polypeptide chain parameters
with values for the covalent bond lengths and angles identified by Pauling in
[19] (see Figure 4), and allow angles ϕ and ψ to vary. Any helix is uniquely
determined by rotation angle θ, radius r, and rise d. We derive formulas for
these parameters as functions of ϕ and ψ. Thus showing that any repeated pair
of angles ϕ and ψ defines a helical structure of a backbone. In Section 3 we
give an overview of feasible helical configurations. In Section 4 we consider
groups of atoms Ci = Oi of i-th amino acid and Nj − Hj of j-th amino acid,
where j-i=3,4 for 310 and α-helix respectively. First, we find (ϕ,ψ) such that
the angle Nj–Ĥj · · ·Oi = 180◦, this property is called linearity of a hydrogen
bond. We then minimize the distance |Oi · · ·Hj | as a function of (ϕ,ψ). We
then show that canonical peaks (−63◦,−43◦) in α-helix and (−60◦,−25◦) in
310-helix do not result from optimization of hydrogen bonding with respect
to any linear combination of these two criteria. We perform further analysis
and suggest additional criteria, that play role in formation of (−63◦,−43◦) and
(−60◦,−25◦) peaks.

The computations in this paper were performed by using MAPLE™[1].
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Figure 3: α-helix and 310-helix characterized by regular hydrogen bonding pattern
of type 1− 5 and 1− 4 respectively [6, Figure on page 29].
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2 Protein backbone local regular structures
In this section we study a mathematical model of a protein helix. First, we
give a historical overview of the topic including motivation and major results.
Second, we describe a mathematical model of a protein helix. We then compute
explicit formulas for helical parameters: rotation angle, radius and rise.

2.1 History of the topic
In 1930 Meyer and Mark [17] were able to connect chemical universality and rich
diversity of protein properties to their molecular structure. Later in the 1930s
Astbury while studying synthetic polypeptides showed that for the majority of
cases polypeptide chains were twined or folded in a certain way [4]. The next
major step was made by Huggins when he formulated quantitative geometrical
criteria for theory of polypeptide chain folding. He was the first to consider a
hydrogen bond as a major packing force and proposed a helical structure as the
best structure to satisfy geometrical criteria for the optimal folding. According
to Huggins “the most stable arrangement for an assemblage of molecules is one
in which the component atoms and groups are packed together so that

(a) the distances between neighbors are close to the equilibrium distance,

(b) each atom or group has as many close neighbors as possible, and

(c) there are no large unoccupied regions.” [14].

In the same paper he proposed various hypothetical structures that satisfy these
requirements and tested them against known X-ray data. Some of those struc-
tures had a regular coiling pattern. Following the idea of Astbury [4], he wrote:
“a polypeptide chain can be coiled, consistent with the following assumptions:

(1) bond distances and angles are the expected ones;

(2) atoms not directly bonded together are not too close together;

(3) like atoms (or groups) are surrounded equivalently;

(4) adjacent turns are connected by NHO hydrogen bridges.” [14]

One of the proposed theoretical structures in that paper [14] was in fact 310-
helix. Starting with Huggins’ research hydrogen bonds and polypeptide helical
structures became very popular research topics. Ten years later, in 1953, the
structure of α-helix was proposed by Pauling, Corey and Branson [19, 8].

General interest in helical configurations of chain molecules continued to
increase in the 1950s. Some attempts to mathematical treatment of special
cases of polypeptide chains were made as early as 1953 [16]. The first rigorous
mathematical analysis with torsion angles as parameters was published in 1954
by Mizushima and Simanouchi [25]. They applied the idea of Eyring [11].

In [25] Mizushima and Simanouchi first considered the simplified case, when
only one kind of atoms constitutes the helix. In this setting bond lengths L,
bond angles ξ and internal rotation angles ζ are the same from unit to unit.
They obtained the following formulas for helical rotation angle θ, rise d, and
radius r:
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cos θ =
1

2
(− cos ζ + cos ξ − cos ξ cos ζ − 1) (2.1)

d2 = L2(1− cos ξ)(1− cos ζ)/(3 + cos ζ − cos ξ + cos ζ cos ξ) (2.2)

r2 = 2L2(1 + cos ζ)/(3 + cos ζ − cos ξ + cos ζ cos ξ)2 (2.3)

Then the researchers considered a more general case of a stable configuration
of a polypeptide chain, where there are three kinds of internal rotation axes -CO-
NH-, -CHR-CO-, and -NH-CHR-, with internal rotation angles ζ1, ζ2, ζ3, bond
distances L1, L2, L3 and bond angles ξ1, ξ2, ξ3 respectively. Again applying the
method of Eyring [11] they define

A = A3A1A2 (2.4)

and

B = A3A1B2 +A3B1 +B3, (2.5)

where

Ai =

 − cos ξi − sin ξi 0
sin ξi cos ζj − cos ξi cos ζi − sin ζi
sin ξi sin ζi − cos ξi sin ζi cos ζi

 , (2.6)

and

Bi =

 Li
0
0

 , (2.7)

for i = 1, 2, 3.
They show how θ, d, and r can be computed in terms of the entries of

matrices A and B.

cos θ = (a11 + a22 + a33 − 1)/2, (2.8)

d2 =
[b1(a13 + a31) + b2(a23 + a32) + b3(a33 − a11 − a22 + 1)]2

(3− a11 − a22 − a33)(a33 − a11 − a22 + 1)
, (2.9)

r2 = (b21 + b22 + b23 − d2)/(3− a11 − a22 − a33). (2.10)

Later in the classical reference written by Dickerson and Geis [6] published
in 1969 we find formulas (2.11) and (2.12)

cos

(
θ

2

)
= 0.817 sin

(
ϕ+ ψ

2

)
+ 0.045 sin

(
ϕ− ψ

2

)
(2.11)

d sin

(
θ

2

)
= −2.967 cos

(
ϕ+ ψ

2

)
− 0.664 cos

(
ϕ− ψ

2

)
(2.12)
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In 1999 Quine [20] computed helical parameters using quaternions. The
formula used in [20] for θ is identical to (2.11). The rise is expressed as a scalar
product of normalized axis vector ā and vector b̄, which is a virtual bond vector
from Cαi to Cαi+1.

d = b̄ · ā (2.13)

Helical radius was computed in vector form:

r̄ =
1

2
cot

θ

2
ā× b̄+ b̄− (b̄ · ā)ā. (2.14)

We will use a method introduced by Dix in 2002 [7] and compute θ,ā,d, and
r symbolically as functions of torsion angles ϕ, ψ, and a bond length L.

2.2 Computations
We assign to each atom a its position Ra in R3 space. Any three atoms
(a1, a2, a3) with corresponding positions (Ra1 ,Ra2 ,Ra3) determine a Cartesian
coordinate system E(a1,a2,a3)(R) = (e0, e1, e2, e3) in a following way (as intro-
duced by Dix in [7]):

e0 = Ra1 , (2.15)

e1 =
Ra2 −Ra1
||Ra2 −Ra1 ||

, (2.16)

e2 =
(1− e1eT1 )(Ra3 −Ra1)

||(1− e1eT1 )(Ra3 −Ra1)||
, (2.17)

e3 = e1 × e2. (2.18)

Let a 4 × 4 matrix A denote a coordinate transformation matrix from the
system E(a1,a2,a3) to E(a′1,a

′
2,a
′
3)
, i.e.

E(a′1,a
′
2,a
′
3)

= E(a1,a2,a3)A. (2.19)

It is of the form

A =

(
1 0̄
b̄ A

)
, (2.20)

where A is a 3× 3 rotation matrix, 0̄ = (0, 0, 0), and b̄ denotes the vector a1a′1
in R3.

As explained in [7], any coordinate transformation matrix can be expressed
as a product of coordinate transformation matrices of 3 types. Namely,

T1(L) =


1 0 0 0
L −1 0 0
0 0 1 0
0 0 0 −1

 , (2.21)

T2(ξ) =


1 0 0 0
0 cos ξ sin ξ 0
0 sin ξ − cos ξ 0
0 0 0 −1

 , (2.22)
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and

T3(ζ) =


1 0 0 0
0 1 0 0
0 0 cos ζ − sin ζ
0 0 sin ζ cos ζ

 . (2.23)

These three matrices represent the following basic types of coordinate system
transformations:

E(a2,a1,a3) = E(a1,a2,a3)T1(L), (2.24)

where L > 0 is a length of {a1a2} bond;

E(a1,a3,a2) = E(a1,a2,a3)T2(ξ), (2.25)

where ξ > 0 is the angle {a1, a2, a3}, and

E(a1,a2,a′) = E(a1,a2,a)T3(±ζ), (2.26)

where ζ is the wedge connecting angles {a1, a2, a} and {a1, a2, a′}.
We want to compute a coordinate transformation matrix A such that

E(Cαi+1,C
′
i+1,Ni+2) = E(Cαi ,C

′
i,Ni+1)A, (2.27)

or we can also write

E(Cαi ,C
′
i,Ni+1)

A−→ E(Cαi+1,C
′
i+1,Ni+2). (2.28)

This transformation is a result of a chain of nine transformations conse-
quently applied one after another in the following way:

E(Cαi ,C
′
i,Ni+1)

A−→ E(Cαi+1,C
′
i+1,Ni+2) = E(Cαi ,C

′
i,Ni+1)

T1(LCα
i
,C′
i
)

−−−−−−−→

E(C′i,C
α
i ,Ni+1)

T2(ξC′
i
,Cα
i
,Ni+1

)

−−−−−−−−−−→ E(C′i,Ni+1,Cαi )

T3(±ζC′
i
,Ni+1

)

−−−−−−−−−→

E(C′i,Ni+1,Cαi+1)

T1(LC′
i
,Ni+1

)

−−−−−−−−→ E(Ni+1,C′i,C
α
i+1)

T2(ξNi+1,C
′
i
,Cα
i+1

)

−−−−−−−−−−−→

E(Ni+1,Cαi+1,C
′
i)

T3(±ζNi+1,C
α
i+1

)

−−−−−−−−−−→ E(Ni+1,Cαi+1,C
′
i+1)

T1(LNi+1,C
α
i+1

)

−−−−−−−−−−→

E(Cαi+1,Ni+1,C′i+1)

T2(ξCα
i+1

,Ni+1,C
′
i+1

)

−−−−−−−−−−−−−→ E(Cαi+1,C
′
i+1,Ni+1)

T3(±ζCα
i+1

,C′
i+1

)

−−−−−−−−−−→ E(Cαi+1,C
′
i+1,Ni+2).

(2.29)

We can write A as a product of nine matrices:

A =T1(LCαi ,C′i)T2(ξC′i,Cαi ,Ni+1
)T3(±ζC′i,Ni+1

)T1(LC′i,Ni+1
)T2(ξNi+1,C′i,C

α
i+1

)

T3(±ζNi+1,Cαi+1
)T1(LNi+1,Cαi+1

)T2(ξCαi+1,Ni+1,C′i+1
)T3(±ζCαi+1,C

′
i+1

).
(2.30)

Let us assume ideal parameters of the peptide chain besides the torsion
angles which we denote by ϕ and ψ: LCαi ,C′i = LC′i,Ni+1

= LNi+1,Cαi+1
= L,
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Figure 4: Simplified ideal geometry of the peptide plane according to Pauling [19].
The simplification is in setting lengths CN,CCα, NCα to the same parameter L. For
full parameters refer to Figure 18.

ξC′i,Cαi ,Ni+1
= ξNi+1,C′i,C

α
i+1

= 120◦, ξCαi+1,Ni+1,C′i+1
= 109.47◦, ζC′i,Ni+1

= 180◦,

ζNi+1,Cαi+1
= ϕ, ζCαi+1,C

′
i+1

= ψ (see Figure 4).
Thus,

A = T1(L)T2(120◦)T3(180◦)T1(L)T2(120◦)T3(±ϕ)T1(L)T2(109.47◦)T3(±ψ) (2.31)

We perform all symbolic computations in MAPLE 16 [1] and obtain the
following results.

A =


1 0 0 0
5L
2

1
3 −2

√
2

3 cos(ψ) 2
√
2

3 sin(ψ)√
3L
2 −2

√
2

3 cos(ϕ) −1
3 cos(ϕ) cos(ψ) + sin(ϕ) sin(ψ) 1

3 cos(ϕ) sin(ψ) + sin(ϕ) cos(ψ)

0 −2
√

(2)

3 sin(ϕ) −1
3 sin(ϕ) cos(ψ)− cos(ϕ) sin(ψ) 1

3 sin(ϕ) sin(ψ)− cos(ϕ) cos(ψ)

 . (2.32)

The rotation matrix of A which we denote by A is of the form

A =


1
3 −2

√
2

3 cos(ψ) 2
√
2

3 sin(ψ)

−2
√
2

3 cos(ϕ) −1
3 cos(ϕ) cos(ψ) + sin(ϕ) sin(ψ) 1

3 cos(ϕ) sin(ψ) + sin(ϕ) cos(ψ)

−2
√

(2)

3 sin(ϕ) −1
3 sin(ϕ) cos(ψ)− cos(ϕ) sin(ψ) 1

3 sin(ϕ) sin(ψ)− cos(ϕ) cos(ψ)

 (2.33)

To see that A is indeed a rotation matrix we check that

det(A) = cos2(ϕ) cos2(ψ)+sin2(ϕ) sin2(ψ)+cos2(ϕ) sin2(ψ)+sin2(ϕ) cos2(ψ) = 1,

and
ATA = I.

We first compute the trace of A

tr(A) =
1

3
− 4

3
cos(ϕ) cos(ψ) +

4

3
sin(ϕ) sin(ψ). (2.34)

The eigenvalues of A are

λ1 = 1, λ2,3 = cos(θ)± i sin(θ), (2.35)
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where θ is the rotation angle of A. It follows from (2.35) that

tr(A) = 1 + 2 cos(θ). (2.36)

Then (2.34) and (2.36) give

cos(θ) = −1

3
− 2

3
cos(ϕ) cos(ψ) +

2

3
sin(ϕ) sin(ψ) =

=
−1− 2 cos(ϕ+ ψ)

3
=

1− 4 cos2(ϕ+ψ2 )

3
.

(2.37)

The axis of rotation is the eigenvector of A corresponding to the eigenvalue
1. The unnormalized axis vector ū can be found by the following formula:

ū = (A32 −A23, A13 −A31, A21 −A12)
T =

=

(
−4

3 sin

(
ϕ− ψ

)
, 4
√
2

3 sin

(
ϕ+ψ
2

)
cos

(
ϕ+ψ
2

)
, 4
√
2

3 sin

(
ϕ+ψ
2

)
sin

(
ϕ−ψ
2

))T
.

(2.38)

Then the normalized axis vector is

ā =
ū

2 sin(θ)
. (2.39)

The distance d traveled from Cαi to Cαi+1 parallel to the axis of rotation (also
known as a rise of a helix) can be found by the formula

d = |b̄ · ā| =

=

∣∣∣∣∣
(

5
2
L,
√

3L
2
,0

)
·

(
− 4

3
sin

(
ϕ−ψ

)
, 4
√
2

3
sin

(
ϕ+ψ
2

)
cos

(
ϕ+ψ
2

)
, 4
√
2

3
sin

(
ϕ+ψ
2

)
sin

(
ϕ−ψ

2

))T
2 sin(θ)

∣∣∣∣∣ =

=

∣∣∣∣∣
−2L sin

(ϕ+ψ
2

)(
10 cos

(ϕ+ψ
2

)
−
√

6 cos
(ϕ−ψ

2

))
6

√
1−

(
1−4 cos2

(
ϕ+ψ
2

)
3

)2

∣∣∣∣∣=

=

∣∣∣∣∣
−L sin

(ϕ+ψ
2

)(
10 cos

(ϕ+ψ
2

)
−
√

6 cos
(ϕ−ψ

2

))
2
√

2− 2 cos4
(ϕ+ψ

2

)
+2 cos2

(ϕ+ψ
2

)
∣∣∣∣∣

(2.40)

Let point P be a projection of Cαi onto the plane containing Cαi+1 and or-
thogonal to the rotation axis. Let point D lie on the rotation axis such that
Cαi+1D is orthogonal to the axis. To find the radius r we consider triangles
4Cαi Cαi+1P and 4Cαi+1PD (see Figure 5).

Clearly,
|Cαi+1P |2

sin2(θ)
=
b̄ · b̄− d2

sin2(θ)
=

r2

(sin(180
◦−θ
2 ))2

. (2.41)
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Figure 5: Helical parameters: rotation angle θ, radius r, and rise d are shown. Point
P is a projection of Cα

i onto the plane containing Cα
i+1 and orthogonal to the rotation

axis.

Thus we have

r2 =
(b̄ · b̄− d2) cos2( θ2)

(1− cos2(θ))
=

(b̄ · b̄− d2)( cos(θ)+1
2 )

(1− cos(θ))(1 + cos(θ))
=

=
(b̄ · b̄− d2)

2(1− cos(θ))
=

(b̄ · b̄− d2)
2(1− tr(A)−1

2 )
=

(b̄ · b̄− d2)
3− tr(A)

=

=

7L2 −
L2 sin2

(
ϕ+ψ
2

)(
10 cos

(
ϕ+ψ
2

)
−
√
6 cos
(
ϕ−ψ

2

))2

8−8 cos4
(
ϕ+ψ
2

)
+8 cos2

(
ϕ+ψ
2

)
8
3 + 4

3 cos(ϕ+ ψ)
.

(2.42)

2.3 Conclusion
In this section we studied a mathematical model of a protein helix. First, we
gave a historical overview of mathematical studies of a protein helix. We de-
scribed a mathematical model of a protein helix, and computed explicit formulas
for helical parameters: rotation angle (2.37), rotation axis (2.38), normalized
rotation axis (2.39), radius (2.42), and rise (2.40). Formula (2.37) was previ-
ously published in [6]. To the best of our knowledge formulas (2.38), (2.42)
and (2.40) can not be found in the literature.
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3 Feasible protein backbone local regular struc-
tures - Allowed (ϕ, ψ) orientations
It is important to note that not all possible (ϕ,ψ) orientations are allowed,
because of the short contacts between the atoms of the adjacent residues (in-
cluding side-chain atoms that we do not consider in our model). In this section
we give an overview of feasible helical configurations. We start with a motiva-
tion for this direction of research. We then survey some results helpful in our
future work.

3.1 Motivation
In the 1950s modeling protein structures from X-ray and other data was very
popular. The structure of collagen was a popular challenge. In 1953 while vis-
iting India, professor J.D.Bernal introduced G. N. Ramachandran to this prob-
lem. Ramachandran, being in India, worked on this problem independently
while two other groups of British scientists (Rich and Crick in Cambridge and
Randall, Cowan, and North in King’s College London) worked on it as well. He
proposed a two-bonded (two hydrogen bonds per 3 residue repeat) triple helix,
and his structure was criticized by British scientists (Rich and Crick) “on the
basis of steric hindrance”. This criticism inspired a survey of the available crys-
tal structures showing that “short” interatomic distances were allowed in some
structures [21]. This information together with already available bond lengths
and angles discovered by Pauling in turn inspired to use the distance data in
mathematical study of all possible (or feasible) conformations of a polypeptide
chain. In particular the discovery of “shorter” interatomic distances in avail-
able data inspired to study both normal van der Waal radi and shorter ones
resulting in normally allowed and outer limit regions respectively. Ramachan-
dran’s student, Sasisekharan, is known to do the first study on this topic which
he published in 1962 [24]. Further developments were done with his graduate
adviser G. N. Ramachandran in 1965 [23].

3.2 Allowed (ϕ, ψ) regions
Sasisekharan treated atoms as simple impenetrable spheres and found three
major normally allowed (ϕ,ψ) regions for standard radii of peptide atoms and
outer limit regions for the smallest radii that can be still considered plausible.
The ϕ,ψ plot with allowed regions marked received the name of Ramachandran
plot. In Figure 6 the derivation diagram for Ramachandran plot is shown (see
Figure 7 for atom numberings). Here we are mainly concerned with the helical
area that we broadly outlined in Figure 11. We keep the allowed region bound-
aries in all plots (see Figures 10 and 11). The outer limit region is important
because both α- and 310-helices belong to it and not to the normally allowed
region.

It is worth to note that the map was derived when no single protein structure
was solved. It has been tested on known secondary structures such as α-helix
and β-sheet and on small peptides (see Figures 8 and 9).
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Figure 6: Derivation diagram for the Ramachandran plot. The boundaries are drawn
between allowed and forbidden regions using a hard sphere model, and the clashing
atoms are identified on the forbidden side of the boundary (See Figure 7 for atom
numbering). Only four allowed zones can be found: the β-sheet region at the upper
left, the right-handed α-helix zone below it, the left-handed α helix rectangle identified
by L, and a negligible triangle above it [9, Figure 10, page 4627].

Figure 7: Numbering scheme for amide atoms used in the derivation diagram for
Ramachandran plot (see Figure 6). The conformation shown here is designated as
(180◦, 180◦) and appears at the four corners of the Ramachandran diagram [9, Figure
11, page 4627].
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Figure 8: Clustering of (ϕ, ψ) in α-helical segment in the Ramachandran plot on the
left and ribbon diagram on the right [21, Figure 6, page 54]

Figure 9: Clustering of (ϕ, ψ) in β-sheet segment in the Ramachandran plot on the
left and ribbon diagram on the right [21, Figure 6, page 54]
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Contact Normally allowed, Å Outer limit, Å
Cα · · ·Cα 3.20 3.00
C · · ·C 2.95 2.90
C · · ·O 2.80 2.70
C · · ·N 2.90 2.80
C · · ·H 2.40 2.20
O · · ·O 2.70 2.60
O · · ·N 2.70 2.60
O · · ·H 2.40 2.20
N · · ·N 2.70 2.60
N · · ·H 2.40 2.20
H · · ·H 2.00 1.90

Table 1: Minimum contact distances between atoms assumed in [23, Table 2, page
912]

N–Ĉα · · ·C Normally allowed range Outer limit range
(°) ϕ(°) ψ(°) ϕ(°) ψ(°)

(a) non-glycyl
residues
105 [-158,-65] [-59, -51]∪[95,141] [-180,-60]∪[177, 180] [-71,-38]∪[38,163]

110 [-158, -53] [-60,-40] ∪[92,179] [-180,-45] ∪[45,61] [-71,-22] ∪[20,180]

115 [-153,-41] [-59,-30]∪[98,177] [-176,-33]∪[33,57] [-70,188]

(b) glycyl
residues
110 [-180, -53]∪[53,180] [-180,-40]∪[40,180] [-180,-45]∪[45,180] [-180,-22]∪[22,180]

115 [-180,-41]∪[41,180] [-180,-30]∪[30,180] [-180,-33]∪[33,180] no restriction

Table 2: Ranges of ϕ and ψ allowed by the contact distances between the atoms
N1, C2, and Cβ and the remaining backbone atoms in the two residues for non-glycyl
residues and between the atoms N1, Cα, and H2 and the remaining backbone atoms
for glycyl residues (see [23, Table 3, page 916]) for details. Regions relevant to our
study are highlighted.
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Figure 10: Derivation diagram for the Ramachandran plot [9, Figure 10, page 4627].
The helical area we consider for our optimization experiment, −20◦ ≤ ϕ ≤ −80◦,
−20◦ ≤ ψ ≤ −80◦, is outlined in red. It is affected by O1−C2, R−H2, and N1−H2

possible atom clashes.
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Figure 11: (ϕ, ψ) allowed regions (see highlighted values in Table 2).
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3.3 Conclusion
Here we gave an overview of results from [24] and [23] obtained by Sasisekharan
and Ramachandran for feasible helical configurations. In particular, in the
Table 2 we highlighted normally allowed and outer limit ranges for (ϕ,ψ). We
use these results in Section 4 where we perform the optimization in the domain
outlined in Figure 11.
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4 Stable protein backbone structures and hy-
drogen bond geometry
Recall that all backbone local regular structures (i.e. helices) can be defined by
a pair (ϕ,ψ) for −180◦ ≤ ϕ,ψ ≤ 180◦, but not all such structures are feasible
(see Table 2). Only some feasible structures are stable, namely the ones that
allow for regular hydrogen bonding pattern. In this section we consider stable
protein backbone structures and study the geometry of main chain - main chain
hydrogen bonds formed within these structures. The relationship between hy-
drogen bond geometrical requirements and stability of various protein secondary
structures has been extensively studied by applying statistical analysis to pro-
tein experimental data [5, 18]. We study this relationship via mathematical
optimization and use the method introduced in 2002 by Dix in [7].

We start by giving a precise definition of a hydrogen bond together with
its major geometrical parameters. The strength of a hydrogen bond depends
on certain geometrical constraints with respect to linearity, length and various
associated angles. Stronger hydrogen bonds in turn should result in the for-
mation of more stable helices. We focus our attention on two types of protein
secondary structure: α-helix and 310-helix characterized by regular hydrogen
bonding pattern of type 1-5 and 1-4 respectively. Even though both α- and
310-helices each represent a group of helices, various studies show that dihe-
dral angle pairs (−63◦,−43◦) and (−60◦,−25◦) characterize the most stable
helices within each group respectively [13]. Using a mathematical model of a
protein α- and 310-helix, we compute various geometrical parameters of a main
chain - main chain hydrogen bond in each structure as functions of (ϕ,ψ) and
study their influence on helical stability. We optimize with respect to hydrogen
bond linearity and length in α- and 310-helix and show that canonical peaks are
not optimal with respect to any linear combination of these two criteria. We
then study some other hydrogen bond parameters and show that they play an
important role in the formation of peaks.

Previously, mathematical optimization was only applied to α-helix and con-
sidered just the linearity of a hydrogen bond. This was done by Dix in [7]. We
successfully reproduce his result and use this as a verification that our com-
putational model is correct. Our original contribution to the topic starts in
Sections 4.3 and 4.4 where we compute a similar linearity result for 310-helix.
Then continues in Sections 4.5, 4.6, and 4.7 where we minimize the length of a
hydrogen bond in both α- and 310-helices, compute other relevant parameters,
and give numerical results respectively. In particular, our results in Section 4.7
show that canonical peaks (−63◦,−43◦) in α-helix and (−60◦,−25◦) in 310-helix
do not result from optimization of hydrogen bonding with respect to any linear
combination of two major hydrogen bond requirements: linearity and length
constraints. We conclude by giving further analysis in Section 4.9. First, we
notice a clustering of the in-plane component γ

Ci−Ôi...Hj around 12 − 13◦ for
canonical peak values in both α and 310-helices, and then show how the relation-
ship between angles Ci − Ôi . . . Hj , Nj − Ĥj . . . Oi, and the distance |Hj . . . Oi|
play a very important role in formation of most stable α- and 310-helices.
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4.1 A hydrogen bond and its geometrical parameters
An attractive interaction of two electronegative atoms X and Y through a hy-
drogen atom H is called a hydrogen bond and denoted by X–H· · ·Y–Z, where
dots denote the bond. Atom X is called a donor and Y is called an acceptor.
The hydrogen bond is strong enough to hold molecules XH and YZ together
at normal temperatures and directional enough so that this association is ori-
entationally specific [12]. Here we consider hydrogen bonds formed within a
chain of amino acids. Namely, we study backbone-backbone hydrogen bonds
Nj–Hj · · ·Oi = Ci, formed between groups Ci = Oi of i-th amino acid and
Nj–Hj of j-th amino acid, for j-i=3,4, with Nj as a donor and Ci as an accep-
tor. The following parameters characterize geometry of these hydrogen bonds
(see Figure 12):

1) distance |Oi · · ·Hj |;

2) angle Nj–Ĥj · · ·Oi;

3) angle Ci–Ôi · · ·Hj along with its two components: in-plane γ
Ci–Ôi···Hj and

out-of-plane β
Ci–Ôi···Hj .

Figure 12: γ - “in plane" and β - “out of plane" angles, as introduced in [3, Figure
11, page 751] and later discussed in [5, Figure 22, page 143].

4.2 Most stable α- and 310-helices (significance of canon-
ical peaks)
Dihedral angle pairs (−63◦,−43◦) and (−60◦,−25◦) are known as canonical
peaks ((ϕ,ψ) values that occur most commonly) for α- and 310-helix respec-
tively. The significance of these peaks can be clearly seen in Figure 13 from [13,
Figure 2, page 15].

Protein helices with (ϕ,ψ) values near the canonical peaks can be found in
globular proteins in recently solved high resolution structures. See for example
the 0.82Å resolution structure of triosephosphate isomerase 2VXN in Figure 15
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with Ramachandran diagram in Figure 14. The (ϕ,ψ) values for the α-helix
fragment 2VXN.A.111-117 are shown in Table 3.

Also, in hydrophobic environment α-helices are the most stable with (ϕ,ψ)
values clustering around the canonical peak (−63◦,−43◦) [15]. An example of
such helices in membrane proteins is found in the fragment of a transmembrane
protein integrin shown in Figure 16 with Ramachandran diagram in Figure 17.
The (ϕ,ψ) values for an α-helix fragment 2K9J.A.12-30 are shown in Table 4.

Figure 13: A geo-style 3D-Ramachandran plot. A Ramachandran plot is shown with
a third dimension representing number of observations. For this plot, the 72, 376
residue high-fidelity dataset was used to generate total numbers of observations in
each 20◦ × 20◦ bin centered every 10◦ in ϕ and ψ. The figure was created defining
every fifty observations a new vertical step. The coloring of the plot has been chosen
to show off the natural patterns in the data, and to provide a pleasing and admittedly
fun, geographis like representation. Major contour levels in observations are: blue
ocean (0− 49); sandy beach (50− 149); vegetated region (150− 4, 599); snowy peaks
(4, 600 and higher) [13, Figure 2, page 15].

4.3 Computational models and transformation matri-
ces for α- and 310-helix
Here we are interested in two coordinate transformations:

E(Hj ,Nj ,C′j−1)
Aj−i−−−→ E(Oi,C′i,C

α
i )

(4.1)

for j − i = 3, 4. These transformations connect atoms Hj and Oi corresponding
to a backbone-backbone hydrogen bond Nj–Hj · · ·Oi formed in 310-helices for
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ID Chain ID AA ϕ(°) ψ(°)
111 A Gln -64.15 -43.26
112 A Lys -61.02 -44.53
113 A Val -60.18 -42.60
114 A Ser -63.65 -43.56
115 A Glu -64.30 -40.59
116 A Ala -64.76 -41.70
117 A Cys -63.19 -41.83

Table 3: TRIOSEPHOSPHATE ISOMERASE 2VXN [2]. An example of a glob-
ular protein α-helix with ϕ and ψ values tightly clustered around canonical peak
(−63◦,−43◦). Structure was solved in 2010 via X-Ray chrystallography with resolu-
tion 0.82Å. Data is taken from Protein Geometry Database.

ID Chain ID AA ϕ(°) ψ(°)
12 A Trp -61.1 -38.0
13 A Val -62.4 -44.3
14 A Leu -61.9 -43.9
15 A Val -64.2 -44.9
16 A Gly -64.0 -38.4
17 A Val -65.1 -44.3
18 A Leu -62.3 -41.8
19 A Gly -61.6 -34.9
20 A Gly -64.7 -38.2
21 A Leu -62.2 -41.4
22 A Leu -62.5 -41.1
23 A Leu -61.1 -44.8
24 A Leu -65.7 -42.4
25 A Thr -63.2 -45.7
26 A Ile -63.4 -44.6
27 A Leu -63.7 -43.2
28 A Val -64.2 -44.6
29 A Leu -62.0 -42.7
30 A Ala -64.3 -45.4

Table 4: INTEGRIN ALPHAIIb-BETA3 TRANSMEMBRANE COMPLEX 2K9J
[10]. An example of a membrane protein α-helix with ϕ and ψ values tightly clustered
around canonical peak (−63◦,−43◦). Structure was solved in 2009 via solution NMR.
Data is taken from Protein Data Bank.

23



Figure 14: TRIOSEPHOSPHATE ISOMERASE 2VXN [2]. An example of a glob-
ular protein α-helix with ϕ and ψ values tightly clustered around canonical peak
(−63◦,−43◦). Structure was solved in 2010 via X-Ray chrystallography with resolu-
tion 0.82Å. Data is taken from Protein Data Bank [2].

j − i = 3 and in α-helices for j − i = 4.
Transformation matrix A4 was computed by Dix in [7] via IMIMOL com-

puter program. IMIMOL provides a graphical two-dimensional interface that
allows to represent a three-dimensional molecular structure as a collection of la-
beled graphs. Such representation makes it possible to automate some geometry
calculations. In particular, if two atoms are selected in the given structure, then
using IMIMOL one can automatically create a Maple procedure to symbolically
compute a transformation matrix between two Cartesian coordinate systems
originated in the selected atoms respectively. In [7] a proper graph representa-
tion of three-dimensional molecular structure of α-helix was created in IMIMOL
and a Maple procedure to symbolically compute A4 was exported. Then opti-
mization computation was carried out in Maple and used the IMIMOL-exported
procedure.

Our original plan was to reproduce the computation for A4 exactly how it
was done in Section 5.4 [7]. However, when we used the procedure exported
by IMIMOL for computing A4 to compute the optimal (ϕ,ψ) values for the
linearity of a hydrogen bond in α-helix exactly the way described by Dix we
have received values different from his result. Unable to immediately find the
mistake that led us to the incorrect answer we decided to symbolically compute
A4 “from scratch” without using IMIMOL. We than did the same optimization
as before and this time our answer was correct. By comparing our result for A4

with the procedure exported via IMIMOL we identified that we set up the initial
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Figure 15: Molprobity Ramachandran analysis for TRIOSEPHOSPHATE ISO-
MERASE 2VXN [2].

model for α-helix in IMIMOL incorrectly and those mistakes carried into the
exported procedure. We realized that the interface provided in IMIMOL allows
for incorrect labeling and object selection. In order to avoid another possibility
for mistakes we decided to do all computations without using IMIMOL.

We will explain our computation of A4 and compute A3 in a similar manner.
Recall, that the ideal parameters of the peptide chain are ξC′i,Cαi ,Ni+1

= 120◦,
and ξNi+1,C′i,C

α
i+1

= 120◦, ξCαi+1,Ni+1,C′i+1
= 109.47◦, ζC′i,Ni+1

= 180◦. As before,
we denote the torsion angles by ϕ and ψ: ζNi+1,Cαi+1

= ϕ, ζCαi+1,C
′
i+1

= ψ. To
compute A3 and A4 as functions of (ϕ,ψ) we use the same peptide chain model
as we used for computing helical parameters with one exception. Instead of
using parameter L as length of all backbone bonds we use the actual bond
distances LCαi ,C′i = 1.52, LC′i,Ni+1

= 1.33, LNi+1,Cαi+1
= 1.45 (see Figure 18),

corresponding to the ideal α-helical geometry. We will also use two additional
bonds LOi,C′i = 1.23, LHj ,NJ = 1 also described in [19].
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Figure 16: INTEGRIN ALPHAIIb-BETA3 TRANSMEMBRANE COMPLEX 2K9J
[10]. An example of a membrane protein α-helix with ϕ and ψ values tightly clustered
around canonical peak (−63◦,−43◦). Structure was solved in 2009 via solution NMR.
Data is taken from Protein Data Bank [10].

To simplify notation we can set i = 1 without any loss of generality. Then
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Figure 17: Molprobity Ramachandran analysis for INTEGRIN ALPHAIIb-BETA3
TRANSMEMBRANE COMPLEX 2K9J [10].

from (4.1) for α-helix

E(H5,N5,C′4)
A4(ϕ,ψ)−−−−−→ E(O1,C′1,C

α
1 ) = E(H5,N5,C′4)

T1(1)−−−→
T1(1)−−−→ E(N5,H5,C′4)

T2(120)−−−−→ E(N5,C′4,H5)
T3(0)−−−→ E(N5,C′4,C

α
4 )

T1(1.33)−−−−−→
T1(1.33)−−−−−→ E(C′4,N5,Cα4 )

T2(120)−−−−→ E(C′4,C
α
4 ,N5)

T3(ψ)−−−→ E(C′4,C
α
4 ,N4

)
T1(1.52)−−−−−→

T1(1.52)−−−−−→ E(Cα4 ,C
′
4,N4

)
T2(109.27)−−−−−−→ E(Cα4 ,N4,C′4

)
T3(ϕ)−−−→ E(Cα4 ,N4,C′3

)
T1(1.45)−−−−−→

T1(1.45)−−−−−→ E(N4,Cα4 ,C
′
3
)
T2(120)−−−−→ E(N4,C′3,C

α
4

)
T3(180)−−−−→ E(N4,C′3,C

α
3

)
T1(1.33)−−−−−→

T1(1.33)−−−−−→ E(C′3,N4,Cα3 )
T2(120)−−−−→ E(C′3,C

α
3 ,N4)

T3(ψ)−−−→ E(C′3,C
α
3 ,N3

)
T1(1.52)−−−−−→

T1(1.52)−−−−−→ E(Cα3 ,C
′
3,N3

)
T2(109.27)−−−−−−→ E(Cα3 ,N3,C′3

)
T3(ϕ)−−−→ E(Cα3 ,N3,C′2

)
T1(1.45)−−−−−→

T1(1.45)−−−−−→ E(N3,Cα3 ,C
′
2
)
T2(120)−−−−→ E(N3,C′2,C

α
3

)
T3(180)−−−−→ E(N3,C′2,C

α
2

)
T1(1.33)−−−−−→

T1(1.33)−−−−−→ E(C′2,N3,Cα2 )
T2(120)−−−−→ E(C′2,C

α
2 ,N3)

T3(ψ)−−−→ E(C′2,C
α
2 ,N2

)
T1(1.52)−−−−−→

T1(1.52)−−−−−→ E(Cα2 ,C
′
2,N2

)
T2(109.27)−−−−−−→ E(Cα2 ,N2,C′2

)
T3(ϕ)−−−→ E(Cα2 ,N2,C′1

)
T1(1.45)−−−−−→

T1(1.45)−−−−−→ E(N2,Cα2 ,C
′
1
)
T2(120)−−−−→ E(N2,C′1,C

α
1

)
T3(180)−−−−→ E(N2,C′1,C

α
1

)
T1(1.33)−−−−−→

T1(1.33)−−−−−→ E(C′1,N2,Cα1 )
T2(120)−−−−→ E(C′1,C

α
1 ,N2)

T3(180)−−−−→ E(C′1,C
α
1 ,O1)

T2(120)−−−−→
T2(120)−−−−→ E(C′1,O1,Cα1 )

T1(1.23)−−−−−→ E(O1,C′1,C
α
1 ),

(4.2)
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Figure 18: Ideal geometry of the peptide plane according to Pauling [19].

and for 310 helix

E(H4,N4,C′3)
A3(ϕ,ψ)−−−−−→ E(O1,C′1,C

α
1 ) = E(H4,N4,C′3)

T1(1)−−−→
T1(1)−−−→ E(N4,H4,C′3)

T2(120)−−−−→ E(N4,C′3,H4)
T3(0)−−−→ E(N4,C′3,C

α
3 )

T1(1.33)−−−−−→
T1(1.33)−−−−−→ E(C′3,N4,Cα3 )

T2(120)−−−−→ E(C′3,C
α
3 ,N4)

T3(ψ)−−−→ E(C′3,C
α
3 ,N3

)
T1(1.52)−−−−−→

T1(1.52)−−−−−→ E(Cα3 ,C
′
3,N3

)
T2(109.27)−−−−−−→ E(Cα3 ,N3,C′3

)
T3(ϕ)−−−→ E(Cα3 ,N3,C′2

)
T1(1.45)−−−−−→

T1(1.45)−−−−−→ E(N3,Cα3 ,C
′
2
)
T2(120)−−−−→ E(N3,C′2,C

α
3

)
T3(180)−−−−→ E(N3,C′2,C

α
2

)
T1(1.33)−−−−−→

T1(1.33)−−−−−→ E(C′2,N3,Cα2 )
T2(120)−−−−→ E(C′2,C

α
2 ,N3)

T3(ψ)−−−→ E(C′2,C
α
2 ,N2

)
T1(1.52)−−−−−→

T1(1.52)−−−−−→ E(Cα2 ,C
′
2,N2

)
T2(109.27)−−−−−−→ E(Cα2 ,N2,C′2

)
T3(ϕ)−−−→ E(Cα2 ,N2,C′1

)
T1(1.45)−−−−−→

T1(1.45)−−−−−→ E(N2,Cα2 ,C
′
1
)
T2(120)−−−−→ E(N2,C′1,C

α
1

)
T3(180)−−−−→ E(N2,C′1,C

α
1

)
T1(1.33)−−−−−→

T1(1.33)−−−−−→ E(C′1,N2,Cα1 )
T2(120)−−−−→ E(C′1,C

α
1 ,N2)

T3(180)−−−−→ E(C′1,C
α
1 ,O1)

T2(120)−−−−→
T2(120)−−−−→ E(C′1,O1,Cα1 )

T1(1.23)−−−−−→ E(O1,C′1,C
α
1 ).

(4.3)

We can then express A4 and A3 as products of T1, T2, T3 matrices

A4(ϕ,ψ) = T1(1)T2(120)T3(0)T1(1.33)T2(120)T3(ψ)T1(1.52)T2(109.27)T3(ϕ)T1(1.45)

T2(120)T3(180)T1(1.33)T2(120)T3(ψ)T1(1.52)T2(109.27)T3(ϕ)T1(1.45)T2(120)T3(180)

T1(1.33)T2(120)T3(ψ)T1(1.52)T2(109.27)T3(ϕ)T1(1.45)T2(120)T3(180)T1(1.33)T2(120)

T3(180)T2(120)T1(1.23),

(4.4)

A3(ϕ,ψ) = T1(1)T2(120)T3(0)T1(1.33)T2(120)T3(ψ)T1(1.52)T2(109.27)T3(ϕ)T1(1.45)

T2(120)T3(180)T1(1.33)T2(120)T3(ψ)T1(1.52)T2(109.27)T3(ϕ)T1(1.45)T2(120)T3(180)

T1(1.33)T2(120)T3(180)T2(120)T1(1.23).

(4.5)
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4.4 Optimizing with respect to linearity of a hydrogen
bond
Optimization with respect to linearity of a hydrogen bond in α-helix was done
by Dix in [7]. We will explain his result and compute a similar result for the
case of 310-helix.

For every embedding R of our model of α-helix into R3 we have

E(O1,C′1,C
α
1 )(R) = E(H5,N5,C′4)

(R)A4(ϕ,ψ). (4.6)

We want to find optimal ϕ,ψ that will result in angle N5–Ĥ1· · ·O1 being 180◦.
To satisfy this we need atoms N5, H5, and O1 to be collinear. This means that
RO1 should lie on the x-axis of E(H5,N5,C′4)

. Since atom O1 is located at the
origin with respect to E(O1,C′1,C

α
1 )(R) we have

RO1 = E(O1,C′1,C
α
1 )(R)(1, 0, 0, 0)T = E(H5,N5,C′4)

(R)A4(ϕ,ψ)(1, 0, 0, 0)T (4.7)

On the other hand

RO1 = E(H5,N5,C′4)
(R)(1, xO1 , yO1 , zO1)T , (4.8)

where (xO1 , yO1 , zO1)T are the coordinates of O1 with respect to E(H5,N5,C′4)
(R).

This gives us the following equation

(1, xO1 , yO1 , zO1)T = A4(ϕ,ψ)(1, 0, 0, 0)T (4.9)

from which we can deduce yO1 = A4(ϕ,ψ)3,1 and zO1 = A4(ϕ,ψ)4,1. Collinearity
of atoms O1, N1 and H1 implies yO1 = 0 and zO1 = 0. Thus we obtain two
equations in two unknowns ϕ and ψ

A4(ϕ,ψ)3,1 = 0, and A4(ϕ,ψ)4,1 = 0. (4.10)

Solving 4.10 simultaneously will give us the optimal (ϕ,ψ) values in α-helix
favoring linearity of the hydrogen bond N5–H5 · · ·O1.

By the exact same argument solving

A3(ϕ,ψ)3,1 = 0, and A3(ϕ,ψ)4,1 = 0 (4.11)

will give us optimal (ϕ,ψ) values for a hydrogen bond N4–H4 · · ·O1 in 310-helix
with angle N4–Ĥ1· · ·O1 = 180◦.

4.5 Minimizing the length of a hydrogen bond
Let `j−i(ϕ,ψ) denote the length of a hydrogen bond Nj–Hi · · ·Oi. It can be
computed as follows

`j−i(ϕ,ψ) = |Hj · · ·Oi| =
∣∣∣∣HjOi

∣∣∣∣ = ||(Aj−i(ϕ,ψ)2,1,Aj−i(ϕ,ψ)3,1,Aj−i(ϕ,ψ)4,1)|| . (4.12)

Then solving
∂`j−i(ϕ,ψ)

∂ϕ
= 0, and

∂`j−i(ϕ,ψ)

∂ψ
= 0 (4.13)
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simultaneously will give us a pair (ϕ,ψ) that minimizes the length of a hydrogen
bond Nj–Hi · · ·Oi.

It follows from 4.13, that solving

∂`4(ϕ,ψ)

∂ϕ
= 0, and

∂`4(ϕ,ψ)

∂ψ
= 0 (4.14)

simultaneously will give us a pair (ϕ,ψ) that minimizes the length of a hydrogen
bond N5–H1 · · ·O1 in α-helix. And solving the system of equations

∂`3(ϕ,ψ)

∂ϕ
= 0, and

∂`3(ϕ,ψ)

∂ψ
= 0 (4.15)

will give us a pair (ϕ,ψ) that minimizes the length of a hydrogen bond N4–
H1 · · ·O1 in 310-helix.

4.6 Computing other geometrical parameters of a hy-
drogen bond
Clearly,

cos(N5–Ĥ5 · · ·O1) =
H5N5 ·H5O1∣∣∣∣H5N5

∣∣∣∣ ∣∣∣∣H5O1

∣∣∣∣ =

=
(1, 0, 0)(A4(ϕ,ψ)2,1,A4(ϕ,ψ)3,1,A4(ϕ,ψ)4,1))

T

`4(ϕ,ψ)
=
A4(ϕ,ψ)2,1
`4(ϕ,ψ)

(4.16)

and

cos(N4–Ĥ4 · · ·O1) =
H4N4 ·H4O1∣∣∣∣H4N4

∣∣∣∣ ∣∣∣∣H4O1

∣∣∣∣ =

=
(1, 0, 0)(A3(ϕ,ψ)2,1,A3(ϕ,ψ)3,1,A3(ϕ,ψ)4,1))

T

`3(ϕ,ψ)
=
A3(ϕ,ψ)2,1
`3(ϕ,ψ)

.

(4.17)

We will be also interested in computing angle C1–Ô1 · · ·H5 along with its
two components: in-plane γ

C1–Ô1···H5
, and out-of-plane β

C1–Ô1···H5
, and C1–

Ô1 · · ·H4 together with in-plane γ
C1–Ô1···H4

, and out-of-plane β
C1–Ô1···H4

re-
spectively.

Let

C4(ϕ,ψ) = T1(1)T2(120)T3(0)T1(1.33)T2(120)T3(ψ)T1(1.52)T2(109.27)T3(ϕ)

T1(1.45)T2(120)T3(180)T1(1.33)T2(120)T3(ψ)T1(1.52)T2(109.27)T3(ϕ)T1(1.45)

T2(120)T3(180)T1(1.33)T2(120)T3(ψ)T1(1.52)T2(109.27)T3(ϕ)T1(1.45)T2(120)

T3(180)T1(1.33).

(4.18)

Clearly
H5C1 = (C4(ϕ,ψ)2,1, C4(ϕ,ψ)3,1, C4(ϕ,ψ)4,1). (4.19)

Then

C1O1 = H5O1 −H1C1 =

= (A4(ϕ,ψ)2,1 − C4(ϕ,ψ)2,1,A4(ϕ,ψ)3,1 − C4(ϕ,ψ)3,1,A4(ϕ,ψ)4,1 − C4(ϕ,ψ)4,1).
(4.20)
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cos(C1–Ô1 · · ·H5) =
O1H5 ·O1C1∣∣∣∣O1H5

∣∣∣∣ ∣∣∣∣O1C1

∣∣∣∣ , (4.21)

where
∣∣∣∣O1C1

∣∣∣∣ = 1.23.
In order to compute in-plane γ

C1–Ô1···H5
, and out-of-plane β

C1–Ô1···H5
com-

ponents of C1–Ô1 · · ·H5 we need to compute

N4(ϕ,ψ) = T1(1)T2(120)T3(0)T1(1.33)T2(120)T3(ψ)T1(1.52)T2(109.27)T3(ϕ)

T1(1.45)T2(120)T3(180)T1(1.33)T2(120)T3(ψ)T1(1.52)T2(109.27)T3(ϕ)T1(1.45)

T2(120)T3(180)T1(1.33)T2(120)T3(ψ)T1(1.52)T2(109.27)T3(ϕ)T1(1.45).

(4.22)

Then
H5N1 = (N4(ϕ,ψ)2,1,N4(ϕ,ψ)3,1,N4(ϕ,ψ)4,1), (4.23)

and

N1C1 = H5C1 −H5N1 =

= (C4(ϕ,ψ)2,1 −N4(ϕ,ψ)2,1, C4(ϕ,ψ)3,1 −N4(ϕ,ψ)3,1, C4(ϕ,ψ)4,1 −N4(ϕ,ψ)4,1).
(4.24)

Atoms N1, C1, and O1 lie in the same peptide plane. Let N be the normal
vector of that plane

N =
N1C1 × C1O1∣∣∣∣N1C1 × C1O1

∣∣∣∣ , (4.25)

and let O1H5
Proj be a projection of O1H5 onto that plane

O1H5
Proj

= O1H5 − (N ·O1H5)N. (4.26)

Then

cos(γ
C1–Ô1···H5

) =
C1O1 ·O1H5

Proj

1.23
∣∣∣∣∣∣O1H5

Proj
∣∣∣∣∣∣ , (4.27)

and

cos(β
C1–Ô1···H5

) =
O1H5 ·O1H5

Proj

`4(ϕ,ψ)
∣∣∣∣∣∣O1H5

Proj
∣∣∣∣∣∣ . (4.28)

In the case of 310-helix,

C3(ϕ,ψ) = T1(1)T2(120)T3(0)T1(1.33)T2(120)T3(ψ)T1(1.52)T2(109.27)T3(ϕ)

T1(1.45)T2(120)T3(180)T1(1.33)T2(120)T3(ψ)T1(1.52)T2(109.27)T3(ϕ)T1(1.45)

T2(120)T3(180)T1(1.33),

(4.29)

C1O1 = H4O1 −H1C1 =

= (A3(ϕ,ψ)2,1 − C3(ϕ,ψ)2,1,A3(ϕ,ψ)3,1 − C3(ϕ,ψ)3,1,A3(ϕ,ψ)4,1 − C3(ϕ,ψ)4,1),
(4.30)

cos(C1–Ô1 · · ·H4) =
O1H4 ·O1C1∣∣∣∣O1H4

∣∣∣∣ ∣∣∣∣O1C1

∣∣∣∣ =
O1H4 ·O1C1

1.23
∣∣∣∣O1H4

∣∣∣∣ , (4.31)
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and

N3(ϕ,ψ) = T1(1)T2(120)T3(0)T1(1.33)T2(120)T3(ψ)T1(1.52)T2(109.27)T3(ϕ)

T1(1.45)T2(120)T3(180)T1(1.33)T2(120)T3(ψ)T1(1.52)T2(109.27)T3(ϕ)T1(1.45).
(4.32)

Then
H4N1 = (N3(ϕ,ψ)2,1,N3(ϕ,ψ)3,1,N3(ϕ,ψ)4,1), (4.33)

and
N1C1 = H4C1 −H4N1 =

= (C3(ϕ,ψ)2,1 −N3(ϕ,ψ)2,1, C3(ϕ,ψ)3,1 −N3(ϕ,ψ)3,1, C3(ϕ,ψ)4,1 −N3(ϕ,ψ)4,1).
(4.34)

Let O1H4
Proj be a projection of O1H4 onto that plane

O1H4
Proj

= O1H4 − (N ·O1H4)N. (4.35)

Then

cos(γ
C1–Ô1···H4

) =
C1O1 ·O1H4

Proj

1.23
∣∣∣∣∣∣O1H4

Proj
∣∣∣∣∣∣ , (4.36)

and

cos(β
C1–Ô1···H4

) =
O1H4 ·O1H4

Proj

`3(ϕ,ψ)
∣∣∣∣∣∣O1H4

Proj
∣∣∣∣∣∣ . (4.37)

4.7 Optimization results and balance between two cri-
teria
We considered the model of a protein helix described above with angles ϕ and
ψ as free parameters and optimized hydrogen bonds N5–H5 · · ·O1 and N4–
H4 · · ·O1 first, to maximize linearity, and then separately to minimize distances
H5 · · ·O1 and H4 · · ·O1. The results are summarized in first two columns of
Table 5 respecively. Note that values (ϕ,ψ)=(−56.5◦,−50.5◦) and |O1 . . . H5| =
1.76Å are the same as obtained by Dix in [7] which verifies the correctness of
our computational model. In a third column we computed hydrogen bond
parameters for (ϕ,ψ) pairs known as canonical peaks ((ϕ,ψ) values that occur
most commonly) for α- and 310-helix respectively. The significance of these
peaks can be clearly seen in Figure 13 taken from [13]. Forth column contains
results taken rom statistical analysis of hydrogen bond geometry in secondary
structures of globular proteins performed in 1984 by Hubbard and Baker [5]
and included in the table for comparison with the results in the third column.
The fact that the computed parameters for canonical peaks are very close to
the statistical averages validates the correctness of the computation. We used
MAPLE 16 for computation mostly because that was the choice of Dix in [7]
(see Sections 5.3-5.4 [7] for details).

In Figures 19 and 20 we plotted (ϕ,ψ) pairs corresponding to the shortest
hydrogen bond, linear hydrogen bond and canonical peaks for α-helix and for
310-helix. It is clear that in both cases the canonical peak could not results
solely from the balance (a linear combination) of two optimization criteria we
considered.
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Figure 19: (ϕ, ψ) pairs correspond-
ing to the shortest hydrogen bond,
linear hydrogen bond and canonical
peak for α-helix.

Figure 20: (ϕ, ψ) pairs correspond-
ing to the shortest hydrogen bond,
linear hydrogen bond and canonical
peak for 310-helix.
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α-helix N5–Ĥ5 · · ·O1 = 180◦ min |O1 · · ·H5| canonical peak data from [5]
(ϕ,ψ) (◦,◦) (−56.5,−50.5)[7] (−56.5,−57.5) (−63, −43) [13] N/A
ϕ+ ψ (◦) 107 114 106 N/A

|O1 · · ·H5| (Å) 1.76 [7] 1.54 1.92 2.05± 0.15

N5–Ĥ5· · ·O1 (◦) 180 146 166 157± 9

C1–Ô1· · ·H5 (◦) 168 147 156 147± 7

γC1–Ô1···H5
(◦) -3.8 -25 -11.8 −18± 9

βC1–Ô1···H5
(◦) 10.6 22 20.5 28± 8

310-helix N4–Ĥ4 · · ·O1 = 180◦ min |O1 · · ·H4| canonical peak data from [5]
(ϕ,ψ) (◦,◦) (−50.3,−23.3) (−36.6,−39) (−60, −25) [13] N/A
ϕ+ ψ (◦) 73.6 75.6 85 N/A

|O1 · · ·H4| (Å) 1.76 1.62 1.93 2.17± 0.16

N4–Ĥ4· · ·O1 (◦) 180 158 155 153± 10

C1–Ô1 · · ·H4 (◦) 144 159 122 114± 10

γC1–Ô1···H4
(◦) -20.8 -5.9 -13 -30

βC1–Ô1···H5
(◦) 30 19.2 56 60

Table 5: With ϕ and ψ as free parameters hydrogen bonds N5–H5· · ·O1 in α-helix
and N4–H4· · ·O1 in 310-helix were optimized to maximize linearity (first column),
and then to minimize their lengths (second column). In a third column we computed
hydrogen bond parameters for (ϕ, ψ) pairs known as canonical peaks ((ϕ, ψ) values
that occur most commonly) for α- and 310-helix respectively (values were taken from
[13]). Forth column contains results from statistical analysis of hydrogen bond ge-
ometry in secondary structures of globular proteins performed in 1984 by Hubbard
and Baker [5]. Values in column three are close to statistical values in column four
which is the evidence of correctness. Values computed by us and not elsewhere are
highlighted.

α-helix N5–Ĥ5 · · ·O1 = 180◦ min |O1 · · ·H5| canonical peak
(ϕ,ψ) (◦,◦) (−56.5,−50.5) [7] (−56.5,−57.5) (−63, −43) [13]
θ (◦) 97.95 93.56 98.6
d (Å) 1.45 1.31 1.49
r (Å) 2.33 2.46 2.31

310-helix N4–Ĥ4 · · ·O1 = 180◦ min |O1 · · ·H4| canonical peak
(ϕ,ψ) (◦,◦) (−50.3,−23.3) (−36.6,−39) (−60,−25) [13]
θ (◦) 121.44 120 113
d (Å) 1.98 1.94 1.86
r (Å) 1.87 1.90 1.99

Table 6: Rotation angle θ, rise d, and radius r computed for the following (ϕ, ψ)-
helices: optimized to maximize linearity of a hydrogen bond (first column), and then
to minimize a length of a hydrogen bond (second column). A third column contains
(ϕ, ψ) pairs known as canonical peaks ((ϕ, ψ) pairs that occur most commonly) for
α- and 310-helix respectively (peak values (ϕ, ψ) values were taken from [13]). Values
computed by us and not elsewhere are highlighted.
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4.8 Hydrogen bond geometry in small molecules
Small molecules offer some indications of “expected" hydrogen bond geometries
in the absence of any restrictions due to the protein structure [5].

Ramakrishnan and Prasad in 1971 [22] analyzed various parameters associ-
ated with N–H· · ·O type of hydrogen bonds using data from reported crystal
structures of amino acids and simple peptides. They found that the directions
C–O and O· · ·N and between C–O and O· · ·H, when the location of a hydrogen
atom was known, tends to lie between two cones about C–O with semi-vertical
angles 40◦ and 70◦. This means that (when the location of a hydrogen atom
was known),

40◦ ≤ N–Ĥ · · ·O − C–Ô · · ·H ≤ 70◦.

Also the authors found that distribution of βC–O···H is between 0◦ and 40◦, with
90% having an angle less that 50◦.

Olovsson and Jonsson in 1976 [18] studied geometry of bonds N–H· · ·O using
available X-ray diffraction data of small molecules. They found that hydrogen
bonds deviating by 10◦ to 15◦ from linearity seem to occur as frequently as more
linear bonds. Also, angle C–Ô· · ·H is clustered around 125◦ with some large
deviations for longer bonds.

Facts above suggest to take a closer look at the relationship between angles
N5–Ĥ5 · · ·O1 and C1–Ô1 · · ·H5, and between N4–Ĥ4 · · ·O1 and C1–Ô1 · · ·H4.

4.9 Relationship between geometrical parameters
We created detailed contour plots for geometrical parameters of hydrogen bonds
N5–H5 · · ·O1 (see Figures 24, 25, 26, and 27) and N4–H4 · · ·O1 (see Figures 28,
29, 30, and 31) as functions of (ϕ,ψ).

We then combined some contours in one plot for α- and one for 310-helix, to
graphically show a role the difference (Nj–Ĥj · · ·Oi−Ci–Ôi · · ·Hj), for (j−i) =
3, 4, plays in formation of peaks (see Figures 22 and 23). In particular, plots
suggest that minimizing the bond distance Hj · · ·Oi, maximizing linearity and
minimizing the angle Ci–Ôi · · ·Hj simultaneously moves us closer to the canon-
ical peaks for both α-helix and 310-helix. We show this relationship graphically
in the diagram (see Figure 21).

Our results show the clustering of the in-plane component γ
Ci–Ôi···Hj at

12◦ − 13◦ for canonical peak values in both α- and 310-helices which we believe
to be significant (see Figures 22 and 23).

It has been noted in [5] that the hydrogen bond energy is very sensitive to
the angle N–Ĥ · · ·O, but is hardly affected by the angle C–Ô · · ·H. Correlation
between linearity and length of a hydrogen bond can be seen in Figures 32 and
33, where we plotted contours for Nj–Ĥj · · ·Oi and Hj · · ·Oi for j − i = 3, 4

simultaneously. We also plotted contours for Ci–Ôi · · ·Hj and Hj · · ·Oi for
j−i = 3, 4 (see Figures 34 and 35). It is clear that within allowed helical region
a shorter hydrogen bond distance is favored for larger values of N–Ĥ · · ·O. On
the other hand, much broader range of C–Ô · · ·H values is allowed when the
hydrogen bond distance is restricted to smaller values.
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Figure 21: Relationship between α-helix hydrogen bond parameters H5 · · ·O1,
C1–Ô1 · · ·H5 and C1–Ô1 · · ·H5 is shown in the diagram. It suggests that mini-
mizing the bond distance Hj · · ·Oi, maximizing linearity and minimizing the angle
Ci–Ôi · · ·Hj simultaneously moves us closer to the canonical peaks for α-helix.
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Figure 22: Plot suggests that minimizing the bond distance H5 · · ·O1, maximizing
linearity and minimizing the angle C1–Ô1 · · ·H5 simultaneously moves us closer to
the canonical peak. γC1–Ô1···H5

= −15 is shown in red and = −10 in blue dots.
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Figure 23: Plot suggests that minimizing the bond distance H3 · · ·O1, maximizing
linearity and minimizing the angle C1–Ô1 · · ·H4 simultaneously moves us closer to
the canonical peak. γC1–Ô1···H4

= −15 is shown in red and = −10 in blue dots.
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Figure 24: Contours for different val-
ues of N5–Ĥ5 · · ·O1 as a function of
(ϕ, ψ) are plotted.

Figure 25: Contours for different val-
ues of C1–Ô1 · · ·H5 as a function of
(ϕ, ψ) are plotted.

Figure 26: Contours for different val-
ues of the difference (N5–Ĥ5 · · ·O1 −
C1–Ô1 · · ·H5) as a function of (ϕ, ψ)
are plotted.

Figure 27: Contours for different val-
ues of the distance |H5 · · ·O1| as func-
tion of ϕ, ψ are plotted.
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Figure 28: Contours for different val-
ues of N4–Ĥ4 · · ·O1 as a function of
(ϕ, ψ) are plotted.

Figure 29: Contours for different val-
ues of C1–Ô1 · · ·H4 as a function of
(ϕ, ψ) are plotted.

Figure 30: Contours for different val-
ues of the difference (N4–Ĥ4 · · ·O1 −
C1–Ô1 · · ·H4) as a function of (ϕ, ψ)
are plotted.

Figure 31: Contours for different val-
ues of the distance |H4 · · ·O1| as func-
tion of ϕ, ψ are plotted.
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Figure 32: Contours for different val-
ues of N1–Ĥ1 · · ·O5 and |H5 · · ·O1| as
functions of (ϕ, ψ) are plotted simul-
taneously. Clearly, a shorter hydrogen
bond distance is favored for larger val-
ues of N–Ĥ · · ·O.

Figure 33: Contours for different val-
ues of N1–Ĥ1 · · ·O4 and |H4 · · ·O1|
as functions of (ϕ, ψ) are plotted.
Clearly, a shorter hydrogen bond dis-
tance is favored for larger values of
N–Ĥ · · ·O

Figure 34: Contours for different val-
ues of C1–Ô1 · · ·H5 and |H5 · · ·O1| as
functions of (ϕ, ψ) are plotted. Much
broader range of C–Ô · · ·H values is
allowed when the hydrogen bond dis-
tance is restricted to smaller values.

Figure 35: Contours for different val-
ues of C1–Ô1 · · ·H4 and |H4 · · ·O1| as
functions of (ϕ, ψ) are plotted. Much
broader range of C–Ô · · ·H values is
allowed when the hydrogen bond dis-
tance is restricted to smaller values.
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4.10 Other geometrical restrictions
δ is a peptide plane tilt angle with respect to helical axis, with δ = 0 in a parallel
case (see Figure 36 and 37). Preferred range is 4◦ ≤ δ ≤ 12◦. δ contours are
shown in Figure 38 from [15]

Figure 36: Three different ϕ, ψ angle combinations were used to generate short helical
regular structures. Only four peptide planes are displayed for these structures. The
tilt of the peptide plane relative to the helical axis is given by δ, which is calculated
as the angle of the peptide plane normal to the helix axis minus 90◦ [15, Figure 1,
page 2086].

Also, there are some atomic clashes shown in Figure 39 that might be rele-
vant to the formation of canonical peaks.

4.11 Conclusion
In this section we defined hydrogen bond and its geometrical parameters. We ex-
plained the significance of (ϕ,ψ) values known as canonical peaks: (−63◦,−43◦)
in α-helix and (−60◦,−25◦) in 310-helix [13]. Following the method of Dix [7]
we expressed main chain - main chain hydrogen bond parameters in α- and
310-helix as functions of dihedral angles (ϕ,ψ). We successfully reproduced
the optimization result from [7], where optimization was done with respect
to the linearity of a hydrogen bond in α-helix. We obtained the same values
(ϕ,ψ)=(−56.5◦,−50.5◦) as in [7]. We used it as a verification that our com-
putational model is correct. We then produced a similar linearity result for
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Figure 37: Peptide plane tilt angles to the helical axis (δ) are diagramed as a function
of ϕ, ψ torsion angles from uniform helical models leading to the development of this
Ramachandran-delta diagram. Superimposed on this diagram are ϕ, ψ values from
500 high-resolution (≥ 1.8 resolution) crystal structures. [15, Figure 2, page 2087].

Figure 38: δ contours are shown with ϕ, ψ values for a membrane protein [15, Figure
3, page 2088].
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Figure 39: Distribution of interatomic distances Oi−1 · · ·C and Oi−1 · · ·Cβ (Å)
parametrized by ϕ.
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310-helix and obtained values (ϕ,ψ)=(−50.3◦,−23.3◦). We then minimized
the length of a hydrogen bond in both α- and 310-helices obtaining values
(ϕ,ψ)=(−56.5◦,−57.5◦) and (−36.3◦,−39◦) respectively. For the four optimal
pairs mentioned above and for the canonical peaks (−63◦,−43◦) in α-helix and
(−60◦,−25◦) in 310-helix we computed hydrogen bond geometrical parameters
and presented numerical results in the Table 5, where for a better comparison
we also included results from statistical analysis of hydrogen bond geometry in
secondary structures of globular proteins performed in 1984 by Hubbard and
Baker [5]. In Figures 19 and 20 we showed that canonical peaks (−63◦,−43◦) in
α-helix and (−60◦,−25◦) in 310-helix do not results from optimization of hydro-
gen bonding with respect to any linear combination of the two major hydrogen
bond requirements: linearity and length constraints. We noticed a clustering of
the in-plane component γ

Ci−Ôi...Hj around 12−13◦ for canonical peak values in
both α- and 310-helix (see Figures 22 and 23). And showed how the relationship
between angles Ci − Ôi . . . Hj , Nj − Ĥj . . . Oi, and the distance |Hj . . . Oi| play
a very important role in formation of most stable α- and 310-helices (see the
diagram on Figure 21, and contour plots in Figures 24 – 35).
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5 Conclusion
In this paper we studied hydrogen bond geometry in protein helices.

First, we considered all possible helical configurations of backbone atoms in
a chain of amino acids. We assumed ideal polypeptide chain parameters [19]
with all backbone bonds of length L and derived formulas for rotation angle θ,
rotation axis ū, radius r, and rise d in terms of ϕ, ψ and L. Thus we showed that
any repeated pair of angles ϕ and ψ defines a helical structure of a backbone.
Formula (2.37) for rotation angle was previously published in [6]. To the best
of our knowledge explicit formulas for rotation axis (2.38), radius (2.42) and
rise (2.42) as functions of ϕ,ψ and L can not be found in the current literature.

Since not all helical backbone configurations are feasible, we continued by
reviewing results on feasible backbone helical configurations from [24] and [23]
obtained by Sasisekharan and Ramachandran. These results helped us to iden-
tify appropriate optimization domain −20◦ ≤ ϕ ≤ −80◦, and −20◦ ≤ ψ ≤ −80◦

which we use later in Section 4 (see Figure 11).
Finally, we studied main chain - main chain hydrogen bonds in two types

of stable helical configurations: α- and 310-helices. We started by defining
hydrogen bond and its geometrical parameters. We then explained the signif-
icance of (ϕ,ψ) values known as canonical peaks: (−63◦,−43◦) in α-helix and
(−60◦,−25◦) in 310-helix [13]. We wanted to know how hydrogen bond geom-
etry influenced the formation of canonical peaks. We computed main chain -
main chain hydrogen bond parameters in α- and 310-helix as functions of di-
hedral angles (ϕ,ψ). Optimization with respect to the linearity of a hydrogen
bond in α-helix was done by Dix in [7], where a pair (ϕ,ψ)=(−56.5◦,−50.5◦)
was obtained. We reproduced this result to test the correctness of our com-
putation. Then following the method in [7] we computed a linearity result
for 310-helix and obtained values (ϕ,ψ)=(−50.3◦,−23.3◦). Another important
geometrical parameter we studied was the length of a hydrogen bond. We
computed lengths of main chain - main chain hydrogen bonds in α- and 310-
helices in terms of (ϕ,ψ). By minimizing these lengths we obtained values
(ϕ,ψ)=(−56.5◦,−57.5◦) and = (−36.3◦,−39◦) for α- and 310-helix respectively.
For the pairs (−56.5◦,−50.5◦), (−56.5◦,−57.5◦), (−63◦,−43◦) in α-helix and
(−50.3◦,−23.3◦), (−36.3◦,−39◦), (−60◦,−25◦) in 310-helix we computed other
hydrogen bond geometrical parameters and compared numerical results (see
Table 5). We then showed that canonical peaks (−63◦,−43◦) in α-helix and
(−60◦,−25◦) in 310-helix do not result from optimization of hydrogen bonding
with respect to any linear combination of the two major hydrogen bond require-
ments: linearity and length constraints (see Figures 19 and 20). We also showed
that the clustering of the in-plane component γ

Ci−Ôi...Hj around 12 − 13◦ for
canonical peak values in both α- and 310-helix and the relationship between
angles Ci − Ôi . . . Hj , Nj − Ĥj . . . Oi and the distance |Hj . . . Oi| play a very
important role in formation of most stable α- and 310-helices.
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